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ABSTRACT. In this paper, we introduce a new sum analogous to Gauss
sum, then we use the properties of the classical Gauss sums and analytic
method to study the hybrid mean value problem involving this new sums
and Dedekind sums, and give an interesting identity for it.
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1. Introduction

Let k& > 1 be a fixed integer. For any integer a and any Dirichlet character
x mod k, the classical Gauss sums G(x,a) is defined by

Gl = 3 (e (%)
n=1

where e(y) = e*™%. Especially, 7(x) = G(x, 1).

The various properties of G(x,a) were investigated by many authors(see
[1,3,5,0]). For example, T.M. Apostol [1] proved that if x is any primitive
character modulo k, then G(x,a) = X(a)7(x) and |7(x)| = Vk; and if x is a
non-primitive character modulo & and (a, k) = 1, then one still has G(x,a) =
x(a)7(x). L. K. Hua [3] proved that if k is a square-full number (i.e., for any
prime p, p|k if and only if p?|k), then for any non-primitive character y mod k,
we have 7(x) = 0. C. D. Pan and C. B. Pan [(] have obtained a general
conclusion: Let x be a character mod ¢ induced by x* mod ¢*, then we have

T(x) =x" <qq*> p (;*> T(x"),
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A new Gauss sums and Dedekind sums 1958

where p(n) is the Mobius function.
In this paper, we introduce a new sum analogous to Gauss sums as follows:

a
G(x,b,c,m;q) = Z x(a®+ba+c)-e (ma) )
q
=1
(aa)=1
where x is a character mod ¢, and b, ¢, m are any integers with (m,q) = 1.
The main purpose of this paper is to study the hybrid mean value problem
involving G(x, b, ¢, m; q) and Dedekind sums, and give a useful identity for the
new sum. For convenience, firstly, we give the definition of Dedekind sums.
Let g be a natural number and h an integer prime to gq. Dedekind sums S(h, q)
is defined as:

where

(x)) = x—[z] — 5, if 2 is not an integer;
10, if z is an integer.

This sums describes the behaviour of the logarithm of the eta-function
(see [7,8]) under modular transformations. Several authors have studied
various arithmetical properties of S(h, q), eg, see [2,4,9—11].

Now for any odd prime p and non-principal character x mod p, we consider
the hybrid mean value involving G(x, b, ¢, m;p) and S(h, p):

p—1lp—1
> > IGKGb,rmip) P - |G, b, s,mip)|?
r=0 s=0

(1.1) ~S((4r—62)~45—b2,p),

where - n = 1 mod p, if (n,p) = 1. If (n,p) = p, we put @ = 0.

The main purpose of this paper is to give a computational formula for (1.1)
by using properties of the classical Gauss sums and some analytic methods.
That is, we prove the following:
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Theorem 1.1. Let p be an odd prime, and let x be any non-principal character
mod p. Then for any integers b and m with (m,p) = 1, we have the identity

p—1p—1

ZZ |G(X7 b7 Tam;p)|2 ’ |G(X7 ba s,m;p)|2 ) ((47" - b2)48 - b2>p)

r=0 s=0
p(p—1)(p—2)
12

; if x(=1) = x2(=1);
P2 _ 22 L (Lxoe)f s i (1) # xa(-1),
where xo = (;) denotes the Legendre symbol.

The theorem immediately implies the following:

Corollary 1.2. Let p be an odd prime, and let x be any non-principal character
mod p. Then for any integer m with (m,p) = 1, we have the identity

p—1p—1 |p—1 ma 2 1 ma ?
Z Zx(az—l—r)e(p)‘ ~Zx(a2+s)e(p)‘ -S(r-s,p)
r=1s=1 [a=1 a=1

M%)Z(p*?)’ if x(=1) = x2(=1);

pe=DG=2) _ 2 021 (1, xx0) 2, if x(—1) # xa(—1).

2. Some lemmas

In this section, we give some lemmas, which are necessary in the proof of

the main theorem. Hereinafter, we use properties of character sums and Gauss
sums which can be found in [1,5,6].

