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ABSTRACT. In this paper, algebraic investigations on sup-X-algebras are
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1. Preliminaries

Difference quantale-like structures, such as quantales, locales, quantale mod-
ules, quantale algebras, S-quantales, etc., have been studied in the recent

decades (see [5-8, 10]), and they have been widely applied in algebra, logic,
and computer science [4,9]. The algebraic approach of kinds of quantale-like
structures has also been investigated [3-5]. The destination of this work is to

consider such approach in sup-X-algebras. We will generalize the results con-
cerning quotients and also a well-known representation theorem of quantales
into sup-X-algebras.

Throughout the paper, ¥ = (S,0) will be a fixed but arbitrary signature,
where S is a set of sorts, O is a family of operation symbols. A Y-algebra
A is an S-indexed family of sets A, s € S, equipped with operations o4 :
Ag, x...xAs, = A, for each operation symbol o of rank s1...s, = s, n € N.

A homomorphism h : A — B of Y-algebras A and B is an S-indexed family
of mappings hs : A; — By, s € S, such that

hS(OA(‘Tla cee ,$n)) = OB(h’Sl (xl)v sy hsn (In)),
for any o € O with rank s1...s, > s, neN,z; € A,,,i=1,...,n.
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A Y-algebra A is said to be ordered if for each sort s € S, A, is a poset,
and o4 : A, X -+ x As, — A, preserves ordering for each o € O with rank
S$1...8, > s, n €N,

Definition 1.1. Let A, B be ordered X-algebras, h : A — B an S-indexed
family of mappings hs : As — Bs, s € S. We say that h is a subhomomorphism
if each hg is monotone and

OB(hsl (x1)7 .. 7hsn(xn)) < hs(OA(xlv s vxn))v
forne N, o€ O with rank s1---s, = s, 2, € As,, i =1,...,n.

Homomorphisms between ordered X-algebras are defined in the usual way.

By a sup-lattice-ordered X-algebra, simply, a sup-X-algebra, we mean an
ordered 3-algebra whose carriers are also sup-lattices and whose operations
are sup-lattice homomorphisms in each variable separately. A homomorphism
of sup-X-algebras is a homomorphism of ordered Y-algebras whose components
are sup-lattice homomorphisms.

2. Mappings and homomorphisms

In a natural way, every poset can be considered as a category, and monotone
mappings between posets can be considered as functors. In such a category
coproducts are joins.

Let A be a sup-¥-algebra, as,, ...,as,_,,as,,,,...,0s, some elements of
Ag;, formn e N, je{l,...,n}\{i}, i = 1,...,n. Then for o € O with rank
51...8, — 8, the elementary translation og(as,, ..., as,_\, 05, 1, 0s,):
Ag, — A, is a mapping, which we write as o; with dependence a,; from A,
for j € {1,...,n} \ {i}. Since an elementary translation o; preserves joins, it
has a right adjoint denoted by o} : Ay — A;,, satisfying

(2.1) 0i(zs,) < a5 <= x,, < 0 (as),
for all x,, € As,,as € Ag, and also
(2.2) x5, < 05 (0i(xs;)), 0i(0] (as)) < as.
The following proposition can be easily obtained from (2.1) and (2.2).

Proposition 2.1. Let A be a sup-X-algebra. Then for n € N,o € O with
rank si...s, — s, 0; with dependence a,; from A, j € {1,...,n}\ {i}, i €
{1,...,n}, the following conditions hold:

(1) Vb € Ag, 0;(05(b)) =b < (Jc € As,) such that o;(c) = b,

(2) Ve € Ay, 0f(0;(c)) = c < (3b € As) such that o} (b) = c.

Proof. We only show the sufficiency of (1). Assume that o;(c) = b, for some
c€As,. Then ¢ < 0 (b) by (2.1), which implies that

b =o0i(c) < o0;(0} (b)) < b,
by (2.2). O
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Note that for any sup-¥-algebra homomorphism h : A — B with an S-
indexed family of mappings h : A; — Bs, s € S, since hg preserves arbitrary
joins, it has a right adjoint, denoted by hf : By — A,. Similar to (2.1) and
(2.2), we have

(2.3) hs(as) <bs < as < hi(bs),

(2.4) as < hi(hs(as)), hs(hi(bs)) < bs,

for every s € S, as € Ag,bs € Bs.

