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1. Introduction

In 1990, R. Hgegh-Krohn and B. Torresani [5] introduced irreducible quasi
simple Lie algebras as a generalization of both affine Lie algebras and finite di-
mensional simple Lie algebras over the complex numbers. In 1997, the authors
in [1] systematically studied irreducible quasi simple Lie algebras under the
name extended affine Lie algebras. A nonzero Lie algebra is called an extended
affine Lie algebra if it is equipped with an invariant nondegenerate symmetric
bilinear form and that it has a weight space decomposition with respect to a
finite dimensional Cartan subalgebra (i.e., a finite dimensional self-centralizing
toral subalgebra) whose root vectors satisfy some natural conditions. Work-
ing with toral subalgebras in place of finite dimensional self-centralizing toral
subalgebras, E. Neher [11] defines the notion of invariant affine reflection alge-
bras. In [14], the author introduces and studies the super version of invariant
affine reflection algebras called extended affine Lie superalgebras. Finite di-
mensional basic classical simple Lie superalgebras and affine Lie superalgebras
are examples of extended affine Lie superalgebras having a Cartan subalgebra.

One knows that affine Lie algebras are realized using loop algebras. In [2],
the authors deal with the realization of extended affine Lie algebras as a gen-
eralization of affine Lie algebras. Extended affine Lie algebras has a very close
connection with certain kind of root graded Lie algebras [3] to which we refer
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as finite-Lie tori so that the realization of extended affine Lie algebras comes
back to the realization of finite-Lie tori. In [2], the authors using multiloop
algebras instead of loop algebras, obtain almost all finite-Lie tori. The ingre-
dients to construct a multiloop algebra in order to obtain a finite-Lie torus, is
a finite dimensional simple Lie algebra g and a finite sequence of finite ordered
commuting automorphisms of g.

On the other hand, affine Lie superalgebras are obtained using a loop su-
peralgebra starting form a finite dimensional basic classical simple Lie super-
algebra [12]. Also, it is proved that a simple extended affine Lie superalgebra
having a Cartan subalgebra is a direct limit of finite dimensional basic clas-
sical simple Lie superalgebras. We call these Lie superalgebras locally finite
basic classical simple Lie superalgebras. In a paper under preparation, we urge
to realize extended affine Lie superalgebras; to this end, we must work with
multiloop superalgebras staring from a locally finite basic classical simple Lie
superalgebra. For this, we first need to know the structure and the classification
of locally finite basic classical simple Lie superalgebras.

In this work, we classify all locally finite basic classical simple Lie superal-
gebras and then study the conjugacy classes of cartan subalgebras under the
group of automorphisms. Locally finite basic classical simple Lie superalgebras
with zero odd part are exactly locally finite split simple Lie algebras which are
introduced, studied and classified by K-H. Neeb and N. Stumme in [10].

We organize this paper as follows: In Section 2, we gather some preliminaries
which we need throughout the paper. In Section 3, we introduce some locally
finite basic classical simple Lie superalgebras and show that they are mutually
non-isomorphic. In Section 4, we classify locally finite basic classical simple
Lie superalgebras and study the conjugacy classes of Cartan subalgebras; to
do this, we need to know the concept of Chevalley bases for finite dimensional
basic classical simple Lie superalgebras. A subsection of Section 4 is exclusively
devoted to Chevalley bases and related topics.

This paper is the second part of a project on extended affine Lie superal-
gebras containing Cartan subalgebras. In this paper, we focus on “simple”
extended affine Lie superalgebras containing Cartan subalgebras while in the
first part, we study, in general, extended affine Lie superalgebras containing
Cartan subalgebras and figure out the properties of the root spaces. Although,
the first part is being separately prepared as a paper, we have put both parts
in a single file at http://arxiv.org/pdf/1502.04586v1.pdf.

2. Preliminaries

Throughout this paper, F is a field of characteristic zero and Zy := {0, 1}
is the unique abelian group of order 2. Unless otherwise mentioned, all vector
spaces are considered over F. We denote the dual space of a vector space V
by V*. We denote the degree of a homogenous element v of a superspace by



2029 Yousofzadeh

|v| and make a convention that if in an expression, we use |u| for an element
u of a superspace, by default we have assumed u is homogeneous. We denote
the group of automorphisms of an abelian group A or a Lie superalgebra A by
Aut(A) and use ~ to show the isomorphism between two algebraic structures.
For a subset S of an abelian group, by (S), we mean the subgroup generated
by S and for a set S, by |S|, we mean the cardinal number of S. For a map
f:A— Band C C A, by f|c, we mean the restriction of f to C. For two
symbols i, j, by 6; ;, we mean the Kronecker delta. We also use [ to indicate
the disjoint union. We finally recall that the direct union is, by definition, the
direct limit of a direct system whose morphisms are inclusion maps.

In the sequel, by a symmetric form on an additive abelian group A, we mean
amap (-,-) : A x A — F satisfying

e (a,b) = (b,a) for all a,b € A,
e (a+b,c)=(a,c)+ (b,c) and (a,b+c¢c) = (a,b) + (a,c) for all a,b,c € A.

In this case, we set A% := {a € A | (a,A) = {0}} and call it the radical of
the form (-,-). The form is called nondegenerate if A° = {0}. We note that if
the form is nondegenerate, A is torsion free and we can identify A as a subset
of Q ®z A. Throughout the paper, if an abelian group A is equipped with a
nondegenerate symmetric form, we consider A as a subset of Q ®z A without
further explanation. Also if A is a vector space over F, bilinear forms are used
in the usual sense.

Definition 2.1 ([13, Definition 1.1]). Suppose that A is a nontrivial additive
abelian group, R is a subset of A and (+,-) : A x A — F is a symmetric form.
Set
R := RN A",
R*:= R\ R°,
RY, ={a e R]|(a,a) #0}, R,.: =R} U{0},
RY :={a € R\ R | (a,a) =0}, R,s:=RX, U{0}.
We say (4, (+,-), R) is an extended affine root supersystem if the following hold:
(S1) 0 € Rand (R) = A,
(S2) R=—R,
(S3) for a« € R, and B € R, 2(a, B)/(c, ) € Z,
(S4) (root string property) for @ € R}, and 8 € R, there are nonnegative
integers p, ¢ with 2(3, a)/(a, &) = p — ¢ such that
{B+ka|keZyNR={B—-pa,...,[+qa};
we call {8 —pa,..., [+ qa} the a-string through B,
(S5) for @ € R,,s and 8 € R with (a,3) #0, {8 —a,B8+a} N R #0.
If there is no confusion, for the sake of simplicity, we say R is an extended affine
root supersystem in A. Elements of R? are called isotropic roots, elements of
R, are called real roots and elements of R, s are called nonsingular roots. A
subset X of R* is called connected if each two elements «, 5 € X are connected
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in X in the sense that there is a chain «ay,...,a, € X with ay = o, a,, =
and (aj,;41) #0,i=1,...,n — 1. An extended affine root supersystem R is
called irreducible if R,.. # {0} and R* is connected (equivalently, R* cannot be
written as a disjoint union of two nonempty orthogonal subsets). An extended
affine root supersystem (A4, (-,-), R) is called a locally finite root supersystem
if the form (-, -) is nondegenerate and it is called an affine reflection system if
R,s = {0}; see [L1].

