d\;}‘u&‘i O
ISSN: 1017-060X (Print) %%5 ISSN: 1735-8515 (Online)
% 4

ATHEMATICAL,

Bulletin of the

Iranian Mathematical Society

Vol. 43 (2017), No. 6, pp. 1889-1903

Title:

Existence of positive solutions for a second-order p-
Laplacian impulsive boundary value problem on time scales

Author(s):

F. Tokmak Fen and l.Y. Karaca

Published by the Iranian Mathematical Society
http://bims.ims.ir




Bull. Iranian Math. Soc.
Vol. 43 (2017), No. 6, pp. 1889-1903
Online ISSN: 1735-8515

EXISTENCE OF POSITIVE SOLUTIONS FOR A
SECOND-ORDER p-LAPLACIAN IMPULSIVE BOUNDARY
VALUE PROBLEM ON TIME SCALES

F. TOKMAK FEN* AND LY. KARACA

(Communicated by Asadollah Aghajani)

ABSTRACT. In this paper, we investigate the existence of positive solu-
tions for a second-order multipoint p-Laplacian impulsive boundary value
problem on time scales. Using a new fixed point theorem in a cone, suf-
ficient conditions for the existence of at least three positive solutions are
established. An illustrative example is also presented.
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1. Introduction

Impulsive differential equations describe processes which experience a sud-
den change of state at certain moments. The theory of impulsive differential
equations has undergone rapid development in recent years. The reason for
this is the associated theory is richer than the corresponding theory of classical
differential equations and impulsive differential equations are regarded as im-
portant mathematical tools for the better understanding of several real-world
problems in applied sciences, such as population dynamics, ecology, biological
systems, biotechnology and optimal control. For the general theory of impulsive
differential equations, we refer the reader to the books [1,12,18].

This theory of dynamic equations on time scales was introduced in 1988 by
Stefan Hilger in his Ph.D. thesis (see [9,10]). The theory unifies existing results
in differential and finite difference equations and provides powerful new tools
for exploring connections between the traditionally separated fields. We refer
to the books by Bohner and Peterson [2,3] and Lakshmikantham et al. [13].
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A second-order p-Laplacian impulsive BVP on time scales 1890

There are recently many studies focused on the boundary value problems
(BVPs) for impulsive differential equations on time scales. For instance, see
[6-8,15,20,22]. However, the corresponding theory of such equations is still in
the beginning stages of its development, especially the ones with p-Laplacian
[4,5,11,21]. There is not much work on m-point boundary value problems for
the p-Laplacian impulsive dynamic equations on time scales, see [14, 16]. In
particular, we would like to mention some results of Tian, Chen and Ge [19]
and Ozen, Karaca and Tokmak [16].

In [19], Tian et al. studied the multiplicity of positive solutions to the
multipoint one-dimensional p-Laplacian BVP with impulsive effects

(pp(' (1)) + q(t) f (£, u(t), v (1) = 07 t#t, 0<t<1,
A@P(U/(ti)_)zz _Ii(u(ti)vul(ti))a 12727 -1,

0)) = Z aju(gs), ep(u'(1)) = > Bipp(u'(n;))-

1

SII

<.
Il

Applying the fixed point theorem due to Bai and Ge, they get the sufficient
conditions for the existence of multiple positive solutions to the problem above.

In [16], Ozen et al. studied the following multipoint BVPs for p-Laplacian
impulsive dynamic equation on time scales

(6p(u®(®)))Y + q(t) f(t,u(t), ud(t) =0, t € [0, 1]z, t # ty,

Au(ty) = —Ir(u(te)), k=1,2,...,n,
Ay (uB (tr)) :_glk( u(ty), u ( k) k= S,
¢p(uA(0)) = Z a;jdp(u (EJ) u( Z

Using the Bai-Ge’s fixed point theorem, they obtalned the existence of at least
three positive solutions for the above problem.

