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ABSTRACT. The proximal point algorithm, which is a well-known tool
for finding minima of convex functions, is generalized from the classical
Hilbert space framework into a nonlinear setting, namely, geodesic metric
spaces of nonpositive curvature. In this paper we propose an iterative
algorithm for finding a common element of the minimizers of a finite
family of convex functions and common fixed points of a finite family of
quasi-nonexpansive multivalued mappings in Hadamard spaces.
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1. Introduction

Let (X, d) be a metric space and f : X — (—o0,00] be a proper and convex
function. One of the major problems in optimization is to find « € X such that

f(z) = ggg f(y).

We denote by argminyecx f(y) the set of minimizers of f. A successful and
powerful tool for solving this problem is the well-known proximal point algo-
rithm (PPA). The proximal point algorithm is a method for finding a minimizer
of a convex lower semicontinuous function defined on a Hilbert space. Its origin
goes back to Martinet and Rockafellar [20,21]. Indeed, let f be a proper con-
vex and lower semi-continuous function on a Hilbert space H which attains its
minimum. The proximal point algorithm seeks a minimizer of f by successive
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approximations

. 1
2ot = argmingen (f(y) + 3= |y —aa | )n € N,
n

where r, > 0 for all n € N. It was proved that the sequence {z,} converges
weakly to a minimizer of f provided > -, 7, = co. A natural question, posed
by Rockafellar in [21], as to whether this convergence can be improved to
strong one was answered in the negative by Guler [141]. In 2000, Kamimura
and Takahashi [17] combined the PPA with Halpern's algorithm [15] so that
the strong convergence is guaranteed [5]. Recently, Bacak [4, Theorem 6.3.1]
investigated the convergence of the proximal point algorithm for convex func-
tions in Hadamard spaces, which are also known as complete CAT(0) space
(X,d) as follows: 27 € X and

1

Tpt+1 = aTgminyeX (f(y) + ? (ya Z‘n)2>7 ne Na

where r, > 0 for all n € N. Based on the concept of the Fejer monotonicity,
it was shown that, if f has a minimizer and ) - r, = oo, then {z,} A-
converges to the minimizer of f. Recently, Cholamjiak et al. [9] introduced the
following modified proximal point algorithm using the S-type iteration process
for two nonexpansive mappings in C AT(0) spaces,

) 1
zn = argmingex (f(y) + ?d(y,xn)Z),

Yn = (]- - ﬂn)xn S 5nlena
LTnt1 = (1 - an)TIxn @ anT2yn7

and it was shown that, {x,} A-converges to a common element of
F(Th) N F(Ty) Nargmingex f(y),

under some mild conditions. Abkar and Eslamian in [2], introduced an iterative
process for a finite family of generalized nonexpansive multivalued mappings,
and proved A-convergence and strong convergence theorems for the proposed
iterative process in CAT(0) spaces. In this paper, motivated and inspired
by [2], we propose an iterative method for finding a common element of the
minimizers of a finite family of convex functions and common fixed points of a
finite family of quasi-nonexpansive multivalued mappings in Hadamard spaces.

2. Preliminaries

Let (X,d) be a metric space. A geodesic path joining x to y in X is a
mapping v from a closed interval [0,{] C R to X such that v(0) =z, v(I) =y
and d(v(s),y(t)) = |s —t| for all s,t € [0,{]. In particular, the mapping ~ is an
isometry and d(z,y) = . The image of ~ is called a geodesic segment joining
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2 and y which when is unique denoted by [z, y]. We denote the unique point
z € [x,y] such that

(2.1) d(z,2) = ad(z,y) and d(y,z)=(1-— a)d(z,y),

by (1 — a)z ® ay, where 0 < a < 1.

The metric space (X,d) is called a geodesic space if any two points of X
are joined by a geodesic, and X is said to be uniquely geodesic if there is ex-
actly one geodesic segment joining x and y for each z,y € X. A geodesic
triangle A(zq,z9,23) in a geodesic space (X,d) consists of three points in
X (the vertices of A) and a geodesic segment between each pair of points
(the edges of A). A comparison triangle for A(zy,zq,23) in (X,d) is a
triangle A(z1,29,73) := A(T1,72,73) in the Euclidean plane R? such that
dg2(T;,T;) = d(x;, x;) for all 4,5 € {1,2,3}.