Definition 2.2. Suppose that (A, (-, -), R) is a locally finite root supersystem.

e The subgroup W of Aut(A) generated by r, (o € RX,) mapping a € A

to a — Ma, is called the Weyl group of R.

a,a)

e A subset S of R is called a sub-supersystem if the restriction of the form
to (S) is nondegenerate, 0 € S, fora € SNRX,,8 € S and v € SN Ry
with (8,7) #0, ro(8) € S and {v — 3,7+ 8} NS # 0; see [13, Lemma
1.4 & Remark 1.6(ii)].

e A sub-supersystem S of R is called closed if for a,, 8 € S with a+8 € R,
we have a + 8 € S.

o If (A, (), R) is irreducible, R is said to be of real type if spangR,. =
Q ®z A; otherwise, we say it is of imaginary type.

e The locally finite root supersystem (A, (+,), R) is called a locally finite
root system if R, = {0}; see [8].

e (4,(-,-),R) is said to be isomorphic to another locally finite root super-
system (B, (+,-)’, S) if there is a group isomorphism ¢ : A — B and a
nonzero scalar r € IF such that p(R) = S and (a1, a2) = r(¢(a1), ¢(as))’
for all a;,as € A. In this case, we write R ~ S.

Lemma 2.3. Suppose that (A, (,-), R) is a locally finite root supersystem with
Weyl group W. Then the following statements hold.

(i) For A, = <Rre> and ('7')7"6 = (7) ‘ATexAre7 (Arey('y‘)reere) s a
locally finite root system.

(ii) If R is irreducible and R,s # {0}, then R}, = W34 U —W§ for each
Je RS,

Proof. See [15, Section 3. O

Using Lemma 2.3, to know the classification of irreducible locally finite root
supersystems, we first need to know the classification of locally finite root
systems. Suppose that T is a nonempty index set with |T| > 2 and U :=
@icrZe; is the free Z-module over the set T. Define the form

():UxU—TF
(61‘,6j) — 61’,]" for i,j eT
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and set
Ap={e;—¢; |ij €T},
Dy :=ApU{£(e;+¢;) |4, €T, i #j},
(2.1) Br:=DrU{xe; |i €T},
Cr:=DprU{+£2¢ | i € T},
BCr := BrUCr.

These are irreducible locally finite root systems in their Z-span’s. Moreover,
each irreducible locally finite root system is either an irreducible finite root
system or a locally finite root system isomorphic to one of these locally finite
root systems. We refer to locally finite root systems listed in (2.1) as type
A,D,B,C and BC respectively. We note that if R is an irreducible locally
finite root system as above, then (o, a) € ZZ° for all a € R. This allows us to
define

Rsp i={a € R* | (a,a) < (B, B); for all g € R},

Rey :=RN2R,, and Ry, :=R*\ (Rsp URey).

The elements of R, (respectively, Ry, R.;) are called short roots (respectively,
long roots, extra-long roots) of R. We point out that following the usual nota-

tion in the literature, the locally finite root system of type A is denoted by A
instead of A, as all locally finite root systems listed above are spanning sets for
F ®z U other than the one of type A which spans a subspace of codimension 1;
see [8] and [13, Remark 1.6(i)].

Next suppose that I,.J are two index sets with T U J # @ and F is a free
abelian group with a basis {¢;,d; | i € I,j € J}. Define a form (-,-) : F X F —
F with

(GZ‘,GT) = 6i,r; (6j,(55) = —(5j15 and (Q,(Sj) =0; 4rel, jsel

Set
(2.2)
A(I, [) = :|:{6i — 67»,(5i — (57-761‘ — 6, — %Zkel(ek — 5k) ‘ 1,7 € [};
(= |I| € Z=?),

A(I,J) = {e —€r,0; —0s,6 — 05 |4, r €I, j,s€ T}

(|| # |J| if I, J are finite sets),
):= {e,dj,6i L€, £0s,6s 105 |i,re€l,j,s€J i £}
)= H{ete,d;tds,66165 |0, rel,j,s€ T},
)i= H{eite,d; s, |, r el j,s€JiFEr})
):= +{e,dj,€6i L€, £0s,6s 105 |, re€l,j,s€ T},
) = :|:{0,€17(5~; :E5j76i,%(61 :|:(S1 :|:(52 :|:53) | 1 S’L#] S 3};

(I= {1}’ J = {17273}),

G(3):= =£{0,€e1,2€1,6; — 0,20, — 0; — Ok, e1 £ (8; — &;5) | {4,7,k} = {1,2,3}};

(I = {1}7‘] = {17273})

in which if I or J is empty, the corresponding indices disappear. We mention
that the Z-span of all these locally finite root supersystems are F' except for

A(L J), so to denote this type, we use A instead of A.
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When I = {1} and J is a nonempty index set, we denote D(I,J) by C(J),

so we have
C(J) = {Ovi(;j :|:55,:i:61 :i:5] | j,S < J}

In the sequel if either I or J is a finite set, we may replace it by its cardinality
in each type, e.g., we may denote B(I,J) by B(|I|,|J]) if I and J are finite
sets. Using this convention, C'(1) can be identified with A(1,2) and D(2,1) is
nothing but the root system of the finite dimensional basic classical simple Lie
superalgebra D(2, 1, ) for &« = 1. We drew the attention of readers to the point
that our notations have a minor difference with the notations in the literature,
more precisely, C(n) for n € Z=! and A(m,n) for m,n € Z=' in our sense are
denoted by C'(n+ 1) and A(m — 1,n — 1), respectively in the literature. Our
notations allow us to switch smoothly from the finite case to the infinite case.

Theorem 2.4 ([15, Section 4]). Each irreducible locally finite root supersystem
is either isomorphic to the root system of a finite dimensional basic classical
simple Lie superalgebra or isomorphic to one of the root supersystems intro-
duced in (2.2). Among all irreducible locally finite root supersystems, C(I) and
A(I,.J) with |I| # |J| if both I and J are finite, are of imaginary type and the
other ones are of real type.

Lemma 2.5. Suppose that V is a vector space equipped with a symmetric
bilinear form (-,-) and R is a subset of V such that ((R),(-,)(ryx(ry; )
is a locally finite root supersystem. Suppose that {aq,...,an} C Ry is

Q-linearly independent. Then {aa,...,a,} is F-linearly independent; also
if Rns \ spanglay,...,an} # 0 and 0 € Ry, \ spang{ai,...,an}, then
{0,a1,...,a,} is also F-linearly independent.

Proof. We assume R, \ spang{ai,...,a,} # 0 and 6 € Ry \
spang{ai,...,a,}, and show {d,ai,...,a,} is F-linearly independent; the
other statement is similarly proved. Take {1,z; | i € I} to be a basis for
Q-vector space F. Suppose that r,r{,...,r, € F and rd + Z?:1 rjo; = 0. Sup-
pose that for 1 < j < n, r; = s; + >, sha; with {s;,s% [ i € I} € Q. We
first show r = 0. To the contrary, assume r # 0. Without loss of generality, we
assume 7 = 1. S0 0 = & + 37 rjoy = 6+ 30 (85 + 2oicp shai)ay. Now for
a € R,., we have

(5 5 )
O“j +Z ; Zf +ZZS£EZ O‘f =0.

j=114iel

This implies that for @« € R, and i € I, Zj 1 ;25370’3‘) = 0 and so

(Z? 13]01],@) = 0. But it follows from Lemma 2.3(b)(i) that the form
on spangR. is nondegenerate, so ZJ 1 Joz] = 0 for all i € I. Now as

{oj | 1 < j < n} is Q-linearly independent, we have
si=0 (iel,je{l,...,n}).
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Therefore, we get 0 = § + 37 rjay = 6+ 20 (855 + 2y i)y = 6 +
> i—1 8. Thus we have § = —3°7 | s;a; which is absurd. This shows that
r = 0. Now repeating the above argument, one gets that s; =0 foralli € I,j €
{1,...,n} and that 0 = Z;L:1 sja;. Thus we have s; = 0 for all 1 < j < n.
This implies that r; = s; + ZiEI s;xi =0 forall 1 < j < n and so we are
done. g

Lemma 2.6 ([13, Lemma 2.3]). Suppose that R is an irreducible locally finite
root supersystem of type X in an abelian group A. Then we have the following:

(i) A is a free abelian group and R contains a Z-basis for A.

