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LIFTING PROBLEM IN CODIMENSION 2 AND
INITIAL IDEALSY{

MARGHERITA ROGGERO

Communicated by Teo Mora

ABSTRACT. Let X be a codimension 2, locally Cohen-Macaulay,
integral, projective variety of degree d in PN . We consider the
problem of finding conditions on d, N and s such that any de-
gree s hypersurface in PV ! containing a general hyperplane
section of X lifts to a hypersurface in PV containing X.

We prove general and sharp bounds on the degree of X
depending on both N and s and also on the number of in-
dependent hypersurfaces of degree s containing X, especially
under the additional condition that the general plane section
of X does not lie on any degree s — 1 curve.

1. Introduction

Let X be an integral, projective variety of dimension n and degree
din P, defined over an algebraically closed field k of characteristic
zero. Consider the hyperplane section ¥ = X N K of X, where
K = PV~!is a general hyperplane in PV. The “lifting problem”
is the problem of finding conditions on d, N, n and s such that
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any degree s hypersurface in P¥~! containing Y can be lifted to a
hypersurface in PV containing X.

For an integral curve C' in P3, Laudal’s “generalized trisecant
lemma” states that the set of points Z = C'N K can lie on some
non-liftable degree s curve in K = P? only if d < s%+s (see [8]). Dif-
ferent proofs and improvements of this result have been afterwords
obtained by several authors, using different tools of commutative
algebra and algebraic geometry: we want to mention in particular
the papers by Gruson-Peskine ([7]), Strano ([18]) and Green ([6]),
where the main techniques were first introduced. Strano showed
that the presence of a non-liftable hypersurface for an integral, lo-
cally Cohen-Macaulay subvariety X in P¥ is a property which the
general hyperplane section of X inherits; this result is the natural
starting point for generalizations of Laudal’s Lemma to codimen-
sion 2 subvarieties in projective spaces of higher dimension. Green
combined Strano’s method with the theory of generic initial ideals
and sets of points in P? in a uniform position.

Using these and other tools, like foci, liaisons, linear series etc.,
Laudal’'s Lemma has been generalized in (at least) two directions.

First of all, there are extensions to codimension 2 subvarieties in
some projective spaces PV of higher dimension. The leading idea
is to bound the degree through a function f(s, N) depending on a
non-lifting level s and also on the dimension N of projective space
(see for instance Re [13], Chiantini-Ciliberto [4], Mezzetti, Raspanti
[10], [11], [12], Valenzano [20], Roggero [15], [16]); here we mention
the bound deg(X) < s? — s + 2 for a surface X in P%.

On the other hand, Tortora ([19]) found improvements of Lau-
dal’s Lemma also for curves C' in P? by introducing into the bound-
ing function a new parameter, the number a of independent degree s
surfaces containing C: under a few additional hypotheses he proved
that the degree of C' cannot exceed (Sgl) + (87;71) + 1.

All these bounds are sharp, in the sense that there are subvari-
eties which satisfy the required conditions and whose degrees are
the maximum allowed (see Example 3.8 and also [10], [19] and [20]);
it is worth noting that all the examples in bibliography are given by



Lifting problem in codimension 2 and initial ideals 41

arithmetically Buchsbaum subvarieties with very narrow deficiency
modules.

Such a list of results could possibly suggest a general conjecture
of the type:

if X is a codimension 2 subvariety in PV, s is a non-lifting level
and there are at least a independent degree s hypersurfaces contain-
ing X, then:

1 —a—N+2
deg(X)§<S;>+<S a2 +>+1

and equality holds if X is an arithmetically Buchsbaum subvariety.

Unfortunately, the situation is far more complicated. In the
present paper we only deal with the first part of the above con-
jecture, while border cases are considered in a following one. For
what concerns this topic, we can give explicit counter examples
even in the case of curves in P3; more precisely we show that for
every whole number m and function G(a) there are curves in P?
with non lifting level s and contained in a independent degree s
surfaces, whose degree exceeds (5'51) + (S_“;m) + G(a) (see Ex-
ample 4.4). Nevertheless, we prove that the conjectured bound on
the degree (or some bound close to it) holds under some additional
condition which often concerns the number of curves containing the
general plane section of the variety X. For instance, Theorem 4.8,
shows that the bound holds for every a < 2 if the general plane
section of X is not contained in curves of degree s — 1, even if
it does not hold in general when a > 3: Example 4.9. However,
for curves C' in P? in Theorem 4.10 we are able to obtain general
statements, proving, without any additional condition on the plane
section, bounds on the degree strictly including Laudal’s Lemma.