A geodesic space X is called a C AT (0) space if all geodesic triangles of appro-
priate size satisfy the following comparison axiom:

Let A be a geodesic triangle in X and let A be a comparison triangle in R2.
Then the triangle A is said to satisfy the C AT(0) inequality if

d(l‘, y) < dR2 (fa @),

for all #,5 € A and all comparison points 7,5 € A. A subset C' of a CAT(0)
space is convex if [x,y] C C for all z,y € C. It is well known that any complete
simply connected Riemannian manifold of nonpositive sectional curvature is
a CAT(0) space. Other examples include Pre- Hilbert spaces, R-trees [0],
Euclidean buildings, the complex Hilbert ball with a hyperbolic metric [13]
and many others. If x,y;,y2 are points in a CAT(0) space and if yo is the
midpoint of the geodesic segment [y1,y2], then the CAT(0) inequality implies
the so-called (CN) inequality, i.e.,

1 1 1
d($7y0)2 < Ed(xayl)2 + 5d($7y2)2 - Zd(ylay2)2‘

It is known that a uniquely geodesic space is a CAT(0) space if and only if it
satisfies the (CN) inequality [6].
Let {z,} be a bounded sequence in a CAT(0) space X. For x € X, we set

r(z,{z,}) = limsup d(x,, ).

n—00
The asymptotic radius r(z,) of {x,} is given by:
r({zn}) = inf{r(z,{z,}) : x € X},
and the asymptotic center A({z,}) of {z,} is the set

A{zn}) ={z € X :r(z,{on}) = r({zn})}.

It is known that in a CAT'(0) space, A({zn}) consists of exactly one point [11].
A sequence {z,} in a CAT(0) space X is said to be A-convergent to z € X if
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x is the unique asymptotic center of every subsequence of {x,,}.
We will use the following lemmas.

Lemma 2.1 ([19]). Every bounded sequence in an Hadamard space has a /-
convergent subsequence.

Lemma 2.2 ([10]). If D is a closed convez subset of an Hadamard space and
{zn} is a bounded sequence in D, then the asymptotic center of {x,} is in D.

Lemma 2.3 ([12]). If {x,} is a bounded sequence in an Hadamard space X
with A({z,}) = {z} and {u,} is a subsequence of {x,} with A({u,}) = {u}
and the sequence {d(xy,u)} converges, then x = u.

Lemma 2.4 ([12]). Let X be a CAT(0) space. Then for all z,y,z € X and
all t € [0, 1], we have
(i) d((1—t)x ®ty,2)? < (1 —t)d(x,2)? + td(y, 2)? — t(1 — t)d(z, y)>.

Let D be a nonempty subset of CAT(0) space X. Then a mapping T" of D
into itself is called nonexpansive if d(Tz, Ty) < d(z,y) for all z,y € D. A point
z € D is called a fixed point of T' if Tz = z. We denote by F(T') the set of all
fixed points of T. W.A. Kirk showed that the fixed point set of a nonexpansive
mapping T is closed and convex [18].

Lemma 2.5 ([12]). Let D be a closed and convex subset of an Hadamard space
X and T : D — D be a nonexpansive mapping. Let {x,} be a bounded sequence
in D such that lim, oo d(xp, Txy) =0 and A—lim, o x,, = x. Then Tz = x.

Firmly nonexpansive mappings were first introduced by Browder [7], under
the name of firmly contractive, in the setting of Hilbert spaces, and later by
Bruck [8] in the context of Banach spaces. Recently Bruck’s definition was
extended to a nonlinear setting in [3].

Definition 2.6. Let D be a nonempty subset of a CAT'(0) space (X,d). We
say that a mapping T : D — X is firmly nonexpansive if

d(Tx, Ty) < d((1 — Nax @ ATz, (1 — Ny & \Ty),
for all z,y € D and A € (0,1).
Remark 2.7. Any firmly nonexpansive mapping is nonexpansive.

For A > 0, define the Moreau-Yosida resolvent of f in C'AT(0) space (X,d)
as

. 1
Prox{(x) = argmingex (f(y) + ﬁd($, y)z),

for all z € X. The mapping Prom{ is well defined for all A > 0 [16]. Recall that

a function f : X — (—o00,+0o0] defined on a convex subset D of a CAT(0)

space is convex if, for any geodesic 7 : [a,b] — D, the function fovy is convex.

