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ABSTRACT. The notion of strongly Lie zero-product preserving maps on
normed algebras as a generalization of Lie zero-product preserving maps
are defined. We give a necessary and sufficient condition from which
a linear map between normed algebras to be strongly Lie zero-product
preserving. Also some hereditary properties of strongly Lie zero-product
preserving maps are presented. Finally the second dual of a strongly
zero-product, strongly Jordan zero-product and strongly Lie zero-product
preserving map on a certain class of normed algebras are investigated.
Keywords: Strongly zero-product preserving map, strongly Jordan zero-
product preserving map, strongly Lie zero-product preserving map, Arens
regular.
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1. Introduction and preliminaries

Let A and B be two associative algebras over the same field C. A linear map
0 : A — B is said to be zero-product preserving if, #(a)f(c) = 0, whenever
ac = 0. Tt is Jordan zero-product preserving if, 6(a) o 6(c) = 0, whenever
aoc = 0, where o is the Jordan product aoc = ac+ca. Also 6 is Lie zero-product
preserving if, [#(a), 0(c)] = 0, whenever [a,c] = 0, where [a, ] = ac — ca, a,c €
A. A natural possibility for 6 to preserve zero-products (Jordan zero-products
or Lie zero-products ) is to be of the form 6 = by, where b is a central element
of B and ¢ : A — B is a homomorphism (Jordan homomorphism or Lie
homomorphism) that is,

p(ac) = p(a)p(c) (plaoc) = p(a)op(c) or ¢([a,d]) = [p(a), p(c)]),a,c € A

But this characterization is not the case in general (see [4, Remark 2.5] and
Example 2.2 in this paper). An interesting question is for which algebras A
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and B this natural possibility is the only possibility. These kind of questions
have been studied since the 1970s.

As a generalization of the above mentioned notions, the notions of strongly
zero-product preserving maps and strongly Jordan zero-product preserving
maps are investigated in [3-5] on normed algebras. In this direction we re-
call some terminologies.

Let A and B be two normed algebras. A linear map 0 : A — B is said to be :

e Strongly zero-product preserving if, for any two sequences {a,}, and
{en}n in A, 0(ay)0(c,) — 0, whenever a, ¢, — 0.
e Strongly Jordan zero-product preserving if, for any two sequences
{an}n and {c,}, in A, 0(ay,) o 8(c,) — 0, whenever a,, o ¢,, —> 0.
Also in the sequel we will say 0 is :

e Strongly Lie zero-product preserving if, for any two sequences {a, }»
and {c,}n in A, [0(a,),0(cn)] — 0, whenever [a,,, ¢,] — 0.

For an associative normed algebra A, let A** be the second dual of A. We
introduce the Arens products A and ® on the second dual A** as follows. For
a,c€ A, fe A* and m,n € A, (f-a,¢) = (f,ac), (n- f,a) = (n, f-a) and
(mAn,f} = <m7n' f> Slmllarly <C,(Z' f> = <Ca’f>7 <a’7f'n> = <a~f,n> and
(fym®n) = (f-m,n). One can simply verify that (A**, A) and (A**,®) are
associative normed algebras.
The normed algebra A is called Arens regular if, m A n = m @ n for all
m,n € A**.

2. Strongly Lie zero-product preserving maps

In this section we give a necessary and sufficient condition from which
a linear map between normed algebras to be strongly Lie zero-product
preserving. Also we investigate some hereditary properties of strongly Lie
zero-product preserving maps.

Definition 2.1. Let A and B be two normed algebras. We shall say that a
linear map 6 : A — B is strongly Lie zero-product preserving, if for any two
sequences {ay}, and {c,}, in A, [#(ay),0(c,)] — 0, whenever [a,,¢,] — 0.

Example 2.2. (1) Let A and B be normed algebras. Then every contin-
uous Lie homomorphism from A into B is a strongly Lie zero-product
preserving map.