We obtain upper bounds on the degree of a codimension 2, locally
Cohen-Macaulay, integral subvariety X in PV depending on a non
lifting level s (or a socle level s), just using a reduction to a set
of points, Strano’s exact sequence (2.3) and computations on both
generic initial ideals and Castelnuovo functions.
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In §2 we introduce notation and recall some known results that
we will most often use in the following sections.

In §3 we focus on the structure of the Rao-module of a subvariety
V in P¥ of every codimension (that is on the first deficiency module
of the ideal sheaf Zy) in connection with a non lifting level or socle
level s and introduce the more general notion of ” generalized socle”
(Notation (5)); we also show that some non-zero generalized socle
involves the existence of hypersurfaces containing V' (or its linear
sections) in degrees close to s.

In §4, using generic initial ideals and results obtained in §3, we
prove the main theorems, which states upper bounds on the degree
of a codimension 2 subvariety X in PY depending on non-lifting
levels.

2. Notation, definitions and useful results

Unless otherwise stated:

(1) A= A, is the graded ring in N + 1 variables k[zy, ..., zy]
over an algebraically closed field k of characteristic 0: without any
further notice, elements and ideals of A are always supposed to be
homogeneous. P is the projective space of dimension N over k;
we often denote by the same symbol an element a € A and the
hypersurface S, in P defined by the equation a = 0; U, will be
the open subset PV — S, and U; = U,,.

(2) In the ring A = k[xg,x1, ..., zxn]| we consider the reverse lex-
icographic order on the monomials induced by zo > z; > --- > xy
and denote by gin(G) and gin(/) the initial term of the polynomial
G €A and the initial ideal of the ideal I C A respectively; we will al-
ways assume that we have chosen general coordinates, so that gin(/)
is indeed the generic initial ideal of I (for generalities on generic
initial ideals see for example [6]). We will sometimes perform a
change of coordinates of the type: ) = x; + a;1 1241 + - - - + ann;
we want to underline that it does not alter any initial term.

If H = P" is the linear space in PV given by oy = -+ =
zr41 = 0 and F € A, (F)p denotes the equivalence class of F
in A/Ig = Kk[zg,...,x,]. If L is the (general) line defined by
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o = --- = xy = 0, and B C A is a k-vector space, we will
denote by dimy(B) the dimension of B Nk[xg, z1|. If B = I, then
dimy,(£5) = dimp((I/(z2, ..., 7n))s) = dim(gin(L) N k[zo, z1]5).

(3) For any coherent sheaf F on PV we will use the standard
notation F(n) = F @ Opn(n), HIF = ®,ezH'F(n) and (for a
general hyperplane K') the standard exact sequence:

0—-F(-1)—=F—->Fx—0 (2.1)

as well as its twists and cohomology exact sequences; h'F is the
k—vector space dimension of H'F.

(4) ”Subvariety” means a closed subscheme of the projective
space PY. I, C A and Zyy C Opn are the ideal and the ideal
sheaf of the subvariety V, so that Iy = @; HZy (i); if P" is a lin-
ear subspace of PN and W = V N P", we usually denote by Zy
the ideal sheaf of W as a subvariety of P", that is Zyy C Opr. The
ideal sheaf Zy of V in P¥ is m—regular if HZy(m — q) = 0 for
every g > 0; the ideal Iy of V' is m—regular if the ideal sheaf 7y,
is m—regular; the regularity of Zy (or Iy) is the smallest integer
p such that [y is p-regular.

(5) N: ,(V,B) is the set of elements o € H'Zy (s — i) which
vanish if multiplied by each element of the vector space B C A;;
né_,(V, B) is the dimension of N? ,(V, B) as a k—vector space. If
B = A;, we write N, _,(V) instead of N? ,(V, A;); observe that
N (V) is the degree s — 1 component of the socle of H!Z; and so
we will call generalized socle any vector space N7 . (V, B). We
write N* (V) instead of N?_,(V, B) when B is generated by ', z
being a general linear form (we generally suppose = = xy).

If dim(V') > 1 and W is its general hyperplane section, then by
(2.1) it follows:

N: (V) = Ker(H'Zy(s — 1) — H'Zy(s))
= Coker(HZy(s) — H Ty (s)). (2.2)
The integer s is a non-lifting level for V if N7 (V) # 0 and any
non-zero element of N?_ (V) is a non-liftable section for V' in

degree s; s is a socle level for V if N, (V) # 0. The following
result is one of the main tools in this paper. It was first proved
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by Strano (see [18]) and by Re (see [13] Lemma 1) and restated by
Green in [6], where a particular case of the sequence (2.3) was also
introduced (see [6] Proposition 4.31 and 4.37). For proofs in the
most general cases, see also [19], Proposition 1.8.