(ii) If X # A((,£), R contains a Z-basis 11 for A satisfying the partial sum
property in the sense that for each a € R*, there are ay,...,a, € 11
(not necessarily distinct) and rq,...,r, € {£1} with o« = riaq + -+ +
TpQn and riaq + -+ € R* forall1 <t < n.

Definition 2.7. A subset II of a locally finite root supersystem R is called an
integral base for R if IT is a Z-basis for A. An integral base II of R is called a
base for R if it satisfies the partial sum property.

Lemma 2.8 ([13, Lemma 2.4(iii)]). If R is an infinite irreducible locally finite
root supersystem, then there is a base I for R and a class {R, | v € T'} of
finite irreducible closed sub-supersystems of R of the same type as R such that
R is the direct union of R,’s and for each v € I', IIN R, is a base for R..

3. Locally finite basic classical simple Lie superalgebras

We recall that a Lie superalgebra G is called locally finite if each finite subset
of G generates a finite dimensional subsuperalgebra. Suppose that £ = Lo® L,
is a nonzero Lie superalgebra equipped with a nondegenerate invariant even
supersymmetric bilinear form (-,-) and # is a nontrivial subalgebra of £y such
that with respect to H, £ has a weight space decomposition £ = Byep LY
via the adjoint representation and the restriction of the form (-,-) to H is
nondegenerate. We call R := {a € h* | L> # {0}}, the root system of L (with
respect to fj). Each element of R is called a root. We mention that b is abelian
and as Loy as well as £ are h-submodules of £, we have using [9, Proposition
2.1.1] that Lo = @,ep- £6 and L1 = B, L§ with L = L; N LY 0 =
0,1. We refer to the elements of Ry := {a € b* | L # {0}} (respectively
Ry :={a € h* | L # {0}}) as even roots (respectively odd roots) and note
that R = Ry U R;. Since the form is invariant and even, for o, 5 € R and
i,7 € {0,1}, we have

(Lo, L7)={0} ifi#jora+B#0.

This in particular implies that for ¢ € {0,1} and o € R;, the form restricted
to L¥ + L;“ is nondegenerate. Take p : H — H* to be the function mapping
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h € H to (h,-). Since the form is nondegenerate on H, the map p is one to one
(and so onto if H is finite dimensional). So for each element « of the image HP
of ‘H under the map p, there is a unique ¢, € H representing a through the
form (-,-). Now we can transfer the form on H to a form on HP, denoted again
by (+,-) and defined by

(a, B) == (ta,tp) (o, € HP).

Using [14, Lemma 3.1], if « € RNHP, 2 € L* and y € L% with [z, y] € H, we
have

[-T,y] = (.I, y)toé'

We also draw the attention of readers to the point that if either #H is finite
dimensional or £° = H, it is not hard to see that R C HP.

Definition 3.1. A Lie superalgebra £ = Lo @ L1, is called a locally finite basic
classical simple Lie superalgebra if

e [ is locally finite and simple,

e [ is equipped with an invariant nondegenerate even supersymmetric
bilinear form.

e Ly has a nontrivial subalgebra H (refereed to as a Cartan subal-
gebra) with respect to which £ has a weight space decomposition
L =73,y L via the adjoint representation with corresponding root
system R such that £° = H and R* = {a € R| (o, R) # {0}} # 0.

We may also write (£, H,(+,-)) is a locally finite basic classical simple Lie
superalgebra.

Theorem 3.2 ([16, Theorem 2.30]). Suppose that (L, H, (-,-)) is a locally finite
basic classical simple Lie superalgebra, then

(i) the root system R of L is an irreducible locally finite root supersystem,
(ii) L is a direct union of finite dimensional basic classical simple Lie su-
peralgebras,
(iii) [Lo,Lo] is a semisimple Lie algebra,
(iv) of L1 # {0}, it is a completely reducible Lo-module with at most two
irreductble constituents.

In the rest of this section, we shall introduce some non-isomorphic examples
of locally finite basic classical simple Lie superalgebras. Let us start with
some notations. For a unital associative superalgebra A and nonempty index
supersets I, J, by an I x J-matrix with entries in A, we mean a map A :
IxJ— A Foriel,je J weseta;; = A(i,j) and call it the (¢, j)-th entry
of A. By a convention, we denote the matrix A by (a;;). We also denote the
set of all I x J-matrices with entries in A by A/*/. If I = .J, we denote A</
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by AL. For A = (a;;) € AP/, the matrix B = (b;;) € A7 with

bij = A j4
—aj; i =0,]j]=1

is called the supertransposition of A and denoted by A%. If A = (a;;) € A/
and B = (b;;) € A7*K are such that for all i € I and k € K, at most for finitely
many j € J, a;;b;’s are nonzero, we define the product AB of A and B to be
the I x K-matrix C = (¢;) with ¢ 1= ZjeJ a;;bj for all i € I,k € K. We
note that if A, B, C' are three matrices such that AB, (AB)C, BC and A(BC)
are defined, then A(BC') = (AB)C. We make a convention that if I is a disjoint

union of subsets I,...,I; of I, then for an I x I-matrix A, we write
Arp o A
Asq - Aoy
A= . . .
Apr - Aug

in which for 1 <r,s <t, A, , is an I, X I,-matrix whose (7, j)-th entry coincides
with (¢, 7)-th entry of A for all ¢ € I,.,j € I,. In this case, we say that A €
ADE8lt and note that the defined matrix product obeys the product of block
matrices. If {a; | i € I} C A, by diag(a;), we mean an I x I-matrix whose
(4,1)-th entry is a; for all ¢ € I and other entries are zero. If A is unital, we
set 17 := diag(14). A matrix A € A! is called invertible if there is a matrix
B € A such that AB as well as BA are defined and AB = BA = 1;; such a B
is unique and denoted by A™'. For i € I,j € J and a € A, we define E;;(a) to
be a matrix in A/*/ whose (i, j)-th entry is a and other entries are zero and if
A is unital, we set
€i,j = El’](l)

Take My j(A) to be the subspace of A/*7 spanned by {E;j(a) | i € I,j €
J,a € A}, My j(A) is a superspace with My j(A); := spang{E, s(a) | |r| +
|s|+]a| =i}, for i = 0, 1. Also with respect to the multiplication of matrices, the
vector superspace My (A) is an associative F-superalgebra and so it is a Lie
superalgebra under the Lie bracket [A, B] := AB — (—1)4IBIBA for all A, B €
My« 1(A). We denote this Lie superalgebra by pl;(A). For X,Y € pl;(A), we
have (XY)*t = (=1)XIIVIyst st Finally, for an element X € pl;(A), we set
str(X) =3, (—=1)llz; ; and call it the supertrace of X.

Lemma 3.3. (i) Suppose that Q is a homogeneous element of F1, then
Go = {X €pl;(F) | X*'Q = —(—1)XIIRIQX} is a Lie subsuperalgebra
of ply(F).

(i) If Q1,Q2 are homogeneous elements of I and T is an invertible ho-
mogeneous element of F1 of degree zero such that Qo = TSQ1T, then
Gq, is isomorphic to Gg, via the isomorphism mapping X to T-1XT.
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(iii) Suppose that I and J are two supersets and n : I — J is a bijection
preserving the degree. For a matriz A = (A;;) of FL, define A" € F/ to
be (A}y) with A, = Ay-1(5yy-1¢)- If Q is a homogeneous element of F!
and Q' := Q", then the Lie superalgebra Gg := {X € pl;(F) | X*'Q =
—(—=1)XIRIQ X} is isomorphic to the Lie superalgebra Ggr = {X €
Pl (F) | X*'Q = —(-1)XI9Q X},
Proof. Statements (i) and (ii) are easy to verify.