The following lemmas play an important role in this paper.
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Lemma 2.8 ([3]). Let (X,d) be an Hadamard space and f : X — (—00, +00]
be a proper convex and lower semicontinuous function. Then for every A > 0,

(i) Pr0z§ is a firmly nonexpansive mapping.
(i) F(Prox{) = argmingex f(y).

Lemma 2.9 ([16]). Let (X,d) be an Hadamard space and f : X — (—o00, 0]
be a proper convex and lower semi-continuous function. Then the following
identity holds:

A— ,
Pro:z:{x = Proa:i(Tuproscf\(:E @ %:c),

forallz e X and A > pu > 0.

Let D be a subset of a CAT(0) space X. We denote by CB(D), K(D),
KC(D) and P(D) the collection of all nonempty closed bounded subsets,
nonempty compact subsets, nonempty convex compact subsets and proximi-
nal bounded subsets of D, respectively. The Hausdorff metric H on CB(X) is
defined by:

H(A, B) := max{sup dist(x, B), sup dist(y, A)},
z€A yeB
for all A, B € CB(X), where dist(z, B) = inf{d(x,2) : z € B}.
Let T : X — 2% be a multivalued mapping. An element z € X is said to be a
fixed point of T', if # € T'x. The set of fixed points of T will be denoted by F(T).

Definition 2.10. A multivalued mapping 7' : X — CB(X) is called
(i) Nonexpansive if H(Tz,Ty) < d(x,y) for all z,y € X;
(i) Quasi-nonexpansive if F(T') # () and H(Txz,Tp) < d(z,p) for all x € X
and all p € F(T).

We state the multivalued analogs of the conditions (E) in the following way
(see [1]).
Definition 2.11. A multivalued mapping T : X — CB(X) is said to satisfy
condition (E,) provided that

dist(z, Ty) < pdist(z, Tz) + d(z,y), =,y€ X.
We say that T satisfies condition (E) whenever T satisfies (E,,) for some p > 1.
We will use the following lemma.

Lemma 2.12 ([2]). Let D be a nonempty closed conver subset of an Hadamard
space X and T : D — K(D) satisfies the condition (E). If {x,} is a sequence
in D such that lim,_, dist(Tz,, z,) =0 and A — lim, z,, = v, then v € Tv.
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3. Main results

Let D be a nonempty convex subset of an Hadamard space X and f; :
D — (—o0,00] (i = 1,2,...,r) be r proper convex and lower semi-continuous
functions. Let T : D — CB(D) (j = 1,...,m) be m given mappings. Then
for xg € D, an; €[0,1] ( =0,1,...,m) and A, >0 (i =1,...,r), we consider
the following iterative process:

Wy, = Prox{ﬁ 0---0 Proaz{ll Tn,
n n

Yn,0 = (]- - an,O)xn 2] Ay, 0Wn,
Yn,1 = (1 - an,l)xn D an,12n,1,

(31) Yn,2 = (1 - an,Z)xn ® (n,22n,2,

Yn,m—-1 = (]- - an,mfl)xn @ An,m—1%n,m—1,

Tp4+1 = (1 - a'n,m)xn ® Anp mZn,m;
where 2, ; € Tj(yn,j—1) for j=1,...,m.
We shall make use of the following lemma.

Lemma 3.1. Let D be a nonempty closed convex subset of an Hadamard space
X and f; : D — (—o0,00] (i = 1,2,...,7) be r proper convex and lower semi-
continuous functions. Let T; : D — CB(D) (j = 1,...,m) be a finite family
of quasi-nonexpansive multivalued mappings satisfying the condition (E) such
that
Q= ﬂ;-"le(Tj) m Ni—jargmingep fi(y)

is nonempty and T;(p) = {p} for each p € Q. Let {x,} be the iterative process
defined by (3.1), an; € [a,b] C (0,1)(j = 0,1,...,m) and {\,} is a sequence
such that \!\, > X\g >0 for alln € N (i =1,...,r) and for some \og. Then

(1) limy, oo d(xy,p) exists for all p € §,

(ii) limp—e0 d(2p, Proxf\; o0---0 Proxﬁll xp)=0 (i=1,...,r),
(i) limy, o0 dist(Tjzp, 20) =0 (j =1,...,m).