(2) Let W be a finite dimensional normed vector space with the basis
B = {e1,ea,e3}. Also let f € W* be a linear functional on W
such that f(e;) = 1 and f(e2) = f(ez) = 0. For a,c € W define
a-c= f(a)c. Obviously (W,-) is an associative normed algebra. We



1783 Khoddami

denote it by Wy. Let 6 : Wy — Wy be a linear map such that
0(a) = g(a)ez where g € W* is a linear functional such that g(es) =1
and g(e1) = g(ez) = 0. A direct verification shows that 6 is strongly
Lie zero-product preserving. But 6 is neither a Lie homomorphism nor
a Lie homomorphism multiplied by a central element of W.

(3) Let A and B be two normed algebras and let B be commutative. Then
every linear map from A into B is a strongly Lie zero-product preserv-
ing map.

Clearly every strongly Lie zero-product preserving map is a Lie zero-product
preserving map. But the converse is not the case in general. We give the
following example to show this fact.

Example 2.3. Similar to Example 2.2 let W be an infinite dimensional normed
vector space with the basis § = {ej, ea, €3, ...} such that ||e,|| = 1 for all n > 1.
Also let f € W* be a bounded linear functional such that f(e;) = 1 and f(e,) =
0 for all n > 2. Assume that § : Wy — Wy is a linear map such that 6(e1) = e;
and (e, ) = 2"eq for all n > 2. A direct verification shows that 6 is Lie zero-
product preserving. We shall show that 6 is not a strongly Lie zero-product

preserving map. Let a, = < and ¢, = e,11. Clearly lim, oo[an, ¢,] = 0. But

. . (n+1) . (n+1)
limy, o0 [[[0(an ), 0(c)]|| = limy o0 [ 25—ea| = lim,, o0 25— = 00

Theorem 2.4. Let W be a non-zero normed vector space and let f € W*
be a non-zero element such that ||f|| < 1. Then a linear map 6 : Wy —
Wy is strongly Lie zero-product preserving if and only if one of the following
statements holds.

(1) fof=0.

(2) O(ker f) C ker f and there exist a continuous linear map ¢ : Wy —»
ker f and an element e € f~1({1}) such that for all a € Wy, 0(a) =
f(a)f(e) + 00 p(a) and 0 o |xer f is continuous.

(3) There exist a continuous linear map ¢ : Wy — ker f and an element
e € f71({1}) such that 0(a) = f(a)f(e) + foBop(a)e, a € W¢ and one
of the following statements holds.

(a) fobo ey is continuous.

(b) [0(e), €] = 0.

Proof. Let 6 be a strongly Lie zero-product preserving map such that fof # 0.
Also let e € Wy be an element such that f(e) = 1. So, for each a € Wy,
a = f(a)e+ ¢(a), where ¢ : Wy — ker f and ¢(a) = a — f(a)e. Hence for
each a,c € Wy,

0(a) = f(a)f(e) + 00 p(a), O(c) = f(c)f(e) + 0 o p(c).
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If O(ker f) C ker f then,

[6(a), 6(c)]

[f(a)b(e) + 6 o p(a), f(c)(e) + 0 o p(c)]
f(a)[6(e), 0 0 o(c)] + f(c)[0 o p(a), 0(e)]
[0(e), 0 o p(ac)] + [0 o p(ca), b(e)]
[0(e), 0 o p(ac)] —[0(e), 0 o p(ca)]
[0(e), 0 o p(ac — ca)] = [0(e), 0 o p([a, c])]
fob(e)dop(la,cl), aceWy.

Obviously f o 6(e) # 0. Indeed, the assumption f o 6(e) = 0 implies,

fob(a) = f(a)fobe)+ foboyp(a)
=0.

That is a contradiction. Let {a,}, C ker f be a sequence such that a,, — 0.
So, [e,an] — 0. As @ is strongly Lie zero-product preserving, we can conclude
that,

160 ¢(an)ll = 116 0 p([e, an])|

IR ICCRICS) [

|f o 6(e)

This shows that 6 o ¢ is continuous on ker f.