Theorem 2.1. (Strano) Let V' be an equidimensional, locally Cohen-
Macaulay, non-degenerate subvariety in PV of dimension > 1 and
let W be its general hyperplane section. Then, the following se-
quence 1S exact:

0—N"F  (V)—=N"

m—i—1 m—i—1

(V) = N (V) 5 Ny (W),
(2.3)

Moreover, if N* (V') # 0, then WZ:_I(W) # 0, for somem’ < m,
so that a non lifting level m for V induces some non lifting level
(on fact a socle level) m' < m for W.

Proof. We only prove the latter part of the statement.

Suppose N, (V') # 0 and consider the exact sequence (2.3) with
i = 1; if the map 7 is injective, then also N. (W) # 0.

On the other hand, if 7 is not injective, then N/ (V) # 0,
for some i > 1: let iy be the greatest i (it exists because V is
equidimensional and locally Cohen-Macaulay, so that H'Zy (t) = 0
if t < 0).

Thus, by (2.3), N,»_, (W) # 0 and then, again, N:Zi_l(W) # 0
for some m’ < m. In any case, thanks to the obvious inclusion
N (W) c N™ (W), we can see that a non-liftable section for
X induces a non-liftable section for W, in the same or in a lower
degree, depending on the injectivity of 7. O

(6) If Z is a set of points in P2, the Hilbert function of Z is the
integral valued function given by hz(m) = h°Opz(m) — h°Z;(m)
and the Castelnuovo function is its first difference Ahz(m) = m +
1 — h%Zz(m) + h°Zz(m — 1). Observe that we have h°Zz(m) —
h'Zz(m—1) = dim, H°Zz(m) < m+1 (see Notation (2)) so that
Ahz(m) =m-+1-— dlmLHOIZ(m) Z 0.
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A set of points Z C P? is in a uniform position (U.P. for
short) or has the uniform position property (U.P.P. for short)
if every subset of d’ points Z’ C Z has the same Hilbert function:
hZ’ (t) = min{hz(t), d,}

If I is any ideal in k[xq, 1, 23] (for instance I = I), ¢,,(I) and
$m(I) denote the numbers of degree m generators and first syzygies
in its minimal free resolution.

Lemma 2.2. Let Z be a set of d points in a uniform position in
P2. If o, 8 and p are the degrees of the first and second minimal
generator of I; and its regularity, then:

(i) The Castelnuovo function of Z has decreasing type, that is
Ahz(m)=m+1if0<m<a, Ahz(a)=a+1—g.(lz),
Ahz(m)=a ifa <m < (3, Ahz(m+1) < Ahz(m) — 1 if
B <m < p (and equality holds if and only if gmi1(Iz) =0),
Ahz(m) =0 if m > p.

(i) d =37 Ahz(m) = an_:lo Ahz(m).

(1) 771 (7) = smaallz).
(iv) If N. (Z) #0, then either Ahz(m +1) =0 or
Ahz m + 1) — Ahz(m) S —2.

Proof. For (i), (ii), (iii) (and also for other results used below)
see for example [6] (Theorem 2.30, Proposition 4.12, 4.14 and 4.32
etc.). We only prove (iv).

Let us consider the (saturated) ideals I = Iz and J = gin(Iy).

For every integer m we have diml,, = dim.J,, so that g,,(J) =
dimJ,, —2dimJ,, 1 +dimJ,,, o = —Ahz(m)+Ahz(m—1); moreover
gm(J) = sm+1(J) and by the Cancellation Principle g, (1) —s,,(I) =
Gl ) — 5m(D)- T Sps2(]) = Spuso(D) then gaa() = gusa(]) 50
that by Crystallization Principle [ is m + 1—regular and Ahz(m +
1) =0.

If, in our hypothesis, we suppose Iz not m + l-regular, then
Sma2(J) > Smya(l) > Land so Ahz(m+1)—Ahz(m) = —gmi1(J) <
—2 as requested. O
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(7) If o € N (V,B),B C A, then in the cohomology exact
sequence of

0—Zy(m—1) — Opv(m—1) = Oy(m—1i) — 0 (2.4)

o is the image of some 7 € H°Oy(m — i) and for every £ € B, &7
is cut on V by a hypersurface F' € H°Opn~(m); so o is a function
on V given by % on the open subset V' NU;: by abuse of notation,
we will say that % is a local equation for o on U;. We will
denote any such polynomial F' by F¢(o), or Fg for short, and any
homogeneous degree m+i polynomial £ F;,—nF¢ by Fe, (o) or Fy,, for
every &, n € B. Note that both F¢(c) and Fg,(o) are not uniquely
defined by o, { and 7. For instance if F¢ is a local equation for o on
Ue, also Fr+G is so for every G € H°Zy (m); moreover "o = 0+G'”
for every G' € A,,_;, so that (F¢ + £G',Ue) is a local equation for
o.