(iii) Suppose that matrices A, B € F! are such that AB is defined, then for
1,7 € I, we have

(A" B niyn) = D A iyt By = D AieBis = (AB)i = (AB) ) .
tel tel

This in particular implies that if A, B,C, D € F! are such that AB and CD
are defined and AB = CD, then A"B" = C"D". Moreover, as n preserves
the degree, we have (A%")7 = (A")%t. Now it is easy to see that the function
0 : Go — Ggr mapping X to X" is an isomorphism. O

Example 3.4. For two disjoint index sets I,J with J # (), suppose that
{0,4,4,| i € TUJ} is a superset with |0 = [i| = |i| = 0 fori € [ and |j| = |j| = 1
for j € J. We set [ :=TUI, Iy :={0}UITUT and J := J U .J where

I'={iliel} and J:={j|jeJ}.
ForI:fujorI:fouj,weset

M 0
Qz:=< 0 M2>

in which
—2600-’-2: (e-f-ﬁ-ef-)ifI:jon
M= Syt = { 200 Bl o
’ ;(M i) ' Yier(€iit+ei) HI#0,Z=1UJ.

Now by Lemma 3.3,
01 :=Gq, ={X € plz(F) | X*'Qr = Q1 X}

is a Lie subsuperalgebra of plz(F) which we refer to as osp(21,2.J) or osp(2] +
1,2J)if Z=1UJ or T = Iy U J respectively. Set

b :=spang{hs,dy |t € I, k € J}
in which for t € I and k € J,
hiy =eys —egr and dy:i=epp — €Lk
and for ¢ € I and j € J, define

€:h—F dj:h—TF
hi = d0;¢, di—0, ht =0, di— 0jk,
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(t € I,k € J). One sees that Gz has a weight space decomposition with respect
to b. Taking R(Z) to be the corresponding set of weights, we have

R(Io U J) = {*e,, £(er £ €5), £6p, £(8, £ 84), £(er £ 6,) | 7,5 € I,p, g € J,r # s},

R(EUJ) = {#(er % €), £(0, £ 8,), H(er £ 0,) | 75 € 1, pg € J, 7 # s}

in which £(e, £ €5)’s are disappeared if |[I| = 1 and +e,’s, +(€, +€,)’s as well
as (e £ J,)’s are disappeared if |I| = 0. Moreover, for r,s € I, p,q € J with
r # s and p # ¢, we have

(Gz)te = spang(ers — €s,7), (Gz) "~ = spang(er,s — €s,r),

(Gz) ™% = spang(er,s — es,5), (Gz)°P %4 = spang(ep.q + €q.p),

(gz)—é,,—éq = spang(ep,q + €q,p), (gf)ép_éq = spang(ep,q — €,5),

(Gz) 97 = spang(erp + €p.r), (Gz) =% = spang(erp — €p.r),

(Gz)“" % = spang(erp — ep,7), (Gz) ™% = spang(er s + ep,r),

(Gr)*" = spangey 5, (Gz)™** = spanges.p,

osp(21 + 1,2J)" = spang(eo,7 + 2€r0), 0sp(2] +1,2J)7 " = spang(eo,r + 2¢7,0),

05p(21 +1,2J)°%7 = spangp(eo s — 2ep.0), 0s5p(21 +1,2J) 7% = spang(eop + 2e5.0).
Define
('7 ) : gI X gI — F; (l’,y) = StT(Qﬁy) (.Z‘,y € gI)

Then (Gz, b, (-, ) is a locally finite basic classical simple Lie superalgebra whose
root system is an irreducible locally finite root supersystem of type X as in the
following table:

X (111, 11) z X (M) | 7
B(0,J)| (0,>1) |IhuJ c(J) (1,>2) |TuJ
B(1,J)| (1,>1) |IyUJ | D(2,1,«a) (2,1) 1UJ
B(1,1) | (=2,1) |IyuJ | D(2,J) (2,>2) |IuJ
B(IL)| (>2>2) | lbuJ || DI | (=31) |[1uJ
A0,2) | (L1 |1uJ | D@J) |[(=3,=2) [1uJ]

We refer to h as the standard Cartan subalgebra of Gz. We note that (Gz)o
is centerless unless Z = I U J with |I| = 1; see [16, Lemma 2.33]. In this case,
suppose I = {1}, then for a fixed index j € J, tc, 45, — (1/2)t25, is a nonzero
central element of the even part of Gz. &

As in [10, Section 1], we have the following lemma:
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Lemma 3.5. Suppose that I,J are two nonempty index sets with |I| = oo,
then osp(21,2J) ~ osp(21 + 1,2J).

Proof. Consider the following matrices of F{0}W/&IoJe.] .

1 0 0 0 0 -2 0 0 0 0 -2 0 0 0 0
oI I 0 0 0 2 0 0 0 0 0 I 0 0
Si=|0 T —-T 0 0|Q.:=[0 0o —2r o o|Q:=|0 T 0o 0o of,
00 0 I 0 o 0o o 0 I 0 0 0 o0 I
00 0 o0 I 0o 0 0 -I 0 0 0 0 —I 0
then we have S**QS = Q.. Also for matrices
I I 0 0 2T 0 0 0 01 0 o0
;[T -1 0 o [ o —2r 0o o0 s 1 0 0 o0
S'_(o 0 IO)’Q"'_(O 0 0 1>’Q'_(00 0 I)
0 0 0 I 0o 0 —I 0 0 0 —I 0

of FI¥T¥/9T e have S"*'Q'S’ = Q,. Now by Lemma 3.3, Gg ~ Go., Gor =~
Go,, and Gg, ~ Gg,. This completes the proof. O

Example 3.6. Suppose that J is a superset with Jy,J; # 0. Set G :=
sl(Jo, J1) = {X € pl;(F) | str(X) = 0} and H := spang{e;; — €, r,€; —
€s,5:€ii+ €| i, €Jy,j,s € Ji}. Fort e Jy, k€ Jy, define

€ :H—F,
€ii— €rg > 05t — Ort, €55 — €55 > 0,€55 + €5 — iy,
O0p : H— T,
€ii—err 0, e —e€ss > 5j,k — O,s, €i,i + €55 — 5k,j7
(i,r € Jo,j,s € J1). Also define
(,):GxG—F; (X,Y) str(XY).

If [J] < oo and [Jo| = | /1], take K :=TF3_, ;e;; and note that it is a subset
of the radical of the form (-,-). So it induces a bilinear form on G/K denoted
again by (-,-). Set

| G/K if|J]| < oo and |Jo| =|J1],
sts(Jo, J1) = { g otherwise.

Then (L := sls(Jo, J1), (+,+), H/K) is a locally finite basic classical simple Lie
superalgebra with root system

{€&; —€j,0p — 0q,£(€; —6p) | 4,5 € Jo,p,q € J1}

which is an irreducible locally finite root supersystem of type X as in the
following table:
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X (IS0, |1])
A(Oa Jl) (172 2)
A(0, Jo) (>2,1)
A(Jy, J1) (>2,>2)
|.Jo| # |J1] if Jo, J1 are both finite
A(e,0) (€,0) (ez=h)

Also if (|Jol,|J1]) # (1,1), for 4,5 € Jy and p,q € Jy with i # j and p # g, we
have

LG = F6i7j7 [,6”75‘1 = Feq@

L7% =TFe;,, L7T% =TFey ;.