If O(ker f) € ker f, then there exists ag € ker f such that f(6(ag)) = 1. Set
e = 0(ap). For each a,c € ker f the equality [a, ] = 0 implies, [#(a), §(c)] = 0.
So,

(2.1) f(68(a))b(c) = f(0(c))0(a).
Upon substituting a = a¢ in (2.1), we obtain
(2.2) 0(c) = f(0(c))0(ap) = fob(c)e, c€kerf.

So, for each a € Wy, a = f(a)e + ¢(a), where ¢ : Wy — ker f and ¢(a) =
a — f(a)e. Hence for each a,c € Wy,

0(a) = f(a)f(e) + 0 0 p(a), O(c) = f(c)0(e) + 0 o p(c).
Since @(a), ¢(c) € ker f, applying (2.2) yields,

0(a) = f(a)f(e) + fobop(a)e, §(c)= f(c)f(e) + fobop(cle, a,ce Wy.
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So,

[0(a),0(c)] = [f(a)f(e) + f o bowp(a)e, f(c)0(e) + fobop(c)e]
= f(a)lb(e), fobop(cle] — f(c)[0(e), fobop(a)e]
= [0(e), f o 0 o p(ac)e] — [0(e), f o6 o p(ca)e]

= [0(e), f o 00 p([a,c])e]

(2.3) = fobop(a,c)b(e),e], a,ceWy.

Let [#(e),e] # 0 and let {a,}, C ker f be a sequence such that a,, — 0. So,
le,a,] — 0. As 0 is strongly Lie zero-product preserving, we can conclude
that,

[fobop(an)| =|fcbop(le an])l

_ 1116(e), O(an)l
I16Ce); ]l

This shows that f o o ¢ is continuous on ker f.
For the converse if f o6 = 0 then clearly 0 is a strongly Lie zero-product
preserving map. In the cases (2) and (3), one can easily verify that,

[0(a),0(c)] = fob(e)dop(la,dl), a,ceWy

— 0.

and

[0(a), 6(c)] = fobop([a,c])f(e)e], aceWy,
]

respectively. Let [a,, ¢,] — 0. So the continuity of f o6 and fofop on ker f
implies, [#(ay),0(c,)] — 0. This shows that 6 is strongly Lie zero-product
preserving. |

Corollary 2.5. Let W be a non-zero normed vector space and let f € W*
be non-zero. Also let 0 : Wy — Wy be a continuous linear map such that
O(ker f) Cker f. Then 6 is strongly Lie zero-product preserving.

Proof. By Theorem 2.4 it is obvious. O

In the following we present a characterization of strongly Lie zero-product
preserving maps on normed algebras.

Theorem 2.6. Let A and B be two normed algebras. Then a linear map
0 : A — B is strongly Lie zero-product preserving if and only if there exists
an M > 0 such that for all a,c € A,

116(a), 6()Il < Ml[a, c]||-

Proof. For the sake of contradiction similar to [3, Theorem 3.1] and [5, Theorem
4.1], suppose there is no such M. Then for each n € N there exist a,,c, € A
such that,

110(an), O(ca)]ll > nll[an, cnlll-
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So )
Qn
iy g el <
116(an), O(ca)lll” n
Set al, = o 5o and ¢, = c¢p. Clearly [a],,c))] — 0. Tt follows that

[6(ar,), 0(c;,)] — 0,

n

that is a contradiction. Indeed
1[0(az,), 0(c)]Il =
The converse is obvious. O

Corollary 2.7. Let A and B be two normed algebras. Then every continuous
Lie homomorphism from A into B is strongly Lie zero-product preserving.

We present some hereditary properties of strongly Lie zero-product preserv-
ing maps.

Proposition 2.8. Let A, B,C,D be normed algebras and let ¢ : A — B
and ¥ : C — D be two strongly Lie zero-product preserving maps. Then
p®Y: ADC — BD D is strongly Lie zero-product preserving .