For a subhomomorphism h : A — B between sup-X-algebras, which is an
S-indexed family of mappings hg : As — B, s € S, and for n € N, 0 € O with
rank s;...s, — s, 0; with dependence a,; from A, , j € {1,...,n}\ {i}, i =
1,...,n, the elementary translation o;(h) on B induced by h has the form

0i(h) :=op(hs, (as,), - s, (as,_1)s s hs,yy(as,yy), -, hs, (as,)) : Bs, = Bs.

Furthermore, if h : A — B is a homomorphism of sup-X-algebras, then o;(h)
has right adjoint o;(h)* : By — Bs,. Therefore,

(2.5) 0;(h)(xs;) < bs <= x5, < 0;(h)*(bs),
for every =5, € Bs,, i € {1,...,n}, b € By, and
(2.6) s, < 0i(h)"(0i(h)(ws,)), 0i(h)(0i(h)"(bs)) < bs.

Proposition 2.2. Let A and B be sup-Y-algebras and let h : A — B be
a homomorphism of sup-X-algebras with S-indexed family of mappings hs
As = Bs, s€S. Then for allb € B, n €N, i€ {1,...,n}, o € O with rank
51...5, — 8, 0; with dependence as; from A, j € {1,...,n}\ {i}, we have

hs, (0i(R)" (b)) = 07 (h(D))-

Proof. Since h is a homomorphism of sup-¥-algebras, by (2.1), (2.3), one has
that

hi;(0i(h)" (b)) < 07 (h(b)) <= 0i(hg,(0i(h)"())) < h(b)
> hs(0i(hg, (0i(h)"(b)))) < b
> oi(h)(h, ((h5,(0i(h)"(D))))) < b
<= hs, (R, (01()* (1)) < 0i(h)" (),

and the last inequality natural holds by (2.4). Conversely,
0; (hg (b)) < hi,(0i(h)" (b)) hs, (07 (hg(b))) < 0i(h)"(b)
Oi(h)h (o *(h*(b)))) <b
hs (007 (h(b))) <
0i(0; (h3(b))) < h*( )

and the last inequality holds by (2.2). O

IIMH
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Proposition 2.3. Let A and B be sup-Xi-algebras and let h : A — B be a
homomorphism of sup-X-algebras with S-indexed family of mappings hs : As —
Bs, s€ S. Then h* : B — A is a sup-X-algebra subhomomorphism.

Proof. Clearly, h} is an order preserving mapping for each sort s € S. For
every n € N, o € O with rank sy...s, — s, bs, € Bs,,7 € {1,...,n}, since

04, (0s,), - by, (bs,)) < B(0B(bsys - -+ bs,)
= hy(0a(R%, (bs,), ... h%, (bs,)) < 0p(bsy, ..., bs,)

Sn

<= op(hs, (hg, (bs,)), .., hs, (h, (bs,))) < 0B(bs,, ..., bs,),

and the operation op preserves ordering, it follows that A* is a subhomomor-
phism. O

3. Nuclei

Nuclei play an important role in the study of quotients of various quantale-
like structures. In this section, we study properties of nuclei and prenuclei on
sup-2-algebras.

Recall that an order preserving mapping j on a poset P is called a closure
operator if it is increasing and idempotent. Let A be a sup-X-algebra, a nucleus
jon Aisan S-indexed family of closure operators which is subhomomorphic [4].

Similar to [2] Definition 2.3.3, we define a prenucleus on a sup-3-algebra.

Definition 3.1. We call a subhomomorphism j on a sup-X-algebra A a
prenucleus if it is an S-indexed family of mappings js on A,, where jg is
monotone, and increasing for each s € S.

Clearly, a nucleus is an idempotent prenucleus. For a prenucleus j on a sup-
Y-algebra A, we write A; as an S-indexed family of Ay, , where A,, ={a €
Asljs(a) = a} for any s € S. Denote by v(j) : A — A an S-indexed family of
mappings v(j)s : As = As, s € S, defined by

v(j)s(a) == /\{b € Asjs | a < b},
for any a € As,.