First we have the following:

Lemma 2.1. Let p be an odd prime and let x be any non-principal Dirichlet
character mod p. Then for any integers b and ¢ we have the identity

p—1

> x(a*+ba+c)- ()‘

a=1

< 4c—b2);“ 16 - r)

where 7 denotes the solution of the congruence equation r - x = 1 mod p.

b
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Proof. By properties of Gauss sums and quadratic residue mod p we know
that if (n,p) = 1, then

(2.1) — (Z

Since x is a non-principal Dirichlet character mod p, by properties of Gauss
sums, (2.1) implies that

pilx(az—l-ba—i—c)-e(a)

= v
iy B g0 () ()

. (1@ 'iixﬁ“)ge <4r(2a+r(br+ 1)); +er — Ir(br + 1)2)
-5 -gxm (4p> ) e (4' <4C—b2>rp—2'b—4-r)
() S ) (25,
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For any non-principal character x mod p, we have |7(x)| = [7(x2)| = /p. Note
that [x(4)] = |e (%)’ = 1. Thus, by (2.2) we have

ZX a*+ba+c)- ( )‘

a=1

This proves Lemma 2.1. O

Lemma 2.2. Let p be an odd prime and let x be any non-real character mod p.
Then for any integer n with (n,p) = 1 and x1 mod p, we have the identity

ma+na\|  x)a(~1)r200700a) 00
le(a)-e( )‘ - 7(x2) :

Proof. Let p be an odd prime. Then by properties of the Gauss sums, for any
non-real character xy mod p we have

2

xm) |3 xa(a) - e (m;n>
p—1 p—1p—1 _ ma—mb+n(a_g)
= (m) 1(ab)e
_I’—lp—l . p—1 e mb(a — 1) +nb(@— 1)
B p—1 pfli [;n(a B 1)
=7(x) ;M(a)x(a —1) ;X(b)e ( ; >
=T7(x) Z)ﬁ(a)x(a —1) ZX(b)e (bn(a - 1))
a=1 b=1
p—1
(23 = X)) Y_xi(@x((a - D@ 1).

On the other hand, since Y is a non-real character mod p, so x? # Xg, where Xg
is the principal character mod p. Therefore, again by properties of the Gauss
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sums we have

o)) = X 3 x@n @) ()

- Z Zx(a)m(a)x(_b)ﬂ(_b) . (a —b

a=1b=1 p

(D L et e (1)

a=1b=1 p

= x(=Dxa(=1) >_x(@)xa(a) Y x*(b) e (b(ap_ 1)>
a=1 b=1

(D)) S (@ @)%~ 1)
24) = le ((a—D@-1)).

Combining (2.3) and (2.4) we may immediately deduce the identity

S ) jzjxl(a) omet)

m=1
This proves Lemma 2.2. O

t (=) 00m00a)TO)
7(x?) '

Lemma 2.3. Let p be an odd prime. Then for any integer n with (n,p) = 1
and x1 mod p, we have the identities

m) Zx()(m;”) 2

p—1

Z x2(

 xe(=D)x2(n)T3(x2)(p — 2), if x1 is the Legendre symbol;
Tl —xe(=1)x2(n)T3(x2), otherwise.
1 2
g ma + na
2|2 e (=
=1 [a=1 p
p? —p—1, ifx1 is the principal character mod p;
( ), if x1 18 not the principal character mod p,

where xo = (%) denotes the Legendre symbol.
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Proof. If x = x2 is the Legendre symbol, then by the method used in the proof
of Lemma 2.2 we have
iy L, ma + na
D xa(m) e(——
m=1 = p
p—1 p—1p—1 — T
— ma —mb+n(a—>b
- zX2<m>sz1<ab>e( )
a=1b=1 p
-1
(X2 ZXl a)xz(a —1) ZXz 6<(p)>
-1
T(x2 ZXl a)xz(a — 1) ZXQ 7})
p—1

= x2(=x2(n) 7% (x2) Z x1(a)xz((a - 1)%a)

(2.5) = x2(=1)x2 (Z x1(a 1)

2

If x; is the Legendre symbol, then

(2.6) > xia)xz(a) =p—1.
a=1

If x1 is not the Legendre symbol, then

(27) 3" i (@)xa(a) =0,

Combining (2.5), (2.6) and (2.7) we immediately deduce the first formula of
Lemma 2.3.
To prove the second formula of Lemma 2.3, by the trigonometric identity

q .
S ma\ _ [ q ifq|m
g ) 10, ifgtm,

a=1
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we have
pol|p] ma + na ’
_ ;;;Xl(@) . (m(a b);n(ab))
p=1p=1p-1 _
_ ;;;XI(G) . <mb(a— 1);—bn(a— 1))
_ :;Xl(a):;zl . <m(a— 1);Lb(a— 1)>
, L (mla—1 1 (ba-
=@—U+Z¥M@<Wf<(p O)(ﬁec(p”»
=(p—1)° +Z)Z;><1(a)
(28 =@-1)7° +pZi><1(a) —1
Now the second formula of Lemma 2.3 follows from (2.8). O

Lemma 2.4. Let ¢ > 2 be an integer. Then for any integer a with (a,q) = 1,
we have the identity

Smb%%&)ZXWMW,

x mod d
x(—1)=-1

where L(1,x) denotes the Dirichlet L-function corresponding to character
x mod d.