Proof. By Theorem 2.6, there exist M, N > 0 such that,
Ile(a), p(a)]ll < M[a, ]|, a,a" € A,

and

Ii6(e), w(@)ll < N, ]l e, € C.
So,
Il @& ¥(a,c), o ®v(a’, )|l = [l[(v(a), ¥(c)), (p(a’), ¥ ()]
= [[(p(a)p(a’) = p(a’)p(a), () () — ()P ()]l
= [I([e(a), p(a")], [(c), ¥ (]

]
= llle(a), el + [ (e), (]
|

< II[ a,d']|| + N[e, ]|
< (M + N)(ll[a, ][ + [l [, <)
(M+N)II([G a’], [e, )

= (M + N)|l[(a,¢), (@, |-

Applying Theorem 2.6 implies that ¢ @ v is strongly Lie zero-product preserv-
ing. O

Proposition 2.9. Let A, B,C be normed algebras and let ¢ : A — B and
¥ : B — C be two strongly Lie zero-product preserving maps. Then 1 o ¢ :
A — C is strongly Lie zero-product preserving.



1787 Khoddami

Proof. As ¢ and v are strongly Lie zero-product preserving maps so, there
exist M, N > 0 such that

llp(a), p(a)]ll < Ml|[a, a'], a,a” € A,

and
1[0 (8), v (]Il < NY|[b, ]]],b,0" € B.
So,
I[e 0 ¢(a), ¥ o (a)]ll = [ (e(a)), ¥(e(a))]ll
< Nllle(a), p(a)]l
< MNl||la,d']|,a,da" € A.
This shows that i o ¢ is strongly Lie zero-product preserving. |

3. Main results

In this section we investigate the second dual of a strongly zero-product
(strongly Jordan zero-product and strongly Lie zero-product) preserving map,
defined on a certain class of normed algebras.

Let A and B be normed algebras. For a bounded linear map 6 : A — B, it
is obvious that if 6** : A** — B** is strongly (strongly Jordan and strongly
Lie) zero-product preserving, then so is § : A — B.

An interesting question is for which algebras A and B the converse is true. In
the sequel, by a * ¢ we mean one of the following products,

ac, aoc or Ja,c.

And also by a strongly x—zero-product preserving map we mean a linear map
between normed algebras, that is strongly zero-product preserving, strongly
Jordan zero-product preserving or strongly Lie zero-product preserving. A
s—homomorphism is a homomorphism, Jordan homomorphism or Lie homo-
morphism.

Theorem 3.1. Let A and B be two Arens regular normed algebras and let
0: A— B be a bounded linear map. Also let there exists M > 0 such that for

each a,c € A and each g € Bio) (the closed unit ball of B*) the inequality,
(3.1) [(0(a) * 0(c), g)| < M|(ax*c,0%(g))]
holds. Then 0** : A** — B** is strongly x—zero-product preserving.

Proof. We only prove the case when * is Lie product. Let m,n € A* and let
(a0)q and (cg)p be two nets in A such that

m=w"—lima,, n=w" —li[rancﬂ
@

By the Arens regularity of A and B, it is clear that

(3.2) [m,n] = w* —limw* — lién[aa, cs]
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and

(3.3) [0 (m), 0" (n)] = w* — limw™ — lién[ﬁ(aa), 0(cp)]-

[e3

So by (3.1), (3.2) and (3.3), for all g € Bgo) we have,

[K[67"(m), 07" ()], 9)| < M[([m,n], 07 (g))].
This shows that
1107 (m), 0" (n)]|| < M|0][[|[m, n]]].

Applying Theorem 2.6 shows that, 8** is strongly Lie zero-product preserving.
In the case when * is Jordan product or original product, a similar argument
can be applied. Note that in the case when * is the original product, the
conclusion without the hypotheses of Arens regularity of A and B is valid. O

Corollary 3.2. Let A and B be Arens regular normed algebras and let 0 :
A — B be a bounded x— homomorphism. Then 0** is strongly *— zero-product
preserving.