Proof. Let p € Q). By Lemma 2.8, p = Prox{%p foranyi=1,...,7and n € N.
(i) We show that lim, . d(x,,p) exists.
We denote by S? the composition Prox{% 0--+0 Prowﬁ foranyi=1,2,...,r
and n € N. Therefore w,, = Shx,. We also assume that SO = I where I is the
identity operator. By Lemma 2.8, we have

d(S. 2z, p) = d(Proxf\cﬁ;L o0---0 Prox{ixn, Proxi"ip)
(3.2) < d(zn,p).
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By employing Lemma 2.4, we obtain

(3.3)

d(yn,Oap)

= d((l — an,o)xn (5] a/n,ownvp)

S (1 - amo)d(xnap) + an,od(wnvp)
< d(zn,p)-

So by (3.3), we obtain

and

Tp D Qn,12n, 17p)

)
< (1 —an1)d(@n,p) + an1d(2n,1,p)
=(1—ap1)d(xn,p) + an1 dist(z,,1, T1(p))
<(1- an71)d($n7p) + an, 1 H(T1(Yn,0), T1(p))
< (1 —=an1)d(@n,p) + an,1d(Yn,0,p)
< (1= apa1)d(zn,p) + anad(zn, p)

d(Yn,2,p) = d((1 = an,2)Tn @ an22n,2,p)
< (1 = ap2)d(@n,p) + an2d(zn,2, p)
= (1 — an,2)d(Tn,p) + an 2 dist(zp 2, T2(p))
< (1= an2)d(n,p) + an2H(T2(yn,1), To(p))
< (1= an2)d(xn,p) + an2d(Yn,1,P)
< d(zn,p)

(1 —anm
(1—anm
1—anm
(1 —anm
d(n, p)

Ty, © Gpym—12n,m—1,D)

T, P) + Gnm—1d(2n,m—1,p)

)+ an,m—1 dist(zn m—1, Tm—1(p))
xmp)"'anm 1H(Tm 1(yn,m—2)aTm—1(p))
Tpny D) + @nm—1d(Yn,m—2,p)

-
— — ~— ~~— |
QU
—_ = = = —
8
3
=
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and also

d(xn_.,_l,p) = d((l - an,m)xn D an,mzn,map)

S (1 — Qp m)d(xnap) + an md(zn,map)

= (1 = an,m)d(xn, ) + an,m dist(2n,m, Tin (p))

S (1 - an,m)d(xnap) + (279 mH(T (yn m— 1)7Tm( ))

< (]— — Qn m)d(xnyp) + an md(yn m— 1,p)

< d(zn,p)
This shows that lim, . d(x,,p) exists.
(ii) We show that lim,, o d(x,, Proxffi 0---0 Prox{ll Tn)=0(=1,...,7).
Since d(Sizxnap) - d(ITHP) S d(ﬂ?n,p) - d('rfhp)? we get
(3.4) lim sup (d(S},2n,p) — d(zn,p)) <0,

n— oo

for all (i =1,...,7). By using Lemma 2.4 and nonexpansivity of Proz? A
for all i = 1,...,7‘, we have

d(ymo,p) =d((1— an,o)xn & an,owmp)
< (1 = an,o)d(xn, p) + an,od(wn,p)
< (1= ano)d(xn,p) + anyod(S;xmp),
and
A(Yn,1,p) = d((1 — an1)Tn D an12n1,D)
< (1= an1)d(zn,p) + an1d(zn,1,D)
= (1 —an1)d(xn, p) + an dist(z, 1, T1(p))
(1 = ana)d(zn,p) + an 1 H(T1(yn0), T1(p))
( ) )
) )

IN

IAIA

d(xn,p + Qn, 1d(yn Ovp)
(1 —On1 d Tn, D) + Gn, 1(( an,o)d(xnap) + a"’od(szm”’p))
= d(xnvp) + an,lan,O( (S:L‘r"7p) - d(x”’p))