Motivated by the above mentioned works, in this paper we consider the exis-
tence of positive solutions of the following second order multipoint p-Laplacian
impulsive BVP on time scales

(¢p(u™(®))Y + () f(t,u(t)) =0, t € [0,1]r, ¢ # by,
Au(tk) =Ik(u(tk)), k= 1,2,...,’”,
Agy(u?(tr)) = —Ix(ultr)), i: 1,2,...,n

m—2

(11) uw(0) = D ;b (u(€)) + Y u(Gy),
j=1

j=1
m—2

= Z ﬁjﬁbp(uA
j=1

where T is a time scale, 0,1 € T, [0, 1]y = [0,1]NT, ¢t € (0,1)7, k=1,2,...,n
withO <t; <te<---<t, <1, &, ¢, nj€0,1)r, (j=1,2,...,m—2) with
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0<86 << <6<l 0<G<@<  <(ra<l, 0<n <<

< Mm-2 < 1 and é.jv Cj7 Ny #tka J=12,...,m—2 k:172a"'7n' ¢;D(5)

is a p-Laplacian operator, i.e., ¢,(s) = [s|P72s for p > 1, (¢p) 1(s) = ¢4(s)
1 1

where — + = =1, Au(ty) = u(t]) —u(ty,), and Ag,(u?(tr)) = dp(u?(t])) —
p q

o),
op(uP(ty ) where u(t)), u® () and u(ty ), u®(t; ) represent the right and the
left limits of the functions u(t) and u®(t) at t = t3, k = 1,2, ..., n, respectively.

In this paper we assume that

(C]') f € C([O, 1]'[[' X RJr,RJr)’ qc C([ ) ]TaRJr)a

(C2) o € [0,00), b, 6[ 00), B; € [0,00),j = .,m—2 with 0 <

m—2

Za]<10<26]<1and0<29j 1,
1

=

(C3) Ik € C(RT,R™), Ik ECRT x RT,RY), k=1,2,...,n

In this study, utilizing a new fixed point theorem due to Ren et al. [17], we
get the existence of at least three positive solutions for the impulsive BVP (1.1).
In fact, our result is also new when T = R (the differential case) and T = Z
(the discrete case). Therefore, the result can be considered as a contribution
to this field.

This paper is organized as follows. In Section 2, we give some preliminary
lemmas which are key tools for our proof. The main result is given in Section
3. Finally, in Section 4, we give an example to demonstrate our main result.

2. Preliminaries

In this section, we give some lemmas which are useful for our main results.
Throughout the rest of this paper, we assume that the points of impulse
tr are right dense for each k = 1,2,...,n. Let J = [0,1]r, Jo = [0,t1]T,
Jl = (tl,tg]qr, ey Jn,1 = (tnfl,tn]'ﬂ‘7 Jn = (tn, 1]11‘, J = J\ {tl,tz, - ,tn}.
Set

PC(J) = {u (0,1 = Ry we C(J'), u(t]) and u(t;,) exist, and

u(ty) =u(ty), 1<k < n},

PCYJ) = {u € PC(J): u® € C(J'), u®(t]) and u™(t;)) exist, and

ut(ty) = ut(ty), 1<k < n}
Obviously, PC(J) and PC*(J) are Banach spaces with the norms

lullpc = max [u(t)], [Julpcr = max {|[u]lpc, |u|pc},
te(0,1]7
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respectively.

Lemma 2.1. Assume that (C1)-(C3) hold. Then u € PCH(J)NC?(J') is a

solution to problem (1.1) if and only if u € PC(J) is a solution to the integral
equation:

u(t) = / ba ( / o e+ Y fk<u<tk>>+A> As

s<tp<l
m—2
2o
+ D De(u(te) + ]:;,2 (/ q(s)f(s,u(s)Vs+ > Ik(U(tk))+A)
o<ty <t 1- 0, 3 €<t <1
m—2 "

b (5w + /O@%( [ a1 utryvr

1— 0, 0<ty<(j

A= % (/ q(s)f(s,u(s))Vs+ Z fk(u(tk))> .

nj<tp<1l

Proof. First, suppose that u € PC'(J) N C?(J') is a solution to problem (1.1).
Then

(@p(u ()Y +a(t) f(t,u(t) =0, t # by, k=1,2,...,n.
So,

Gp(u(£)) — (B (1)) = — / " 4()f(s u(s)) Vs,

$p(u (1)) = dp(u®(t))) = —/t q(s)f(s,u(s))Vs, t € Jn_1.