We refer to H/K as the standard Cartan subalgebra of £ = sls(Jy, J1). We now
need to discuss the center of Ly for our future purpose. We recall from finite
dimensional theory of Lie superalgebras that if |Jp|, |J1| < 00, Lo has nontrivial
center if and only if |Jo| # |J1| and that in this case, it has a one dimensional
center. Now suppose |JoUJ1| = oo, say |Jo| = co. Fix ig € Jp and jo € J;. Then
{€i.i — €ig.i01 €5.5 — €jo.do+ Cinyio T €jo.jo | © € Jo\{io},J € Ji \{jo}} is a basis for
H. Suppose i1, ..., i are distinct elements of Jo\ {ip} and j1, ..., j, are distinct
elements of Ji \ {jo}. If = = S0y 745, = €igrio) + ey 5t(€j g, — €jogo) +
k(€ig,io + €jo.jo) (Where S0 | si(ej, 5, — €jo.jo) is disappeared if |J;| = 1) is an
element of the center of Ly, then for each ¢ € Jy \ {io}, [2, (Lo) o] = {0}.
Now if i = i, for some s € {1,...,¢}, we get rs + (Zle r¢) —k = 0 and if
i & {i1,... %}, we get Zle rt —k = 0. Therefore we have r;, = 0 for all
s € {1,...,¢} and so k = 0. This shows that £ is centerless if |J;| = 1. If
|Ji| > 1, [z,£% %0] = {0}. This implies that Y ;- s; = 0. We also have
[z, £917%0] = {0} for all j € J; \ {jo}. Now it follows that s, = 0 for all
t € {1,...,n}. This means that z = 0 and so £ is centerless.

Lemma 3.7. Forindez sets I, J with |J| # 0 and a superset T with |Ty|, |T1| #
0, set

ar.j = 05]3(2[, 2J)(if] 7é @)7 b[’] = 05]3(2[ + 17 QJ), Cr = S[S(To,Tl).
Suppose that G and L are two Lie superalgebras of the class
{ar,br,¢0 | 1, J,T}.
Then G and L are isomorphic if and only if (up to changing the role of G and
L) one of the following holds:
e there are index sets I, J,I',J" with |I| = |I'| # 0, |J| = |J'| # 0,
G=aryand L=ap j,
o there are index sets I, J,I',J" with |I| = |I'|, |J| = |J'| #0, G = by s
and L ="by j,
o there are supersets I,J with |Io| = |Jo| # 0, |I1| = |J1| # 0, or |Iy] =
|J1] # 0, [I1] = |Jo| # O such that G = ¢; and L = ¢,
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o there are index sets I1,J with |I| = |J| = 1 and a superset T with
|To| = 1,|Th| = 2 or |To| = 2,|T1| = 1 such that G = ay y and L = cp,
o there are index sets I,J with J # 0,]|I| = o0, G =ar j and L = by ;.

Moreover, in each of the first three cases, the mentioned isomorphism can be
chosen such that the standard Cartan subalgebra of G is mapped to the standard
Cartan subalgebra of L.

Proof. We first note that for two Lie algebras ¢; and €; such that [¢,%] and
[2, &3] are semisimple with the complete sets of simple ideals {{,..., €7} and
{el, ... &} respectively, if & and € are isomorphic, we have

e [t1,t1] and [t2, £2] are isomorphic,
(3.1) e ¢t is centerless if and only if ¢; is centerless,
e m=n and (under a permutation of indices) £} ~ € for i € {1,...,n}.

Now take A to be one of the Lie superalgebras ay s, bz s, cr. We have already
seen that if A is infinite dimensional, then the even part of A is centerless
if and only if A # a; ; for some infinite index set J and an index set I with
|7| = 1. Next suppose that G and £ are as in the statement and assume they are
isomorphic, then we have Gy ~ Ly. We also know that [Gy, Go] as well as [Lo, Lo]
are semisimple Lie algebras by Theorem 3.2. Using these together with (3.1),
Lemmas 3.3 and 3.5, classification of basic classical simple Lie superalgebras
and [10, Propositions VI4,VI6], we are done. O

4. Classification theorem

In this section, we classify locally finite basic classical simple Lie superal-
gebras (1.f.b.c.s Lie superalgebras for short) and study the conjugacy classes
of their Cartan subalgebras under the group of automorphisms. The first step
towards the classification of l.f.b.c.s Lie superalgebras is finding out an isomor-
phism theorem. One knows that 1.f.b.c.s Lie superalgebras with zero odd part
are exactly locally finite split simple Lie algebras in the sense of [10] and that
finite dimensional basic classical simple Lie superalgebras and consequently
finite dimensional simple Lie algebras are examples of 1.f.b.c.s. Lie superalge-
bras. We know form the finite dimensional theory of Lie algebras that due to
the interaction of a finite dimensional simple Lie algebra with its root system,
the theorem stating that finite dimensional simple Lie algebras with isomor-
phic root systems, are isomorphic [6, Theorem 14.2], plays a crucial role to get
the classification of finite dimensional simple Lie algebras. Using this theorem
together with the fact that locally finite split simple Lie algebras are a direct
union of finite dimensional simple subalgebras, the authors in [10] prove that
two locally finite split simple Lie algebras with isomorphic root systems are
isomorphic. Moreover, they introduce two isomorphic locally finite split sim-
ple Lie algebras with non-isomorphic Cartan subalgebras and isomorphic root
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systems. They use this to find the conjugacy classes of Cartan subalgebras of
locally finite split simple Lie algebras.

To get the classification of L.f.b.c.s Lie superalgebras, we also prove that
two L.f.b.c.s. Lie superalgebras with isomorphic root systems are isomorphic.
To this end, we first need to prove the theorem for finite dimensional case.
Because of the existence of self-orthogonal roots for a finite dimensional basic
classical simple Lie superalgebra, the proof of the mentioned theorem in the
super case is different from the one in non-super case; more precisely, we first
need to define Chevalley bases for finite dimensional basic classical simple Lie
superalgebras. Chevalley bases for finite dimensional basic classical simple Lie
superalgebras were introduced in 2011 by K. Iohara and Y. Koga [7] using
the fact that a finite dimensional basic classical simple Lie superalgebra is a
contragredient Lie superalgebra and its Cartan matrix is symmetrizable. Our
definition of Chevalley bases are somehow different from the one defined in [7].

The zero part of a locally finite basic classical simple Lie superalgebra which
is infinite dimensional and not a Lie algebra is either a locally finite split simple
Lie algebra or a direct sum of two locally finite split simple Lie algebras. In the
last theorem of this section, we use the result of [10] to find the conjugacy classes
of Cartan subalgebras of locally finite basic classical simple Lie superalgebras.

Lemma 4.1. Suppose that (G1,(-,-)1,H1), (Ge, (+,-)2, Ho) are two locally fi-
nite basic classical simple Lie superalgebras with corresponding root systems
Ry, Ry respectively. For i = 1,2, denote the induced form on spangR; C H}
again by (+,+);. If Ry and Ry are isomorphic, say via f : (R1) — (Ro) with
(f(a), f(&)2 = k(a,a')1 for all a,a’ € R and some k € F\ {0}, then there
is a linear isomorphism f spang Ry — spang Ry whose restriction to (Ry)
coincides with f and for a, o’ € spangRy, (f(a), f(o/))2 = k(a, o);.

Proof. We know that R; is of real type if and only if for each nonsingular
root §, there exists a nonzero integer n with nd € ((Ri)r.) or equivalently
spang (R1)re = spang Ry. Now fix a basis {a; | i € I} C (R1)y. for spang(R1)re
as well as a nonzero nonsingular root ¢ of Ry if R; is of imaginary type. Set

B._ {a; |i €I} if Ry is of real type,
’ {6,; | i € I} if Ry is of imaginary type.

Then by Lemma 2.5, B is F-linearly independent and so by Lemma 2.3(b)(ii), it
is a basis for both spany Ry and spang R;. Similarly, f(B) is a basis for spany R».