Similarly, we have

]-_anl

s

IN

d(WYnm—1,p) = d((1 = @n,m—1)Tn © Gnym—12n,m—1,P)
< (1 = anm-1)d(@n,p) + anm—1d(2n,m-1,p)
= (1 — anm-1)d(@n,p) + anm—1 dist(zn,m-1, Tm—1(p))
<(1- an,mfl)d(xmp) + Apm— 1H(T— 1(yn m—2), Tm—1(p))
< (1= anm—1)d(Tn,p) + anm-1dYn.m—2,p)

d(‘rrnp) + an,mfh .. 7an,0(d(5:7,'rn7p) - d(-rnup))v
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and also
d(xn+17p) = ((]— — Qp,m)Tn ® an,mzn,map)
p

)
)d( ) + anmd(zn,m;p)
= (1 — anm)d(@n, p) + an,m dist(znm, T (p))
)d(zn, p)
(Zn,p)

< d(‘rnap) + Anmy s an,O(d(S;xnap) - d(xnap))a
and hence

liminf (d(S.zn, p) — d(zn,p)) > 0.

n—oo

From the above inequality and (3.4), we obtain that

lim (d(S,zn,p) — d(zn,p)) = 0.

n—oo

Using Lemma 2.4 and firmly nonexpansivity of Prox{"; for alli = 1,2,...,r
and n € N, we obtain

d(S! z,,p)* :d(Prom{z (Sfl_lxn),Proxizp)z
<d((1 = NS5 e, @ AS x,, (11— N)p@© Ap)?
<(1=Nd(S; wn, p)? + Md(S), 20, p)?
— M1 = Nd(S5 2y, Stx,)?
<1 = Nd(n,p)* + Ad(z0,)* = X1 = N)d(S}  wn, Spyn)?
=d* (x5, p) — M1 = Nd(S;, 0, Sp20)?,

for all A € (0,1), which implies that

d(Si_lxny S:lxn)Q < (d(xnvp)Z - d(S:Lx"’p)Q)

" Al =)
Therefore

lim d(S5 tw,,S.z,) =0,

n—oo

and hence for all ¢ =1,2,...,7,

i—1

d(xy, S’;xn) < d(xn, S}L:En) + -+ d(SE Ty, S;xn) — 0.
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(iil) We show that lim,,_, dist(z,, T;z,) =0 (j = 1,...,m). By using Lemma
2.4 and (3.3), we get

A(Yn.1,0)* = d((1 = @4p1)Tp @ an12n.1,0)°
T, 0)* + an1d(2n.1,0)° — ana(1 — ap1)d(Tn, 2n.1)*
T, 0)% 4 a1 dist(2n.1, T1(p))? — @n1 (1 — apn1)d(2n, 2n.1)?
20y 0)? + an A H(T1(Yn,0), T1(D)? = ana (1 = an1)d(zn, 20,1)?
T, ) + an’ld(yn’o,p)2 —an1(1 —ap1)d(z,, zn,1)2
T, D) + an1d(@n,p)* — an1 (1 — an1)d(@n, 2n,1)°
= d(l"mp) —an1(1 = an1)d(@n, 2n,1)°.

IA
—~ o~~~
[
|
S
S
=
N NN N
IS
== ===

By induction, we have
d(@n11,0)? = d((1 = Qo) Tn @ nmZn,m, P)°
< (1 = o)A@, D)2 + (20 ms D)2 = (1 = @) ATy 2 )
= (1 = apm)d(2n,p)* + an.m dist(2n.m, T (p))?
— ann(1 = anm)d(@n, 20,m)?
< (1= anm)d(@n, p)* + anmH (T (Ynm—1), Tn(p)”
— ann(1 = anm)d(@n, 2n,m)?
< (1= )@, P)? + A @ (Ynmn—1,0)° = Gnm (1 = Qnm ) (@0, 20m )
< d(20,0)* = anm(l = nm)d(Tn, 2n.m)?
— Gnymn,m—1(1 = Gnm—1)d(zy, Zn,m—1)2
— e = QO —10nm—2 A1 (1 — @ 1)d (T, Zn,1)2-
So we obtain
a™(1 = b)d(Zn, 201)? < Gpmnmet - an 1 (1 — ap1)d( T, 2n1)>
< d(xn,p)? —d(zny1,p)>
This implies that