Proposition 3.2. Let A be a sup-3-algebra, j a prenucleus on A with the
S-indexed family of mappings js, s € S. Then the mapping v(j) : A — A is a
nucleus on A.

Proof. Tt is routine to check that for each sort s € S, v(j)s is a closure operator,
and v(j)s 0 js = v(j)s. Forn € N, s, € S, ¢ € {1,...,n}, define a mapping
fsi 1 As; = Ag, by

fSi (CL‘) = ’U(j)s(oi(x))a
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for every x € As,, 0 € O with rank s;...s, — s, o; with dependence a;,; from
As,, 7 €4{1,...,n}\ {i}. Since j,, is increasing for each i € {1,...,n}, n € N,
it follows that

Folin(@) = 0()s(oilis, ()
< ()0, (@)))
R ORIACI)
v(j)s(01(2))
— ful)
< fulu(@)).

We note that in above proof, due to j being a subhomomorphism, we get the
first inequality. The next two inequalities follow from the fact that v(j)s being
idempotent, and fs, being monotone, correspondingly. So fs, o js, = fs,, and
thus fs, ov(j)s; = fs; by [2, Lemma 2.3.2]. Therefore, for every b,, € As,,

0i(v(f)s; (bs,)) < v(4)s(0i(v(f)s, (bs,)))
= fs:(0(4)s,(bs,))
= fsi (bs,-)
= v(j)s(0i(bs,))-
Applying this fact n times and by the fact that v(j)s is idempotent, it follows
that for any n € N, a,, € As,,1 € {1,...,n},
04(V(J)s1(as,), -5 0(f)s, (as,)) S v(f)s(oalas,, ..., as,)),

which indicates that v(j) is a nucleus on A. O

Lemma 3.3. If j is a nucleus on a sup-%-algebra A with an S-indexed family
of closure operators js, s € S, then for any a; € A, i € 1,

js(\/ js(az)> = ]s(\/ az)
iel iel
Proof. The inequality js(V;e; ai) < js(V,e Js(ai)) follows by js being increas-
ing and monotone. Conversely, since js(a;) < js(\;c;as) for each i € I, we

have \/;c js(ai) < js(Viepai). Hence js(V,epis(ai) < js(js(Vierai)) =
Js(V;er ai) by the fact that j, is idempotent. O

Lemma 3.4 ([4, Lemma 2.2.6]). Let j be a nucleus on a sup-X-algebra A
with an S-indexed family of closure operators js, s € S. If forn € N, o € O
with rank s1...8, — S, xi,x; € As,, we have x; < x; < s, (z4), for any
i€{l,...,n}, then

’

Je(oa(ys . an)) = jsloalae,. .. x)).
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Lemma 3.5 ([4, Proposition 2.2.9]). Let h : A — B be a homomorphism of
sup-X-algebras with an S-indexed family of mappings hg,s € S, and let h*
denote the S-indexed family of right adjoints h%. Then j = h* o h is a nucleus
on A.

Lemma 3.6. Let A be a sup-Y-algebra, j a prenucleus on A with an S-indexed
family of closure operators js, s € S. Then for n € N, o € O with rank
81...8, = 8,1 =1,...,n, 0; with dependence a, from As,, j € {1,...,n}\{i},

we have

Js: (07 (b)) < 0 (js(b))
for any b € A,.
Proof. To prove js,

(0]
0i(Js: (07 (b)) < 7s(b) by
0i(4s; (07 (0)))

(b)) < o0 (js(b), it is sufficient to show that
(2.1). The latter inequality holds because

oalasy, ..., js; (05 (D),...,as,)

< 0alfsi (@), -5 Jsi (05 (D)), - - s (as,,)
< Js(oa(asy,...,05(b),...,as,))
= Js(0i(0j (b))
< Js(d),
forn € N, as; € Ay;, j€{1,...,n}\ {i}. O

4. A representation theorem

In this section, we will generalize a well-known representation theorem of
quantales into sup-X-algebras. Let A be a sup-X-algebra, j a nucleus on A
with an S-indexed family of closure operators js, s € S. Then A;, which is an
S-indexed family of A, , is a sup-YX-algebra under the operation induced from
A:

0a;(as,; - as,) = js(oa(as,,. .., as,)),
where n € N, 0 € O with rank s1...5, = s, a5, € A5, , i € {1,...,n}, and

by the fact that A,, is a complete lattice under joins

\/M:js(\/M)7

for every M C A, , s € S.