n

Thus,

Do (U2 (1)) = oy (uP(1)) + / 4(5) (5, u() Vs + L (u(tn)), t € Ju_s.
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Repeating the above process, for ¢ € [0, 1] we have

oo (0) = 0,01 + [ )56
(2.2) + > Ti(u(ty),

t<tp<l

and taking ¢ = n; in (2.2), we obtain

Sp(u (1)) =¢>p(uA(1))+/‘ q(s)f(s,u())Vs+ Y Tu(u(ty)).

n;<tp<1
So, we get
m—2 m—2 m—2 1
> Bt ) = 3 AW+ Y6 [ als) (s ul)Vs
=1 =1 =1 In
m—2
+ > B Z I (u(tr))
j=1 n; <t <1
m—2
Since ¢, (u®(1)) = Z Bjdp(u(n;)), we have
j=1
i Bi (/ q(s)f(s,u(s)Vs+ Y fk(“@k)))
(23)  opu(1) = . A
1- Z Bi
= A. .

Substituting (2.3) into (2.2), we get

o) = [ a ) Vst P Tuult) + 4,

t<tp<1

which implies that

(24) u® (t) = ¢ (/t a(s)f(s,u(s))Vs+ Y Iu(ulte)) +A) :

t<tp<1

On the other hand, note that

ty

’U,A

0

u(ty) — u(0) = [ uB(s)as,
w(t) — u(th) :/tuA(s)As, te g
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So that we have

t
u(t) = u(0) +/ u®(s)As + Iy (u(ty)), t € Jy.
0
Repeating the above process for ¢t € [0, 1], one can verify that

(2.5) u(t):u(0)+/0 ut(s)As+ Y Tn(ulty)).

0<trp<t

Substituting (2.4) into (2.5), we obtain that

u(t) = u(0) + Z I (u(ty))

(2.6) + /Ot o (/1 q(7) f (1, u(T)) VT + K%;lfk(u(tk)) - A) As,
and taking ¢ = ¢; in (2.6), we get
u(G) = u(0)+0<;<11k(u(tk))
+/0<j o (/1 () f(r,u(1)) VT + K%;l T (ulty)) + A) As.
So,
m-2 2
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m—2

m—2
Since u(0) = Y a;jdp(u(&5)) + 3 5u(G),
Jj=1 j=1
2
u(0) = =L ( [ a@ G+ 3 hu(w) +A>
1- 0, 3] £i<tp<1

s (8 nwen+ [Caf [ s
1- ; g, O<t<G 0 s
(2.7) + > I_k(u(tk))-i-A)As).

Substituting (2.7) into (2.6), we get (2.1), which completes the proof of suffi-
ciency.
Conversely, if u(t) € PC1(J) is a solution to (2.1), apparently

Au(tk) zlk(u(tk)), k=1,2,.
The A-derivative of (2.1) implies that for ¢ # ty,

u®(t) = ¢ (/t a(s)f(s,u(s)) Vs + Y Ik(U(tk))JrA)-

t<tp <1

SN

(dp(u(1))Y
Hence u € C?(J'), and

Ad)P(uA(tk)) = _jk(u(tk))ﬂ k= 1>27 cees N

m—2 m—2
u(0) =Y o, (u (&) + Y Ou((),
=1 =1
J - J
6]¢p
j=1

The proof is completed.
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Define the cone P C PC(J) by

P = {u € PC(J) : u(t) is nonnegative, nondecreasing on [0, 1]y and

u”(t) is nonincreasing on [0, l]qr},

and define the operator T': P — PC(J) by

s<tp<l

Tu(t) = /Ot b4 (/ q(7) f(r,u(T))VT + Z I (u(ty)) —i—A) As

0<t), <t 1— 0, i
S fk<u<tk>>+A)+% S Ie(u(te)
§j<tp<l 1— HJ 0<t <¢j
i 1 _
@8+ [To( [ anseames 3 ) +a)as),
0 s s<tp<1
where
m—2
> B

Ao

=1
- m—2
=28
J=1

Lemma 2.2. Assume that (C1)-(C3) hold. Then T : P — P is a completely
continuous operator.