Proof. As 6 is x—homomorphism so for all a,c¢ € A, O(a*c) = 0(a) x0(c). It
follows that

[(6(a) * 0(c), )| = [(6(a xc), g)|
:|<a*c,¢9*(g)>|, ge@,a,CEA.

Applying Theorem 3.1 implies that 6** is strongly *—zero-product preserving.
Note that in the case when * is the original product, the condition of Arens
regularity of A and B is surplus. O

Theorem 3.3. Let W be a non-zero normed vector space and let f € W* be
a non-zero element such that ||f|| < 1. Also let 6 : Wy — Wy be a bounded
strongly *—zero-product preserving map. Then 6** : (W)™ — (W)** is
strongly x—zero-product preserving.

Proof. As by [0, proposition 2.1] Wy is Arens regular, it is enough to show that
the inequality (3.1) holds. Let * be original product or Jordan product and 6
be strongly *—zero-product preserving. Then by [4, Theorem 3.6 and Theorem
3.7 fof=0or fker f) C ker f.

In the case when * is Lie product and 6 is strongly Lie zero-product preserving
then by Theorem 2.4 f o8 = 0 or §(ker f) C ker f or 6(a) = f(a)f(e) + f o
6 o p(a)e, for some continuous linear map ¢ : Wy — ker f and for some
e € f~1({1}). We obtain the conclusion in all of the following cases.

o fof# =0. In this case 6(a)*80(c) = 0 for all a,c € W;. So the inequality
(3.1) holds for all M > 0. Hence in the case when f o6 = 0, 6** is
strongly *—zero-product preserving.
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o O(ker f) Cker f. Let e € f~!({1}). Define ¢ : W; — ker f such that
p(a) =a— f(a)e,a € Ws. So we can conclude that

a= f(a)e+¢(a),

and
0(a) = f(a)f(e) + 00 p(a),a € Wy.
Hence
(0(a) * 0(c), ) = ((F(a)0(e) + 0 0 p(a)) * (F()0(e) + 0 0 p(c)), )
(3.4) = fob(e)laxc,67(g)), g€ BY.

It follows that
[(0(a) = 0(c), g)| = | f o B(e){ax*c,0"(g))]
< LfHlellllefl{a * c, 0% ()]

* 0
< llellll6ll|(a * ¢, 8*(9))], a,c € Wy, g € B{.

So the inequality (3.1) holds for M = |le]|||d||, that implies 6** is
strongly *—zero-product preserving.

Note that the accuracy of the equality (3.4) for example in the case
when x* is Jordan product is as follows.

O(a) *0(c) = 6(a) o H(c)
= (f(a)f(e) + 6 0 p(a)) o (f(c)8(e) + 6 o p(c))
= f(f(a)f(e) + 6 0 p(a))d(c) + f(f(c)b(e) + 0 o p(c))0(a)
= fla)f o 6(e)f(c) + f(c)f o b(e)
= fo0(e)f(f(a)c) + fob(e)d(f(c

6(a)
)a)
= [o0(e)(8(ac) +6(ca))

= fob(e)f(aoc)

= fofl(e)flaxc), a,ceWy.

e x is Lie product and 0(a) = f(a)f(e)+ foBop(a)e, for some continuous
linear map ¢ : Wy — ker f and for some e € f~1({1}).
Let a,c € Wy. So by (2.3),

[0(a),6(c)] = fobop(a.c])b(e),e]
=0o¢p(la,d)-[0(e),e], a,ceWy.
It follows that

([6(a),0(c)], 9)] =
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Similar to the proof of Theorem 3.1 one can simply verify that,

[([07"(m), 0" (n)], g)| = [{[m,n], (0 0 )" ([0(e). €] - 9))|,m,n € (W)™ .
So we can conclude that

167 (m), 0" (n)]]| < [1(0 o )" [I[|[6(e), e][[l [, n]]|.
This shows that 6** is strongly Lie zero-product preserving.
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