Proposition 4.1. Let A be a sup--algebra, and let B be an S-indexed family
of subsets Bs of As, s € S. Then B = A; for some nucleus j on A if only if B,
is closed under meets and o} (bs) € B, forn € N, o € O with rank s1...s, — s,
bs € By, i € {1,...,n}, o; with dependence as, from A, j € {1,...,n}\ {i}.

Proof. Necessity. Suppose that j is a nucleus on A with the S-indexed family
of closure operators js, s € S, and B = A;. Then B, = A, _, for each s € S.
Thus Bs is closed under meets. For n € N, ¢ € {1,...,n}, o € O with rank
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51...8, — 8, 0; with dependence a,; from A, , j € {1,...,n}\ {i}, bs € B,
s € 5, since 0} (bs) < js, (05 (bs)) < 0f(4s(bs)) = 0F (bs) by Lemma 3.6, it follows
that o} (bs) € Bs,.

Sufficiency. Assume that for every s € S, By is closed under meets and
05 (bs) € Bs,, for every bs € Bs, i € {1,...,n}, n € N. Define a mapping j, on
Ag, s €S, by

j.(a) == \{b€ B, |a<b},
for any a € Ag. It is routine to check that j, is a closure operator and B, = ASJ.s .
Let j be the S-indexed family of closure operators js, s € S. We next show
that j is a subhomomorphism on A.

To prove 04(js,(as,)s---,Js,(as,)) < js(oa(asy,...,as,)), for any o € O
with rank s1... s, — s, n € N, it is sufficient to show that for each x € By,

with 04(as,,...,as,) <&, 04(js,(Csy)s -+, Js, (as,)) < x.
Since

oa(as,,...,as,) <z < a5, <oj(z) € Bs, = Aqyj.
it follows that jg, (as,) < oi(z), and then
Jsy (as,) 01 (x) <= 04(Js,(Gsy), Csyy - 0s,) ST <= ag, < 05(x).
Similarly, the inequality js, (as,) < 05(z) turns out that
0A(Js;(Asy )y Js5(Gsy)s Asgy -y as,) < .
Finally, we achieve that

OA(j81 (a81)7j52 (a52)’ s ’jsn (asn)) <z,

as required. O

For a sup-3-algebra A, let P(A,) be the powerset of A;, s € S, and P(A)
the S-indexed family of powersets P(A4,). Then P(A;) is a complete lattice

under the inclusion as a partial order. Furthermore, P(A) with the pointwise
operations induced from A :

opa)(Xsys -, Xs, ) = {0a(sy, -, ws,) | 5, € Xy ooy 25, € X, )y

for any o € O, with rank s;...s, — s, n € N, becomes a sup-X-algebra.
The following result gives a representation for sup-Y-algebras in terms of
nuclei and quotients.

Theorem 4.2 (Representation Theorem). Let A be a sup-Y-algebra. Then
there is a nucleus j : P(A) = P(A), such that A= P(A);.

Proof. Let j : P(A) — P(A) be an S-indexed family of mapping js on P(As),
s € S, where j, is defined by

jo(Xo) = (\/ Xo) 1, VX, € P(A).
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Clearly, js is a closure operator. Next we show that j is subhomomorphic, that
is

O’P(A)(jsl (XS1)> v 7j3n (Xsn)) c jS(O'P(A) (XS17' . . 7X5n))7
for each X, € P(Ay,),i € {1,...,n},n € Nyand o € O withrank s1 ... s, — s.

Take o04(ds,,-- .1, ds,) € opy(js;(Xs)), .-, 7s,(Xs,)), where d,, €
Js; (X)) = (VX)) 4y X5, C A, 8,€8,1€{l,...,n},n € N. Since

0a(ds,,. -1 ds,) < oa(\/ Xap,o V Xs,)
= \/{OA(a517...7asn)|asi€XSi,i:1,...,n}
= \opu)(Xs,... ., Xs,),
and
Js(opay X, X0,) = (Vopay(Xays o, X)) )
= {meAs|x§\/OP(A)(XSI,...,XS”)},

we obtain that op(a)(js, (Xs,), .-+, 7s,(Xs,)) C Js(opa)(Xs,,..., Xs,)), as
needed. Note that, for any s € S, D C Ay, js(D) = D if only if D = d; |
for some dg € As. So

P(As);, ={D € P(A,) | js(D)=D}={D C A; | D =d,|, forsomed, € A},

for each s € S. Let ¥ : A — P(A); be an S-indexed family of 95 : A, —
P(As)j,, s €S, which defined by

Ys(a) :=al, Va € As.