( JRCICTCNTEDS n(u(tk») .

nj<tp<1

Proof. From the definition of T, it is clear that T(P) C P. On the other
hand, by the conditions (C1)-(C3) and the definition of Tu(t), it is clear that
T :P — P is continuous. By Arzela-Ascoli theorem, one can easily prove that
operator T is completely continuous. O

3. Main result

The following fixed point theorem is fundamental and important for the
proof of our main result.
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Lemma 3.1 ([17]). Let P be a cone in a real Banach space B. Let o, 8 and
v be three increasing, nonnegative and continuous functionals on P, satisfying
for some ¢ > 0 and M > 0 such that

Y(z) < B(x) < a(z), [zl < My(x)
for all © € P(v,c). Suppose there exists a completely continuous operator T :
P(y,¢) = P and 0 < a < b < ¢ such that
(i) v(Tz) < ¢, for all x € IP(v,c);
(ii) B(Tx) > b, for all z € IP(B,b);
(iii) P(a,a) # 0, and a(Tx) < a, for all x € OP(w, a).

Then T has at least three fized points, x1, xo and x5 € P(v,c¢) such that

0<a(r) <a<a(r), Blxz) <b<pB(xs), 7(ws)<c

Now we consider the existence of at least three positive solutions for the
impulsive boundary value problem (1.1) by the fixed point theorem in [17].

We define the increasing, nonnegative, continuous functionals v, 3, and «
on P by

Y(u) = te%fg]ﬂ(t):u(&),
Blu) = te[gf?f,m“(t):“(&)’
2 = g, ) = )

It is obvious that for each u € P, vy(u) = f(u) < a(u). Additionally, for each
u € P, since u” is nonincreasing on [0, 1]r, we have y(u) = u(&;) > &u(l).

1
Thus, |lu]| < f—’y(u), Yu € P.
1

For convenience, we denote

m—2
2o
j=1

=) 5
j=1
m—2 m—2
Z 0; >
A = m-26q(B) + — (n+6q(B)) + ————B+n
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Theorem 3.2. Suppose the assumptions of (C1)-(C3) are satisfied. Let there
exist positive numbers a < b < ¢ such that

Q
a<&b< ngc<c,

and assume that f, I, and I, satisfy the following conditions:
(C4) f(tw) <min {5, & (5) ) Dt < 5,
min{%, ¢p( )}for all (t,u) € [0, 1]z [0 5%

(©5) £ > 6, () Jor at () € Tl x [ 2]
(C6) f(t.w) <min{, ¢ (§) ), Iulultn) < $0 Teult) <

min{%, Op (%)}fcr all (t,u) € [0, 1]t X [O,é}, k=1,2,...,n.

Then the boundary value problem (1.1) has at least three positive solutions
u1, ug and ug which belong to P(v,c) such that

0 <oa(ur) <a<alu), Blu) <b< B(us), y(us) < c.

Proof. We define the completely continuous operator T by (2.8). So, it is easy
to check that T : P(vy,c) — P.
We now show that all conditions of Lemma 3.1 are satisfied. In order to verify

condition (i) of Lemma 3.1, we choose u € 9P (7, ¢). Then vy(u) = I%(l)aéx] u(t) =
te(0,&1]r

u(&1) = ¢, and this implies that 0 < u(t) < ¢ for t € [0,&;]r. If we recall that
1 1
llu|| < —v(u) = —¢, then we have

&1 &1

0<ut) < € [0, 1.

c t
&’

Then assumption (C4) implies for all (¢,u) € [0, 1]y X [0 , k=1,2,...,n,

— 1

c
3!

-I-

f(t,u)<min{% (% }

sitor (D).
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Therefore,

A(Tu) = max (Tu)() = (Tu)(&)

([ aesn) S5,

Em—2 1 —
<§</ ¢q</ q(T)VT +n+ — = )Aern
0 0
1-> "B
j=1

+%(/Olq(s)vs+n+ </0 o >j=1ﬁ>

m—2

m—2
1- >0 1-> "8
j=1

Jj=1

ri 0; (/01 q(s)Vs + n> Tfﬁj

N 1 1
+%(n+/ %(/ g(T)VT + 1+ L
0 0

m—2 m—2
1-> 0 1-> B
j=1 Jj=1

m—2 m—2
Z 9j Z Qg

(squ(B) T ntgu(B) £ —

m—2
1->"0; 1-> 0
j=1

As

)

