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ABSTRACT. Let A;, B;, X;,7 = 1,...,m, be n-by-n matrices such that

i) |A;])? and >y | B;]? are nonzero matrices and each X; is positive
semidefinite. It is shown that if f is a nonnegative increasing convex
function on [0, co) satisfying f (0) = 0, then

m o A*X;B;
2Sj f |Z’L—1 7 |
JIsmae s s

for 5 =1,...,n. Applications of our results are given.
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<55 (@S (2X0))

1. Introduction

The set of n x n complex matrices is denoted by M, (C). The singular
values s1 (A),..., sy (A) of A € M, (C) are the eigenvalues of the matrix |A| =
(A*A)l/ * arranged in decreasing order and repeated according to multiplicities.
A matrix A € M, (C) is said to be Hermitian if A* = A, where A* denotes
the conjugate transpose of A. A Hermitian matrix A is said to be positive
semidefinite or nonnegative definite written as A > 0, if x*Axz > 0 for all
x € C" If 51 (A) <1 for a matrix A € M,,(C), then A is called a contraction.
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The direct sum of matrices Ay, ..., A, in M, (C), denoted by @&, 4,, is the

A, 0 -~ 0
. . 0 A
block diagonal matrix defined by &>, A; = . When
|
0o --- 0 A,

m = 2, we write A; ® A, instead of @leAi.

The symbol ||-|| shows the spectral norm on M, (C), that is the norm defined
by [|A[l = sup{|[Az] : x € C", [|lz|| = 1}.

The well-known arithmetic-geometric mean inequality for singular values
was proved in [1]. It was shown that if A, B € M,,(C) are positive semidefinite,
then

1
(1.1) sj (AB) < 35 (A*+B%), j=12,....n
Inequality (1.1) can be stated in another form: If A, B € M, (C), then
1
(1.2) sj (A*B) < 55 (AA*+ BB*), j=1,2,...,n.
On the other hand, Zhan in [11] proved that
(1.3) sj(A-B)<sj(A®B), j=1,2,...,n

for any positive semidefinite matrices A, B € M,,(C). It is pointed out in [12]
that the two inequalities (1.1) and (1.3) are equivalent.

Tao in [10] gave a new equivalent form of the two inequalities:
M K
(1.4) 2 (K) <55 | ey |
L . . . M K
for any positive semidefinite block matrix [ K N } , where M € M,,(C),

N € M, (C),.
Also, Albadawi in [1] proved that if A, B, X are bounded linear operators
on a complex separable Hilbert space H such that X is positive, then

1
(1.5) sj (AXB*) < 3 | X s; (A"A+ B*B).
forj=1,....
Zou in [13] obtained a new equivalent form of the arithmetic-geometric mean

inequality for singular values. It says that if A, B, X € M,,(C) such that X is
positive semidefinite, then

(1.6) s; (A*XB) < s; ((AA* + BBY)Y2 X (AA* + BB*)l/Q)

forj=1,...,n.
In this article, we introduce inequalities for the singular values of convex
functions of matrices and we give applications of our results for partitioned
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2 x 2 positive semidefinite block matrices. Moreover, special cases of our results
are proposed.
2. Main results

In this section, based on the arithmetic-geometric mean inequality (1.2) we
establish inequalities for singular values of convex functions of matrices and for
2 x 2 block matrices. To start our analysis we start with the following basic
lemmas that we need.

Lemma 2.1 ([3]). Let A € M,,(C). Then

sj (AA™) =s; (A% A)
forj=1,2,... n.
Lemma 2.2 ([3]). Let A,B € M,(C). Then

sj (AB) < ||Al|'s; (B)
forj=1,2,...,n.

Lemma 2.3. Let A € M, (C) and let f be a nonnegative increasing function
on I. Then

f(s5(A)) =55 (f (IA])
forj=1,2,... n.

Lemma 2.4. Let A, B € M, (C). Then

sj({g ﬂ) — 5, ((A+B® (A— B)))
forj=1,2,....n.

Lemma 2.5. Let A, X € M, (C) such that A is positive semidefinite with
spectrum contained in an interval I and X is contraction. If f is an increasing
convex function on I such that 0 € I and f(0) <0, then

sj (f (XTAX)) < 5; (X" f (A) X)
forj=1,2,...,n.
The following is our first main result.