We need to prove that 1 is a bijective sup->-algebra homomorphism. Clearly,
for any s € S, ¥, is a bijective join-preserving mapping. Moreover, for any
o € O, with rank s1...s, — s, n € N, one has that

OPp(A); (1/&1 (a51)7 s 7w5n (a’sn))) = 0pay; (asl booos As, \L)
= jS(O’P(A) (asl \IM sy Qs \L))

= (\/ Op(A) (asl \lra sy Qg \l’))lf
= fred o<\ opu(an b an, D),

and ¥s(oa(as,,...,as,)) = (oa(as,,...,as,)) }. However, straightforward
checking shows that 04(as,,. .., as,) is the sup of op(a)(as, {,...,as, 1), i.e,

0a(Qsyy--yas,) = \/079(,4)(6151 booyas, ).

Consequently, we get that ¥s(oa(as,, ..., as,)) =o0pa), Ws, (as,), - -, Vs, (as,))-
O
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5. Quotients of sup-X-algebras

We write the set of all nuclei on a sup-X-algebra A by Nuc(A). Define a
relation on Nuc(A) by

j<j = js<j,VseS,

where j(j/) is an S-indexed family of mappings of j, (j;, respectively), and
Js < j; is under pointwise ordering.

Lemma 5.1 ([4, Proposition 2.2.8]). Let A be a sup-X-algebra, j, j e Nuc(A).
Then the following conditions hold.

(1) Nuc(A) is a complete lattice,

(2) j <4 if and only if As],/ C Ay, for all sorts s € S,

3)j < §’if and only if for every sorts € S, x,y € As, Js(x) = js(y) implies
that js(z) = js(y)-

The final section is devoted to find out the relation between Nuc(A) and
Con(A) for a sup-X-algebra.

Recall that a congruence p on a sup-X-algebra A is an S-indexed family of
equivalence relations ps on Ay, s € S, which are compatible with arbitrary joins
and operations. The set of all congruences on A is denoted by Con(A).

Let p be a congruence on a sup-Y-algebra A, we write A/p as the S-indexed
family of As/ps, s € S, where As/ps = {[al,, | a € As}. Define joins on the
quotient set As/ps, s € S, by

\/ [ak]ps = [\/ ak]ps~

kel kel

Clearly, As/ps is a complete lattice. Define the operation on A/p by

OA/,o([al]ps1 EEER) [an]psn) = [oa(a, .-, an)]p,,

for n € N, 0o € O with rank s;...s, — s, a; € A, @ € {1,...,n}. Then
the operation is well defined. Moreover, for arbitrary x), € As,,k € I, and
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aj € A, 55 €8, je€{l,...,n}\ {i}, the equalities

oasollatlpn s s \ klps- - [anlpe,)
kel
=o0asp([a1]p., s [\ @hlp, s [anlp,,)
kel
= [oa(ay,..., \/ Thy o An)]p,
kel

= [\ oalar,....zx, ..., an)],,

kel
= \/ oalar, ..., &g, ..., an)]p,,

kel

indicate that A/p is a sup-X-algebra.
Let the surjective mapping 7 : A — A/p be an S-indexed family of mappings
s 1 As = Ag/ps, s € S, which defined by

ms(a) == [al,,, Va € A,.

It is easy to see that w is a homomorphism of sup-X-algebras, and its right
adjoint is denoted by 7*.

Lemma 5.2. Let A be a sup-Y-algebra, w is the mapping mentioned above.
Then 7*m is a nucleus on A.

Proof. Tt is a consequence of Lemma 3.5. O

Lemma 5.3 ([4, Proposition 2.2.11]). Let h: A — B be a homomorphism of
sup-3-algebras. For any sort s € S, x,y € As, one has that

hs(x) = hs(y) <= hihs(z) = hihs(y).