We define the linear transformation f mapping o € B to f(«). It is immediate

that (f(«), f(e/)) = k(a, @) for a,o’ € spangR;. Now if o € Ry C spang B,

o = Z?Zl ZLB; where ri,81,...,7n,8, € Z and B1,...,B, € B, so for s =
J

s1---sp and 75 = r;s/s; (1 < j < n), we have sa = 37, 77 B;. Therefore, we

have sf(a) = 377, 75 f(B;). Thus, we have f(a) = f(a). O
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4.1. Chevalley bases for basic classical simple Lie superalgebras. Sup-
pose that G is a finite dimensional basic classical simple Lie superalgebra of
type X # A(1,1) with a Cartan subalgebra H and corresponding root sys-
tem R = Rg U Ry such that G; # {0}. In what follows for « € R* with
G& #£ {0} (i € {0,1}), we set |a| := i. Now we want to define a total ordering on
V := spang . We fix a basis {v1, ..., vy, } for V. For u = rivy 4+ - +7,0m €V,
we say 0 < u if u # 0 and that the first nonzero r;, 1 < i < m, is positive; next
for u,v € V, wesay u < vif 0 < v —u. Weset RY :== RN{v eV |0 <o}
as well as R~ := —R™. Elements of R are called positive and elements of R~
are called negative. As usual, for u,v € V, we say u = v if either u = v or
u < v. Fix an invariant nondegenerate even supersymmetric bilinear form (-, -)
on G. We denote the induced nondegenerate symmetric bilinear form on H*
again by (-,). We recall that for o € H*, ¢, indicates the unique element of H
representing « through the form (-,-). For o € H*, set

o = -1 aeRNR™,
« 1 otherwise.

Next fix r € F\ {0} and for each a € R*, set
he =1ty
One can see that
0o =(-1)"o, and h,=-h_, (a€R).

Fixing Y, € G* and Y_, € G=% with [Y,,Y_,] = h, for « € RT, we have
[Yo,Y_o] = 0aha (a € RY).

Definition 4.2. A set {X,,h; | « € R*,i = 1,...,¢} is called a Chevalley
basis for G if

e there are a nonzero scalar r and a subset {81, ..., 8¢} of R* such that
{h1 := hg,,...,he := hg,} is a basis for H where for « € R*, by hq,
we mean 7t

e for each o € R*, X, € G%,

e for each o € R*, [X,, X_o] = 0aha.

Suppose that {X,, h; | « € R*,i =1,...,¢} is a Chevalley basis for G. We
know from [16, Lemma 2.4] that if o, 3 € R* such that a + € R*, then
[G~,G”] # {0}. This together with the fact that dim(G**#) = 1 implies that
there is a nonzero scalar N, g with [X,, Xg] = N, sXa+p; we also interpret
N, g as zero for o, f € R* with a+ 5 ¢ R. Werefer to {N, g | a,8 € R*} as a
set of structure constants for G with respect to {X,,h; | € R*,i=1,...,¢}.

Proposition 4.3. Keep the same notation as above; we have the following:
(1) IfOé,B S RX, then Na,ﬂ = _(_1)‘a|IB|NB,a
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(i) Ifa,B € R* with a+ B € R*, then for sq 5 = 0a0a+3, we have
Nop = 8a,Ng,~a—p = 0aOa+sNp,—a—p-
(iii) Suppose that o, 8 € R* with o+ § € R*, then

p
NapN-a,—p =Tap = 0505 1a0a(—1)1 D " (=1)1°1(8 — ia) (ha);
=0

where p = 0 if a, 8 € Ry,s and otherwise, p is the largest nonnegative
integer such that 8 — pa € R.

(iv) If o, B,7,0 € R* with a+ 4+ v+ 6 = 0 such that each pair is not the
opposite of the one another, then

(*1)|a‘|7‘0a+ﬁNa,ﬁNm5 + (*1)Ia“£|0ﬁ+7NB,wNa,5 + (*1)|B|‘7|UQ+WN%04NB,5 =0.

Proof. Using a modified argument as in [1, Proposition 7.1] gives the result. [

We know that there are roots «, such that a # £y and (a,v) # 0. So
either a++ € R* or a«—+ € R*. Replacing v with —~ if necessary, we assume
n:= —(a+7) € R*. Since oo + v + n = 0, either two of a,,n are positive
or two of —a, —y, —n are positive. Selecting this pair of positive roots in an
appropriate order, we get a pair (n1,72) among the 12 pairs

(@, 7), (e, m), (v,m), (v, @), (n, @), (n,7),
(704’ 7’)/)3 (7017 *77)7 (7'% 777)7 (777 70‘)’ (77% *a)a (7773 7’7)

such that 0 < 71 < n9; following [4], we call such a pair a special pair. More
precisely, a pair («, 3) of elements of R* is called a special pairif 0 < a X 8
and a + 8 € R. A special pair (a, () is called an extraspecial pair if for each
special pair (0,7) with a + 8 =0 + v, we get o < 4.

Lemma 4.4. Suppose that A is the set of all extraspecial pairs («, 8) of R*
and {Ny, | (o, B) € A} is an arbitrary set of nonzero scalars. Then there is
{ea € G*\ {0} | @ € BT} such that [eq,es] = Nu geasp for all (a, ) € A.

Proof. Suppose that Rt = {a1,...,a,} with a1 < ... < «, and take ¢ to
be the smallest index such that a; is the summation of the components of an
extraspecial pair. We choose arbitrary elements e,, € G*, for 1 <4 <t —1.
We know that there is a unique extraspecial pair (o, ) with o = « + 5,
so there is a unique pair (4,j) with ¢ < j < ¢ such that oy = o; + a; and
define e,, = N, oj:aj [ea;, €q,]. Now using an induction process, we can complete
the proof; indeed, suppose that ¢ < r < n and that {e,, | 1 < s < r —1}
with the desired property has been chosen. If «,. is not the summation of the
components of an extraspecial pair, we choose e, arbitrary, but otherwise we
pick the unique pair (¢, j') with ¢/ < j/ <r — 1 such that o, = ;s + a;j. Now
we define eo, = N3t lea,, €a, |- This completes the proof. O

D‘i’vo‘j’



Locally finite simple Lie superalgebras 2044

Theorem 4.5. Suppose that G and L are two finite dimensional basic classical
simple Lie superalgebras with Cartan subalgebras H and T and corresponding
root systems R = Rg U Ry and S = Sy U Sy respectively which are not of type
A(1,1). Suppose that (-,-) (respectively (-,-)') is an invariant nondegenerate
even supersymmetric bilinear form on G (respectively L) and denote the in-
duced forms on H* and T* again by (-,-) and (-,-) respectively. Suppose that
(R),(+,-),R) and ((S),(-,")",S) are isomorphic finite root supersystems, say
via f: (R) — (S). Then we have the following:
(i) There are Chevalley bases {h;,eq | o € R*,1 < i < {} and {t;,zp |
B e S 1<i<{} for G and L with corresponding sets of structure
constants {Nu,p | @, € R*} and {M,, | v,n € S*} respectively such
that N(Xﬂ = Mf(a),f(ﬁ) forall a, B € R*.
(i) {Napg | a,8 € R*} is completely determined in terms of Nog’s for
extraspecial pairs (a, B).
(ili) There is an isomorphism from G to L mapping H to T and eq to T f(q)
for all o € R\ {0}.

Proof. (i),(ii) Suppose that k& € F\ {0} is such that (f(a), f(8)) = k(a,B)
for a,5 € R. Fix r,s € F\ {0} such that r = sk. This implies that r(a, 8) =
sk(a, B) = s(f(a), f(B)) for all a, 8 € R. Use Lemma 4.1 to extend the map
f to a linear isomorphism, denoted again by f, from H* = spanpR to T™ =
spanpS with

(4.1) r(a, B) = sk(a, B) = s(f(@), f(B))" (. B €H).
For o € H*, take t, to be the unique element of H representing « through (-, -)
and for g € T*, take t% to be the unique element of T representing 3 through
(). Next set

ho :=r1te and hj:=sty (a€R, feO).