Proof. See [11, Lemma 2]. O
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3. Proof of theorem 1.1

In this section, we complete the proof of theorem 1.1. First, if (m,p) = 1,
then by properties of a reduced residue system mod p we have

a=1 p
p—1 a
= Zx(ﬁQaQ —|—mba—|—c) -e ()
a=1 p

= X2(m)§><(a2+mba+cm2) e(Z)’

a=1

pzlx(a2+ba+c)-e(ma)‘

(3.1) - pz_:lx(a2+mba+cm2)-e(;b)'.

a=1

From Lemma 2.4 and the definition of S(a,p) we have

(3.2) Sp) == -2 S x@IL1, )P

x mod p
x(=1)=-1

and

> P =" )

x mod p
x(—1)=-1
w(p-1) k=
(3.3) = 3y

a=1

(a_l)ZZWpr—n%p—m

p 2

If r passes through a complete residue system modp, then 4m?r — m2b? also
passes through a complete residue system mod p. So if p = 1 mod 4, then for
any non-principal even character x; mod p with x1(—1) = x2(—1), x1x2 is also
an even character mod p. For any odd character y mod p, xx1x2 and xxix2
are both non-principal characters mod p and x2(—1) = 1. From (3.1), (3.2),
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Lemma 2.1 and Lemma 2.2 we have

p—1p—1

Z Z |G(X1,b7 r,m;p)\Q . |G(X17 b) S, m7p)|2

r=0 5=0
-5 ((47“ — %) -m,p)

1 2
1 p %
(34) = ﬁ : j Z ZX (47’ - b2) |G(X17b7 T,m;p)|2 : |L(17X)‘2
p x mod p |r=0
x(—1)=-1
and
p—1 2
> x (4r =) |G(x1,b, 7, m;p)[?
r=0
pil ( ) pil (4m?*r —m?v*)a —16 - @ il
| =) [ vt )
r=0 a=1 p
2
p—1 p—1 — 2
_ ra—16-a
- [0 [t ¢ (1)
r=0 a=1 p
35 = [XEOHEDeE) P00 e Tvaxe) [ _ .
7(x?)
Now combining (3.3), (3.4) and (3.5) we have
p—1p—1
> G byrymip)[* - |G xa, by s, mip)
r=0 s=0
.S ((47’ —B?) - ds — b2,p)
1 p 2 5 _plp—1)(p—2)
x mod p
x(—1)=-1

If p = 1mod4 and x; is an odd character mod p, then xi(—1) # x2(—1),
X1X2 and ;x2 are both odd characters mod p. By the method in the proof of
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(3.6) we have

p—1lp—1

Z Z ‘G(Xla ba T, map)|2 : |G(X17 ba Sam;p)|2

r=0 5=0
-5 ((4r —b?) om,p)

1 p 2 2 1 p
= . . L1 - .z .
| > op LX)+ — P
x mod p
x(—1)=-1
XFEX1X2, X1X2

2 1 P - 2
L (1, xax2)|” + 2 o1 P IL (1, X1x2)|
pp—1)(p—2 2
(3.7) = % T2 P |L(1,X1X2)|2-

Now combining (3.6) and (3.7) we may immediately deduce the identity

p—1p—1
>N 1G0G b, rmip) P IG(x, b, s,mip)|* S ((47“ —b*)ds — 62713)
r=0 s=0

p(p—ll)z(P—Q)’ if x(—1) = y2(=1);

(3.8) =
pe=V®=2) _ 202 L (1, x|, x(—1) # xa(=1).

If p = 3mod 4, then y3 is an odd character mod p. Then for any odd
character x1 mod p, x1(—1) = x2(—1), x1x2 and X, x2 are both even characters
mod p. By the method employed in the proof of (3.6) and the first formula in
Lemma 2.3 we have

p—1p—1

ZZ |G(X1,b7 r7m;p)‘2 . |G(X1ab785m;p)|2

r=0 s=0

~S((4r—b2)-4s—b2,p>

_1 o» 2 2 _plp—1(—2)

I = A R

x mod p
x(=1)=-1

For any non-principal even character x; mod p, x1(—1) # x2(—1), x1x2 and
X1X2 are both odd characters mod p, and they are different from the Legendre
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symbol x3. Thus by the method used in the proof of (3.7) we deduce that

p—1p—1

Z Z ‘G(le ba T, mvp)|2 : |G(X17 bv Svm;p)|2

r=0 5=0
-5 ((4r —b?) -m,p)

(3.10) = W - % - [L (1, xaxa)|

Now theorem 1.1 follows from (3.8), (3.9) and (3.10). This completes the proof
of the theorem.
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