As usual, for any mapping j : A — B, which is an S-indexed family of
mappings js,s € S, between two sup-X-algebras, we denote ker j as the S-
indexed family of equivalence relations kerjs, s € S, where kerj, = {(a,b) €
As x As | js(a) = js(b)}.

Lemma 5.4. Let A be a sup-X-algebra, j a nucleus on A with the S-indexed
family of closure operators js, s € S. Then ker j is a congruence on A.

Proof. For each (ak,a;c) € kerjs, k € I, since js(ax) = js(a;c), and
Js(Verds(ar)) = js(Vier js(a;c)), it follows that kerj, is compatible with joins
by Lemma 3.3.
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For n € N, given (as,,bs,) € kerjs,, i € {1,...,n}, then for any o € O with
rank s;...s, — s, by Lemma 3.4, one has that

js(OA(a'sla ceey asn)) = jS(OA(jSI (a51)> cee 7j81 (asn)))
= jS(OA(jsl(b31)7"'7j51(b5n))>
= js(oa(bsy,...,bs))).

So kerj, is compatible with operations. O

Now, we are ready to present the definite relationship between Nuc(A) and

Con(A4).

Theorem 5.5. Let A be a sup-X-algebra. Then there is an isomorphism ¥ :
Nuc(A) — Con(A) of posets. Moreover, for each j € Nuc(A) with the S-
indexed family of closure operators js, s € S, A; = A/y(j) as sup-X-algebras.

Proof. Define a mapping 9 : Nuc(A4) — Con(A) by

¥(j) =ker j,

for each j € Nuc(A4).

By Lemma 5.4, kerj is a congruence on A. By Lemma 5.1(3), ¢ is an order-
embedding. Next we show that 1) is surjective. If p € Con(A), then we consider
the natural surjection 7 : A — A/p. By Lemma 5.2, 7*x is a nucleus on A,
and by Lemma 5.3, ¢(n*m)=ker(n* 1) =kerm = p, so v is surjective.

Next, for a nucleus j on A, let f : A/kerj — A; be an S-indexed family of
mappings f, : As/kerj, — A, , s € S, which defined by

fs([as} keI‘js) = js(as), Vas € Asa

and g: Aj — A/kerj an S-indexed family of mappings g, : As;,, — A,/kerjs,
s € S, which defined by

gs(as) = [as] kerj, VYag € Asjs.

Then f and g are well-defined. For n € N, o € O with rank s1...s, — s,
as;, € As,, 1 €{1,...,n}, since

s(04ker;(asilker;, >+ [asulker;, ) = fs([oalasys - as,)]ker;,)
Js(oa(asy,...,as,))

Js(0a(fsy (asy), - Jsn (as,)))

= 04;(Js1(as,), - -, Jsn (as,))

04; (fs1([asilker;, )s -+ fon([as0]ker;,, )
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and for ap € A,

fs(\/[ak]kerjs) = fs([\/ ak]kerjs) = ]6(\/ ar)

kel kel kel
= Js(\ dslan)) = \/ dslar) = \/ follanlker;.):
kel kel kel

one can conclude that f is a homomorphism of sup->-algebras.
Similarly, for n € N, 0 € O withrank s1...s, — s, a5, € As,, 9 € {1,...,n},
we have

04 kerj (91 (as1)s 95, (05)) = 04 kerj([as]kers, - [@sa]ery,, )
= [OA(a/sla ceey asn>]kerjs
= [js(oa(asy,..., asn))]kerjs
[04,(as,,. .- 7asn)]kerj5
= gs(oa,(as,,...,as,)),

and for ay € A,

gs(\/ ag) = gs<j5<\/ ar)) = [js(\/ ak)]kerjs

kel kel kel

= [V arlier;, = V [anlier;, = V 9a(ar),

kel kel kel

which imply that g is a sup-X-algebra homomorphism.
Finally, for every as € Ay, , s € S,

fsgs(as) = fS([QS]kerjs) = Js(as) = as,
and
gsfS([GS]kerjs) = gs(fs(as)) = [js(as)]kerjs = [GS]keera

for any [as] € A, /kerj,. We obtain that A; = A/ker(j) as needed. O

kerj,
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