Z (1= b)d(zp, 2n1)* < d(z1,p)* < 00,

thus lim, o0 d(2p, 2n,1) = 0. Similarly for k = 2,...,m, we obtain
nl;m d(zp, 2nk) = 0.
Hence dist(2n, Tkynk—1) < d(@n,2nk) — 0 asn — oo for k =1,...,m. We

have
lim d(xn7yn,k—1) = lim an,k—ld(mnazn,k—l) = 0.
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By the condition (E), we get for some pu > 1,
dist(zp, Trxn) < d(Tn, Ynk—1) + dist(yn k-1, Tkzn)
< d(@n, Yn,k—1) + pdist(Te¥n k-1, Yn,k—1) + A(Tns Yn,k—1)
< d(@n, Ynk—1) + pdist(@n, Tryn k1) + pd(Tn, Yn k—1) + d(Tn, Yn k—1)
= (u+2)d(Tn, Yn k1) + pdist(@n, Tryn k—1)-
Hence for k =1,...,m, we have

lim dist(z,, Tpz,) = 0.

n—oo

Now we are ready to state and prove our main results.

Theorem 3.2. Let D be a nonempty closed convex subset of an Hadamard
space X and f; : D — (—o00,00] (i = 1,2,...,r) be r proper convex and lower
semi-continuous functions. Let T; : D — K(D) (j = 1,...,m) be a finite
family of quasi-nonexpansive multivalued mappings satisfying the condition (E)
such that

Q= ﬂ;"le(Tj) m Ni_jargmingep fi (y)
is nonempty and T;(p) = {p} for each p € Q. Let {x,} be the iterative process
defined by (3.1), ay; € a,b] C (0,1) (j =0,1,...,m) and {\}} is a sequence
such that X, > \g > 0 for alln € N (i =1,...,r) and for some \o. Then {z,}
is /\-convergent to an element of §2.
Proof. Since X!, > \g > 0, by Lemmas 2.9 and 3.1, we have

d(Prox (S 1xn) S xy) fd(ProxA’ (Si1x,), Proxfl (SZ Iy )

i Al — ) o Ao
:d(Prom;o(Sﬁfl n)s ProxA ( ")\i OPmmJ;@ (Si7lz,) @ A%Sfflxn))
<d(Si'w,, (1- i\ )Prozf’ (Si1e,) @ N Sl Y2,)
<(1- ;—?)d(S’;‘lxn,Proxﬁl (S )

)\0 i—
=(1- /\—i)d(Sn T, Sy Tn) — 0,

as n — 00. So, by Lemma 3.1, we obtain
d(x, PT‘OI)\ Tn) < d(Pro:c{l Ty, Proxfi (Siilxn))
—|—d(Prox SZ 1xn) Slmn) +d(S Ty Tny)
< d(wn, S 1)
+ d(Progc)\‘ St ), Shan) + d(Shxn, ) — 0,



Proximal point algorithm 1950

as n — o0o. Lemma 3.1(i) shows that lim, . d(x,,p) exists for all p € Q
and Lemma 3.1(iil) also implies that lim,,_,o dist(z,, Tjz,) = 0 for all j =
1,...,m. Now we let Wa(z,) := UA({u,}) where the union is taken over all
subsequences {u,} of {z,}. We claim that Wa(x,) C Q. Let u € Wa(x,).
Then there exists a subsequence {u,} of {z,} such that A({u,}) = {u}. By
Lemmas 2.1 and 2.2 there exists a subsequence {v,} of {u,} such that A —
lim, 0o v, = v € D. Since lim,,_,o dist(vy, Tjv,) = 0, by Lemma 2.12, we
have v € N7, F(Ty) for j = 1,...,m. Also by Lemma 2.5, nonexpansivity of
Proxiz and

: fi _
nlgx;o d(xy, Proxy! z,) = 0,

we get Proscf\ciJ (v) =wvforalli=1,2,...,r. By using Lemma 2.8, we get
v € Ni_jargminf;.

So, u = v by Lemma 2.3. This shows that Wa (x,) C Q.