Fix a total ordering “ < ” on spang R as at the beginning of this subsection and
transfer it through f to a total ordering, denoted again by “ <7, on spang.S.
For a« € H* and B € T™, set

o -1 fae RPNR, and ;o -1 ifgesS NS
@79 1 otherwise 9671 1 otherwise.

Suppose that A is the set of all extraspecial pairs of R, then

{(f(@), £(B) | (@, B) € A} = {(n,7) | (n,7) is an extraspecial pair of S}.

Fix a subset {Na,g | (o, 8) € A} of nonzero scalars and set My (o), r() := Na,s,
for all (o, 8) € A. Using Lemma 4.4, one can find {e, € G*\ {0} | « € RT}
and {z5 € £P\ {0} | B € S*} such that

lea, e8] = Nageats and  [Tra), Zp(p)) = My(a),1(0)Tf)+1(8); (o B) € A.
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Now for each o € Rt and v € ST, choose e_, € G~* and z_, € L7 such
that

[eare—a] =he and [z ,2_,]=h. (a€ Rt yest)

5
and note that we have

[ease—a]l = 0aha and [vy, 2] =0 b (o€ R*,yeS™).

Now for each pair (a, 5) of R* with a + 5 € R* and («, 8) € A, take Nq g
to be the unique nonzero element of F with [e,, eg] = N, gea+s; also for each
pair (y,n) of S* with v+ n € S* such that (v, n) is not an extraspecial pair,
take M, , to be the unique nonzero element of F with [z, z,] = M, ,eyqy.
Fix {B1,...,0¢} such that {h; := hg, | 1 < i < £} is a basis for H and set
ti =N, Then {hi,eq |0 € R*,1 <i < (} and {t;;zp| B € S*,1<i<(}
are Chevalley bases for G and L respectively. Now contemplating Proposition
4.3 and using the same argument as in [1, Proposition 7.4], we get the result.

(iil) Use the same notation as above. Define 6 : G — £ mapping h; = hg,
to t; = h/f(ﬁi,) and ey to g for all @« € R* and 1 < i < £. We claim that
0 is a Lie superalgebra isomorphism. We first note that by [16, Proposition
2.5] and [14, Proposition 3.10], f(Ry) = So and f(R1) = Si. Therefore, we
have 6(G;) C L; for i = 0,1. Now we need to show 0[z,y] = [0(z), 0(y)] for all
z,y € G. If x = hg, and y = e, for some 1 < ¢ < ¢ and o € R, by (4.1), we
have

e[hﬁi’ ea] = a(a(hﬁi)ea) = a(h/gi)ﬁ(ea) - f(a)(h/f(ﬁl))xf(a)
(P56 % f(e0)]
[0(hs,),0(ea)]-

Next suppose o, 8 € R*. If a+ 3 ¢ R, then f(a)+ f(B8) ¢ S and so [eq, €3] =0
and [0(eq),0(ep)] = [Tf(a), Tf(3)] = 0, also if a + 3 € R*, then by part (i),

0lea, es] = 0(Napeats) = Napb(eats) = Ma),f(8)%f(a+8)
R ORIG]
= [0(ea), 0(es)].
Finally, for « € R*, if hq = Zle rihg, for some r; € F (1 < i < {), we get
o= Zle rif;i and so f(a) = Zle r;f(B;) which in turn implies that

Y4 ¢
(4.2) Wiy = _1ilgy =D 1i0(hg,) = 0(ha).
i=1 =1

Therefore, we have

Olea,e—al = 0(0aha) = 0ahi(n) = Tr i) = [Tfa)T—fa)]
[0(ea),0(e—a)]-
This completes the proof. O
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Suppose that G is a finite dimensional basic classical simple Lie superalgebra
with a Cartan subalgebra H and corresponding root system R. For a group
homomorphism ¢ : (R) — F\ {0}, the linear transformation ¢ : G — G
mapping z € G* (a € R) to ¢(a)x is a superalgebra automorphism.

Lemma 4.6. Keep the same notations and assumptions as in Theorem 4.5 and
its proof. Suppose that 11 is an integral base for R and fix nonzero elements
fo € G* and yo € LI for all a € II. Then there is an isomorphism from G
to L mapping fo to yo and hy to h'f(a) for all a € TI. Moreover, if Il is a base,
then such an isomorphism is unique.

Proof. Consider the Chevalley bases {eq,h; | @ € R*,1 < i < ¢} and {zg,1; |
g€ S* 1<i< L} as well as the isomorphism 6 : G — £ as in Theorem 4.5.
Since f, € G* = Fe,, there is k, € F\ {0} such that f, = kqeo. Similarly,
there is a nonzero scalar k/, such that y, = k[, (q). Define ¢ : (R) — F\ {0}
mapping « € II to k3! and ¢’ : (S) — F\ {0} mapping f(a) € f(II) to
k!,. Now using (4.2), one can see that isomorphism ¢ := @ 0600 ¢ has the
desired properties. Next suppose II is a base for R and 1 and ¢’ are two
isomorphisms from G to £ mapping f, to y, and h, to h'f(a) for all « € 1II.
Then ¢ := 9! o1’ is an automorphism of G mapping f, to f, and h, to
he, for a € II. Since for a € II, p(fo) = fa, we have p(eq) = €. On the
other hand, as ¢ is identity on H, ¢ preserves the root spaces. This together
with the fact that [eq, @(e_o)] = [p(ea), p(e—a)] = ©(ha) = hq for all a € 11,
implies that p(e_,) = e_. Now suppose that o € R*, since II is a base, there
are 11,...,r, € {£1} and a;,,...,a;, € Il such that & = ryoy, + -+ rpq;,
and that riay, + -+ + reay, € R* for all 1 <t < n. This together with [16,
Lemma 2.4] and the fact that root spaces corresponding to nonzero roots are

one dimensional, implies that G* = Fle, a,.,- - [Ersas, [Eraas, €rial]] -+ |- But
plea) = eq and p(e_,) = e_, for all a € 11, so the restriction of ¢ to G¢ is
identity. This completes the proof. O

4.2. Classification.

Proposition 4.7. Suppose that (G, (-,-),H) and (L, (-,-),T) are two infinite
dimensional locally finite basic classical simple Lie superalgebras with corre-
sponding root systems R and S respectively. Denote the induced forms on
V := spangR and U := spangS again by (-,-) and (-,-)" respectively. Suppose
that ((R), (+,*), R) and ({(S),(-,-)",S) are isomorphic locally finite root super-
systems, then there is an isomorphism from G to L mapping H onto T.

Proof. Locally finite basic classical simple Lie superalgebras with zero odd
part are exactly locally finite split simple Lie algebras in the sense of [10].
So contemplating [10, Theorem IV 4], we may assume £1 # {0}. Suppose that
[ (R) — (S) is the isomorphism from R to S with (f(«), f(8)) = k(«, B) for
a, 8 € R and some nonzero scalar k. Using Lemma 4.1, we extend f to a linear
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isomorphism, denoted again by f, from spangR to spangS with (f(«), f(8)) =
k(a, B) for a, 8 € spangR. Fix r,s € F\ {0} such that r = sk. Therefore, we
have

r(a, B) = sk(a, B) = s(f(a), f(B)) (a, B € spangR).
For a € spany R, take ¢, to be the unique element of H representing « through
(,-) and for 3 € spangS, take tj; to be the unique element of 7" representing 3
through (-,-)’. Set

he :=rt, and h% = st% (e €R, BeS).