Il
o

Hence, condition (i) is satisfied.
Secondly, we show that (ii) of Lemma 3.1 is satisfied. For that purpose, we
take u € OP(B,b). Then,

= 1 t p— :b7
u) te[gff?f_muo u(é1)

1
this means that w(t) > b, for all ¢ € [£1,1]7. Noticing that ||u| < ?V(u) <
1

1 b
£ Blu) = £ we get

b<u(t) <

< 3, fort e [51,1]11*.
3
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Then, assumption (C5) implies f(¢,u) > % Therefore
B(Tu) = min  (Tu)(t) = (Tu)(&1)
tel€1,6m—2]r
m—2
Qa5 L
> ( [ GV s Y Rt + A)
1— 0 i €<t <1
Z;g
m—2

So, 8(Tu) > b. Hence, condition (ii) is satisfied.
Finally, we show that the condition (iii) of Lemma 3.1 is satisfied. We note
that u(t) = %, t € [0,1]7 is a member of P(a,a), and so P(a,a) # 0.
Now, let u € OP(a,a). Then a(u) = [gréax | u(t) = u(&n—2) = a. This
te

sSm—2|T

1 1
implies 0 < u(t) < a, t € [0,&n—2]r. Noticing that |ul| < g—'y(u) < g—a(u) =
1 1

£ we get
& g
0<ult) < —, for t €0, 1]r.
&
By assumption (C6), we have for all (¢,u) € [0, 1] x [07 a} ,

a

ftw) <min{$. @ ()} Ielult) < 5.
I (u(ty)) < min{%, op (%)}, k=1,2,...,n.

&1
<

Therefore, we get

oTu) = | max (Tu)(t) = (Tw)(En-2)
m—2 m—2
0; @;
< 5| Enta(B) + =t 6u(B) + — B+
1-> 0 1-S 0
j=1 j=1

= a.

So, we have a(Tu) < a. Thus, (iii) of Lemma 3.1 is satisfied.
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Therefore, by Lemma 3.1, the impulsive boundary value problem (1.1) has
at least three positive solutions uj, us and uz which belong to P(v, ¢) such that

0 < a(u) <a<a(ug), Blug) <b< B(us), v(uz) <ec.
The proof of Teorem 3.2 is complete. |

4. An example

1 2 4
Example 4.1. Let T = {0, 5] U [5 5} U{1}. Consider the following second-

order multipoint p-Laplacian impulsive boundary value problem:

(asg(EA;t)))V +( tf(ts(;)) =0, el t# 5,
s (L) =1 (2
(o)

A[2 1 /3\ 2 (7
w0 = oo (v ) 3o (02 (3)) + 50 (3) + 30 (55):
a1y =Lg 1 3
o=t (2 (1) 20 (< ().
where
8, u € [0,581],
flt,u) = 33u — 19165, wu € (581, 660],
2615, u > 660,
U - 3
1 = —, u>0, I = — > 0.
1) oo 420 hlw =g vz
. . 11 308
By simple calculation, we get Q = 32’ B = To5" A ~ 8.383. Taking
a =83, b =660 and c = 25149, it is easy to check that
660

and the conditions (C1)-(C3) are satisfied. Now, we show that conditions (C4)-
(C6) are satisfied:

F(t,u) < 2615 < min {% s (%)} — 3000,

( ( )) < 1760.43 < % — 3000,
. C C
( ( >) < 1320.3225 < min {K’ b3 (K)} — 3000,

for (t,u) € [0,1]; x [0,176043];
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b 1
ft,u) = 2615 > a- 1920 for (t,u) € [7, 1] x [660,4620] ;
T

e =s <min{§, 60 (5)} = o0 0 (u(5)) <ss1< .

- 1 . (a a 1000
I <u (2)> < 4.3575 < mm{K, b3 (K)} -7
for (t,u) € [0,1]; x [0,581].

So, all conditions of Theorem 3.2 hold. Thus by Theorem 3.2, the BVP (4.1)
has at least three positive solutions u1, us and us which belong to P(~,25149)
such that

0 < max wui(t) <83 < max us(t),
tE[O,%]T te[0,2]r
min wue(t) < 660 < min wus(?),
i, 20 iy e
max ug(t) < 25149.
te[0, 3],
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