Finally, we show that the sequence {x,,} A-converges to a point in . To this
end, it suffices to show that Wa(x,) consists of exactly one point. Let {u,}
be a subsequence of {z,} with A({u,}) = {u} and let A({z,,}) = {z}. Since
{d(zn,u)} converges, by Lemma 2.3, we have z = u. Hence Wa(x,) = {z}.
This completes the proof. O

Theorem 3.3. Let D be a nonempty compact convex subset of an Hadamard
space X and f; : D — (—o0,00] (i = 1,2,...,r) be r proper convex and lower
semi-continuous functions. Let T; : D — CB(D) (j = 1,...,m) be a finite
family of quasi-nonexpansive multivalued mappings satisfying the condition (E)
such that

Q=N F(Ty) ﬂ Ni—iargminyep fi(y)
is nonempty and T;(p) = {p} for each p € Q. Let {x,} be the iterative process
defined by (3.1), a, j € [a,b] C (0,1) (j =0,1,...,m) and {\}} is a sequence
such that X, > X\g >0 for alln € N (i =1,...,r) and for some \g. Then {z,}
converges strongly to an element of €.

Proof. By Lemma 3.1 (iii), we have lim,_,o dist(Tjz,,z,) = 0 for j =
1,...,m. Since D is compact, there exists a subsequence {z,,} of {z,} such
that limg_, o0 2y, = w for some w € D. As in the proof of Theorem 3.2,

nh_)rr;o d(xanro;v{iOxnk) =0,

for all  =1,...,r. From nonexpansivity of Pro:z:i’; and Lemma 2.12, we have
w € NI_jargminf;. On the other hand by the condition (E), we have for some
p=1

dist(w, Tjw) < d(w, xp, ) + dist(z,, , Tjw)
< pdist(xy,, Tjzn, ) + 2d(w, z,, ) — 0,
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as k — oo. Therefore, we get w € Q. Since {x,, } converges strongly to w
and lim, o d(n,w) exists (by Lemma 3.1), it follows that {z,} converges
strongly to w. O

Let {C}}}_; be a family of nonempty closed convex subsets of an Hadamard
space (X, d) such that N7_,C; # (. The convex feasibility problem (CFP) is
to find 2 in ;_, Cj.

For a nonempty closed convex subset C of an Hadamard space (X,d) the
indicator function

io(z) = 0, zedC,
7Y 0o, zeX \C,
is a proper convex and lower semi-continuous and Proxi\c = P¢. Therefore by

letting f; =ic, (j =1,2,...,r) in Theorems 3.2 and 3.3, we get the following
corollary.

Corollary 3.4. Let D be a nonempty closed convex subset of an Hadamard
space X and {C;}i_, be a family of nonempty closed convex subsets of
X. LetT; : D - KWD) (j = 1,...,m) be a finite family of quasi-
nonexpansive multivalued mappings satisfying the condition (E) such that
Q=" F(Ty) NNi=,Ci is nonempty and T;(p) = {p} for each p € Q. Let for
xo € D, {x,} be the iterative process defined by:

U}n :PCTQ...OPCIIL-H
Yn,0 = (1 - an,O)-rn @ an,0Wn,
Yn1 = (1 - an,l)xn @ Un,12n,1,

Yn,2 = (1 - an,Q)xn D an22n,2,

Yn,m—-1 = (1 - an,m—l)xn 2] Gn,m—12n,m—1,

Tn+1 = (]- - an,m)xn @ An,mZn,m;

where z, ; € Tj(yn,j—1) for j = 1,....m and a,; € [a,b] C (0,1)(j =
0,1,...,m) then {z,} is AN-convergent to an element of Q. Moreover, if D
is a nonempty compact convex subset of X, then {x,} converges strongly to an
element of €.

Since every Hilbert space is an Hadamard space, we obtain the following
corollary.

Corollary 3.5. Let D be a nonempty closed convexr subset of a Hilbert space
X and f; : D — (—o0,00| (i =1,2,...,r) be r proper convezx and lower semi-
continuous functions. Let T; : D — K (D) (j = 1,...,m) be a finite family
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of quasi-nonexpansive multivalued mappings satisfying the condition (E) such
that

Q= ﬂ;-"le(Tj) n Ni—iargmingep fi(y)
is nonempty and T;(p) = {p} for each p € Q. Let for xo € D, {x,} be the
iterative process defined by:

Wy, = Prox{? 0-:-0 PTOQ?]; Tn,
n n

Yn,0 = (1 - an,O)xn + Ay, 0Wn,

Yn,1 = (1 - an,l)xn + an,12n,1,

Yn,2 = (1 - an,Q)xn + Up,22n,2,

Yn,m—-1 = (]- - an,mfl)xn + An,m—1%n,m—1,

Tp4+1 = (1 - an,m)xn + GnmZn,m;

where z,; € Tj(y_nyj,l) for j =1,....m and an; € [a,b] C (0,1) (j =
0,1,...,m) also X}, > X\g > 0 foralln € N (i = 1,...,7) and for some X.
Then {x,} is A-convergent to an element of ). Moreover, if D is a nonempty
compact convex subset of X, then {x,} converges strongly to an element of ).

Now, by using some idea from [22], we remove the restriction 7;(p) = {p}
(j=1,...,m) for each p € Q and define the following iteration process.
Let D be a nonempty convex subset of an Hadamard space X and f; : D —
(—o0,00] (i =1,2,...,7) be r proper convex and lower semi-continuous func-
tions. Let T : D — P(D) (j =1,...,m) be m given mappings and

Pr,(z) ={y € Tj(x) : d(z,y) = dist(z, T;(x))}.

Then for zg € D, an; € [0,1] ( =0,1,...,m)and A, >0 (i =1,...,r), we
consider the following iterative process:
fr
A

w,, = Prozy,. o---0 Prox{ll Tn,
n "

Yn,0 = (1 - an,O)xn S2) Ap 0Wn,
Yn1 = (]- - an,l)xn 2 Qp,12n,1,

(3 5) Yn,2 = (1 - an,Q)xn 2 (n,22n,2,

Yn,m—-1 = (1 - an,mfl)xn S2) An,m—1%n,m—1,

Tn+1 = (1 - an,m)xn SY Ap . mZn,m;

where 2, ; € Pr,(yn,j—1) for j =1,...,m.
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Theorem 3.6. Let D be a nonempty closed convex subset of an Hadamard
space X and f; : D — (—o0,00] (i = 1,...,7) be r proper convex and lower
semi-continuous functions. LetT; : D — P(D) (j =1,...,m) be a finite family
of quasi-nonexpansive multivalued mappings satisfying the condition (E) such
that
Q=nNjL F(T)) m Ni—argmingep fi(y)

is nonempty and Pr, is nonexpansive. Let {x,} be the iterative process defined
by (34), an; € la,b] C (0,1) (j = 0,1,...,m) and {\,} is a sequence such
that X, > X\g > 0 for alln € N (i = 1,...,7) and for some \g. Assume that
there exists an increasing function g : [0,00) — [0,00) with g(r) > 0 for all
r > 0 such that for some j=1,....m

dist(xn, Tj(z,)) > g(dist(z,, Q)).
Then {x,} converges strongly to an element of 2.
Proof. Let p € Q. Then p € Pr,(p) = {p} for j = 1,...,m. As in the proof
of Lemma 3.1, lim,,_, o dist(T; 2y, z,,) = 0 and d(zp+1,p) < d(zy,p). Hence by

assumption lim,,_, dist(x,, Q) = 0. Therefore, we can choose a subsequence
{zn,} of {z,} and a sequence {py} in 2 such that for all k € N

d(l’nk7pk) < ﬁ,
then, we have
1
d(x7zk+17pk) < d(xnk’pk) < 9%k

Hence
1 1
2 < 1
Consequently, {px} is a Cauchy sequence in D and hence converges to some
q € D. Since for j =1,...,m,

diSt(pka Tj (q)) < diSt(pkv PT]’ (Q)) < H(PTJ‘ (pk)a PT]- (q)) < d(pkv q)7

and pr — ¢ as k — oo, we get dist(q,T;(q)) = 0for j =1,...,m, so ¢ €
NJL, F(T}). Also since

1
d(Prr1,0k) < d(@nyyrs 1) + ATy D) < gt

d(px, Prow{ioq) = d(Proxf\';pk, Proxigq)
< d(px, q),
and pr — q as k — 00, we get Prox{i)q:qfori: 1,...,7, s0
q € Ni_yargminf;.

Therefor ¢ € Q and {z,,} converges strongly to ¢. Since lim, . d(z,,q)
exists, we conclude that {z,,} converges strongly to g. |
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