By Lemma 2.8, there is a base II for R and a class {R, | v € I'} of finite
irreducible closed sub-supersystems of R of the same type as R such that R
is the direct union of R,’s and for each v € I', Il N R, is a base for R,. Now
II' := f(II) is a base for S and S = UyerS, in which S, := f(R,) is a finite
irreducible closed sub-supersystem of S and ny =1II'N S, is a base for S,. For
each v €I, set

()= Y G & > [6%6" and H(y):= > [G*,67°,

a€RY a€RY a€RY
and
Ly)= Y L@ > [£%L7 and T(y):= Y [£% L]
a€SY aesSy aesSy
Then as in the proof of [16, Lemma 2.28], G(v) is a finite dimensional basic

classical simple Lie superalgebra with Cartan subalgebra H () and correspond-
ing root system R, and L(7) is a finite dimensional basic classical simple Lie
superalgebra with Cartan subalgebra T'(+y) and corresponding root system S, .
Now fix {f, € G% | @ € I} and {ya € L@ | & € I}, By Lemma 4.6, for each
v € I, there is a unique isomorphism 6, from G(v) to £(y) mapping f, t0 ya
and hq to by, for o € IL,. Now for 71,72 € I' with Ry, € R, 6,6, [g(y,)
are isomorphisms from G(y1) to £(71) mapping fo to yo and hq to B, for
all a € IL,, therefore, we have 0,, = 0, |g(y,) by Lemma 4.6. This allows
us to define the isomorphism 6 : G — £ by 6(x) = 0,(x) if x € G(v). The
isomorphism 6 maps H onto 7. This completes the proof. O

Corollary 4.8. Suppose that L is a locally finite basic classical simple Lie su-
peralgebra. Assume H and T are two Cartan subalgebras of L with correspond-
ing root systems R and S respectively. Then H and T are conjugate under
Aut(L) if and only if R and S are isomorphic locally finite root supersystems.

Proof. Assume ¢ : L — L is a Lie superalgebra automorphism such that
T = ¢(H). Define the bilinear form (-,-)" : L x L — F with (z,y)" :=
(¢~ 1(x), ¢ (y)) for all z,y € L. The linear isomorphism ¢ |3: H — T in-
duces a linear isomorphism ¢ : H* — T* mapping a € H* to a o (¢|7)~ 1. For
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each h € H, o € R and x € L%, we have [¢p(h), d(z)] = ¢[h,z] = a(h)p(x) =
d(a)(p(h))¢(z). Now it follows that (L, (-,-)',T) is an extended affine Lie su-
peralgebra, ¢(£*) = £%(®) and that S = gb(R) For 3 € spangS, take tj; to be
the unique element of T representing 3 through (-,-)" and for a € spanyR, take

to to be the unique element of H representing « through (-,-). One can easily

Y — !/ !/ I
check that ¢(t,) = 8o and (tq,tp) = (té(a)’té(ﬁ)) for all o, B € R. These all

together imply that ¢ |(r) defines an isomorphism from R to S. The reverse
part follows from Proposition 4.7, [10, Corollary IV.5] and finite dimensional
theory of Lie superalgebras. O

Using [10, Theorem IV.6], one has the classification of locally finite split
simple Lie algebras, i.e., locally finite basic classical simple Lie superalgebras
with zero odd part. In what follows using Theorem 3.2, Examples 3.4, 3.6,
Proposition 4.7 and Lemma 3.7, we give the classification of locally finite basic
classical simple Lie superalgebras with nonzero odd part:

Theorem 4.9. FEach locally finite basic classical simple Lie superalgebra with
nonzero odd part is either a finite dimensional basic classical simple Lie super-
algebra or isomorphic to one and only one of the Lie superalgebras osp(21,2.J)
(I,J index sets with [IUJ| = oo, |J| #0), asp(2] +1,2J) (I, J index sets with
|| < oo, |J| = o) or sl(Iy,I1) (I an infinite superset with Iy, I # 0).

Proposition 4.10. Suppose that L is an infinite dimensional locally finite basic
classical simple Lie superalgebra with nonzero odd part, then if for an infinite
index set I and a nonempty index set J, L ~ osp(21+1,2J) ~ osp(21,2.), there
are two conjugacy classes for Cartan subalgebras of L under Aut(L); otherwise
all Cartan subalgebras of L are conjugate under Aut(L), i.e., there is just one
conjugacy class for Cartan subalgebras of L under Aut(L).

Proof. We first assume [ is an infinite index set, J a nonempty index set and
L ~ osp(2] + 1,2J) ~ o0sp(2I,2J). We know form Example 3.4 that there
are Cartan subalgebras H; and Hs for £ with corresponding root systems Ry
of type B(I,J) and Rs of type D(I,J) respectively; in particular thanks to
Corollary 4.8, there are at least two conjugacy classes for Cartan subalgebras
of £ under Aut(L). We next note that there is a decomposition Ly = G & G2
for Ly into simple ideals in which G! is isomorphic to 0(2]+1,F) ~ o(2I,F) and
G? is isomorphic to sp(J,F); see [10] for the notations. By [10, Corollary VL8]
and finite dimensional theory of Lie algebras, there are two conjugacy classes
for Cartan subalgebras of G! under Aut(G!) and there is just one conjugacy
class for Cartan subalgebras of G2 under Aut(G?). Therefore, up to Aut(G!)-
conjugacy, Hi N G, Hy N G' are the only non-conjugate Cartan subalgebras
of G1; also Hy N G2%,Ha N G? are Aut(G?)-conjugate Cartan subalgebras of G2
and in fact up to Aut(G?)-conjugacy, H; N G2 is the only Cartan subalgebra
of G2. Now suppose that T is a Cartan subalgebra of £ with corresponding
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root system S = Sy U S1. We want to show that T is either conjugate to H;
or to Hs. Since T N G! is a Cartan subalgebra of G! and T N G? is a Cartan
subalgebra of G2, there are i € {1,2} and ¢, € Aut(Gl), ¢2 € Aut(G?) such that
$1(TNGY = H;NG! and ¢2(TNG?) = H;NG?. So ¢1 D ¢s is an automorphism
of Lo mapping T = (I'NG') & (T'NG?) to H; = (HiNG) & (H; N G?). This
implies that (R;)o is isomorphic to Sg. So using the classification of locally
finite root supersystems (Theorem 2.4) together with [16, Proposition 2.5 and
Lemma 2.17] and the fact that |R;|,|S| = oo, R; is isomorphic to S. Therefore
there is an automorphism of £ mapping T to H; by Proposition 4.7. This
implies that there are exactly two conjugacy classes for Cartan subalgebras of
L under Aut(L).

Next suppose that £ is one of the Lie superalgebras osp(21,2J), 0sp(21 +
1,2J) where I, J are index sets with 0 # |I]| < oo, |J| # 0 or sl(ly, I;) where I
is an infinite superset with |I| = co and Iy, I; # (. Take b to be the standard
Cartan subalgebra of £ introduced in Examples 3.4 and 3.6 and consider its
corresponding root system R. Next suppose that T is another Cartan subalge-
bra of £ and take S to be the corresponding root system of £ with respect to
T. Then S is an irreducible locally finite root supersystem with |S| = co. From
Theorem 2.4 and Lemmas 2.16 and 2.17, S is isomorphic to the root system
of one of the Lie superalgebras ay/ j, by, ¢+ introduced in Lemma 3.7. Call
this Lie superalgebra G and take H to be its standard Cartan subalgebra, so
by Proposition 4.7, there is an isomorphism ¢ : £L — G mapping T to H.
Now since £ ~ G, using Lemma 3.7, there is an isomorphism ¢ form £ to G
mapping b to H. Therefore, 1! o ¢ is an automorphism of £ mapping T to b.
This completes the proof. O
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