Theorem 2.6. Let A, B, X € M,,(C) such that A, B are nonzero matrices and
X is positive semidefinite. If f is a nonnegative increasing convex function on
[0,00) satisfying f (0) =0, then

(2.1) 2 (1 (Fimr) ) < 5 ex))

forj=1,...,n.
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Proof. Let A =74 and B =£-. Then

IA] 1Bl

(2.2) [ Al = I1B]| =1
and the partitioned matrix —= A’ 0 is a contraction. For j =

P i oo (B S
1,...,n, we have

|A* X B| >>

2.3 S; A*XB :3'( < ,
and
(2.5) sj (f (JA"XBI)) = s; (f (A" XB|®©0)).
Now,

s (f(JA*XBI|)) =s; (f (JA"XB|®0)) (by Lemma 2.3 and since f (0) = 0)

X1/2 | g*12 x1/2 1 x1/2 B*2X1/2
< f<sj< AT XTI 50
(by inequality (1.2))
_ 1[ x1/2 x1/2 _\A*|2 0 x1/2 g
GG W e ][ 0))
_ (1A 0 X X ] 1 [JA] o0
- P\W\EL o Bl x x|l 0 |8
(by Lemma 2.1)
L[4 o 7| (X X
S (RS RGBS )
(by Lemma 2.2)
_ 1 2 2 [ 2X 0
= gmax (141 181%) s (1] 50 ])

(by Lemma 2.4)
= %sj (f(2X ®0)) (by identity (2.2))

— %f (s; (2X ®0)) (by Lemma 2.3)
_ % F(s;(2X)) (by identity (2.4))

(2.6) = %sj (f(2X)) (by Lemma 2.3).



2061 Ulukok

Thus, the result follows from identites (2.3), (2.4), and inequality (2.6). O

An extension of Theorem 2.6 for sums and products of several matrices can
be stated as follows. Its proof follows by applying Theorem 2.6 to the matrices

A 0 By 0
S|, B= o |, and X = @ X

A= : :
Ap 0 B, 0

Corollary 2.7. Let A;, B;, X; € M,,(C),i = 1,...,m, such that 3.1, |A;|°
and 7", \Bi|2 are monzero matrices and each X; is positive semidefinite. If f
is a nonnegative increasing convex function on [0,00) satisfying f (0) = 0, then

2 oimy AT X Bl
Iz ] [ ]

(27) 25]‘

< 55 (@721 (2X4))

forj=1,...,n.
Another application of Theorem 2.6 can be seen in the following result.

Corollary 2.8. Let A;, B;, K, M, N € M,,(C), i = 1,2, such that \Al|2 + |A2\2
M K
K* N
definite. If [ is a nonnegative increasing convez function on [0,00) satisfying
f(0) =0, then

2 2 . . . .
and |B1|” + |Bs|” are nonzero matrices and L = is positive semi-

|ATM B, + A5K* By + AT KBy + A3N B,

It a2

2s; < s; (f(20))

forj=1,...,n.

| A0 | B1 0
Proof. LetA{A2 O]andB{B2 O].Then

|ATM By + ASK* By + ATK By + AN By

i+ i o]

Sj
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|A*LB|
_— ( / ( &0
! Al 1B

= 2 (1 () = )
|A*LB]

= 2s; (f (A|||B|> EBO) (since f(0) =0)
s; (f(2L) ®0) (by Theorem 2.6)

s; (f (21))
forj=1,...,n. O

Now, we give three applications of Corollary 2.8 by using some special pos-
itive semidefinite 2 x 2 block matrices.

Corollary 2.9. Let A;, B;, X,Y € M,(C), i = 1,2, such that |A;|* + |As|?
and |B1\2 + |B2|2 are nonzero matrices. If f is a nonnegative increasing convex
function on [0,00) satisfying f (0) =0, then
AT X*X By + AsY*X By
+ATX*Y By + A5Y*Y By

28j

< (f2XXT+YYY))

Vliast+ st i+ 15:6]
forg=1,...,n.

Proof. Let L = [ XX i/(

Y | . D .
VEX ry } in Corollary 2.8. Then L = P*P is positive
X Y

semidefinite, where P = { 0 0

] . It follows from Corollary 2.8 that

AIX*XBy + AY*X By
+A;X*Y By + A3Y*Y By

(2.8) 25 < s; (f(2L))
Jiar il 151
for j=1,...,n. Also,
s; (f (2L)) = [f(2s; (P"P))
= [f(2s; (PP7))
= f2s; (XX"4+YY")®0)))
(2.9) = 5 (f2(XX"+YY™)))

for j = 1,...,n. Now, the result follows from inequality (2.8) and identity
(2.9). O
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Corollary 2.10. Let A;, B;, X,Y € M,(C), i = 1,2, such that |A;|* + |As|?
and | By|* + |Bs|? are nonzero matrices and X,Y are positive semidefinite. If
f is a nonnegative increasing convex function on [0,00) satisfying f (0) = 0,
then

A (X +Y) By + A5 (X —Y) B,
FA} (X —Y)By+ A3 (X +Y) By

<55 (f(2X) @ f(2Y))

lhase s i+ ]|

forj=1,...,n.

X+Y X-Y In I’n,

PTOOf. Let L = |: XZY X-Qi-Y :l and U = % —In In . Then L =

2 2
U*(X®Y)U and so L is positive semidefinite. It follows from Corollary 2.8
that
Al (X+Y)B1+A5 (X -Y)B,
+AT(X —Y) By + A5 (X +Y) By

(2.10)  2s, < s;(f(2L))

2 i+ s+ 1

for j=1,...,n. Since U is unitary and L = U* (X @ Y) U, we have

s; (f(2L)) = [f(2s; (U (X®Y)U))
(2.11) = s (f(2X) e f(2Y))
for j = 1,...,n. Now, the result follows from inequality (2.10) and identity
(2.11). O

Corollary 2.11. Let A;, B;, X,Y € M,,(C), i = 1,2 such that |A;|> + |As|*,
|Bl|2 + |B2|2 are nonzero matrices and X,Y are positive semidefinite. If m is
a positive integer, then

AIXI/QZm—IXI/QBl+A;yl/QZm—1X1/QBI
_,’_Aixl/szflyl/QBz+A;yl/22mflyl/2B2

VIt v i + 2]

forg=1,....n, where Z=X+Y.

2, < s (f(22™))

m X2 0
Proof. Let L = (PP*)™, where P = [ y1i/2

definite,

} Then L is positive semi-

(P*P) = (X+Y) @0
Z"®0 (forr=m—1and m)
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and
pP(P*P)" ' P*
X1/2zm71X1/2 X1/2szlyl/2
|: Y1/2zm71X1/2 Y1/2szlyl/2 :|

h
I

It follows from Corollary 2.8 that

ATX1/2Zm_1X1/QBl+A§Y1/2Zm_1X1/231
+A>{X1/22mflyl/232+A;y1/2szlyl/282

28j
st st 5]

(2.12) < s; (f(2L))
for j=1,...,n. Also,
sj (f(2L)) = [(2s; (PP")™))

= f(2s; (P"P)™))
f (255 (2™ ®0))

(2.13) = s;(f(22™))
for 5 = 1,...,n. Now, the result follows from inequality (2.12) and identity
(2.13). O

In order to give our second main result, we need the following lemma.

Lemma 2.12. Let f be a convex function on [0,00) such that f(0) <0. Then

2113

forallx >0 and 0 <y <1.

Proof.
5= b0 ama)
< 5 <yf (;) +(1- y)f(())) (since f is convex)
< (%) e 50 <0,
as required. 0

Based on Corollary 2.7 and Lemma 2.12 we have the following result.
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Theorem 2.13. Let A;, B;, X; € M,,(C), i = 1,...,m, such that > .-, |A;]?,
Py |Bi|2 are contractions and each X; is positive semidefinite. If [ is a
nonnegative increasing convex function on [0,00) satisfying f (0) =0, then

2%<f<‘ )>< gy&ﬁ gy&ﬁ

> AIX;B;

i=1
Proof. Without loss of generality, assume that the matrices > ", |As|?,
S |Bil* are both nonzero. Since the matrix |Y27", A*X;B;| is positive
semidefinite, there exist U,D € M, (C) such that U is unitary and D =
diag (M1, ..., \,) is diagonal such that [>°1" | A*X;B;| = U*DU.

1/2 12
Let A= (2211 \Ai|2) and B = (E:’;l |Bi|2) . Then A and B are con-

tractions and so

s (D21 f (2X4))

forj=1,...,n.

2y 20 =U* (D) U
\/HZZ'L IAZ-IQH HZ;’; |Bi|2H Al 8]

* N Al An
=i (1 (gien) - (afen)) ¥

‘s f () f(An)
> udiag (g ) ¥
(by Lemma 2.12)

_ Uy

I

_ T(IX, Al XiBi)
(219 EE
Now, the result follows from Corollary 2.7 and inequality (2.14). O

Applying Corollary 2.7 to the convex functions f (t) =t", r > 1 and f (¢) =
et"—1,r > 1, we have the following two results. Similar results can be obtained
by applying our other results to these functions.

Corollary 2.14. Let A;, B;, X; € M, (C),i = 1,...,m, such that each X; is
positive semidefinite and let v > 1. Then

(215) s <Z A;*XZBi> <27
i=1

forj=1,...,n.

m

>4l

i=1

m

> 1B

i=1

s; (®i21X4)
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Corollary 2.15. Let A;, B;, X; € M,,(C),i = 1,...,m, such that Y .-, |A;]%,
Py |BZ-|2 nonzero matrices and each X; is positive semidefinite. Then

—I, | <5 (@;11 (62'"X£‘ _ In))

[Z52, A7 X Bi|”

2s; | e(l=aas®[l[[=ima s )

/2

{;}lrj =1,...,n. In particular, if > .-, |Ai\2 and Y%, |Bi|2 are contractions,
en

™ A]? ™ 1Bil?
(i, _In)<\/!|2z_1 P B, (o 1)
forj=1,...,n.
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