If BC Ay and £ = x,, n = xp, then we will write F}, instead of
F,, and Fjy instead of F,, ,, .

(8) In this paper X will always denote a codimension 2, lo-
cally Cohen-Macaulay, integral subvariety in P?; for every i =
0,...,N — 3, X; is the section of X with a general linear space
H; o = P2 in P defined by xy = -+ = ;13 = 0 (having chosen
general coordinates with respect to X). In particular:

Hy 1 = K and Xy_3 = Y denote the general hyperplane and
hyperplane section of X;

X7 = C denotes the integral curve section of X with a general
3-space Hy = M = P3;

Xy = Z denotes the set of points in U.P. section of X with the
general plane H, = H = P?;

L = H; = P! denotes a general line in PV,

Henceforth, we will suppose that Z is not a complete intersection;
this assumption excludes only the following, few subvarieties X:
complete intersections, curves of even degree on a smooth quadric
surface in P3 and degree 4 arithmetically Buchsbaum surfaces in
P* with H!Zy = k and HiZxy = 0 for i = 2,..., N — 2 that is
the Veronese surface in P* and some degeneration of it (see [16]
Theorem 4.6).
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3. Generalized socles and hypersurfaces

In this section we show some further relations between gener-
alized socles for a subvariety V in P¥ and hypersurfaces in PV
containing V' or hypersurfaces in a general linear space H C PV
containing V N H.

Let o be any non-zero element in N* (V,B) (see Notation

(7)); for every &,n € B, local equations % and % for o must
coincide on VNU:NU,,. So Fy, = {F,—nF¢ defines the zero function
on the open subset VNU:NU, of V. If we suppose that V' is integral
and not contained in any degree ¢ hypersurface, V NU: N U, is a
dense subset of V and then Fy, € H'Zy(m + i).

If V is reduced, but possibly reducible, {nFy, € HZy (m + 3i);
for a non reduced V, we can only say that £n°Fy, (o) € HZy (m +
i(1+a+0)), for some positive integers a, b.

Let V be a subvariety in PV of dimension > 1 and let W be its
general hyperplane section. By definition, a degree m non-liftable
section o for V corresponds to some hypersurface in K = PV-!
containing W, which does not come from any hypersurface con-
taining V in PY: the degree m polynomial Fy (o) is indeed “the
non-liftable section” for V. To be explicit, we can use the coho-
mology exact sequences of (2.1)@0p~(m — 1) and (2.1)®@Opn~(m)
and we see that (Fiv)x = (the equivalence class of Fy modulo zy)
is a global section of Zy (m) which does not belong to the image of
H OIV (m) .

The following two results, proved in [16], state close relations
between non-zero generalized socle of V' in degree m and the number
of independent hypersurfaces or minimal generators in Iy, in degrees
close to m.

Theorem 3.1. Let V be an integral subvariety of PN and let B C
Ay be a vector space of dimension r > 2, such that N]'_,(V, B) # 0.
Then h°Zy(m + 1) > 2r — 3.
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Lemma 3.2. Let Z be a set of d points in P? in U.P. Suppose that
m is a socle level for Z and denote by v the number of minimal
generators of Iz in degrees < m + 1. Then:
(i) v > 3 or Z is a complete intersection (p,q), p+q = m + 2.
Thus, all curves in H°Zz(m+1) cannot have a common component.
(i) d <m?+m+1.

Lemma 3.3. Let V' be an integral subvariety in PV and let o be
any non zero element in N, (V). Then the ideal I generated by
{F,y(0), x,y € A1} has height at least 2.

Proof. Let us suppose, on the contrary, that [ is contained in
a principal ideal (G) = GA for some G € A,: then, by the way,
Fy(o) = x;Fy—xoF; € (G) forevery i = 1,..., N and, in particular,
x1Fy — xoFy = GM. As xy,...,zxN are general coordinates, G ¢
(zo,x1) and so M = xy M’ + xoM".

Then xy divides Fy— M'G, that is Fy— 2P = M'G for a suitable
Pe A,_;. Since (W , U;) are also local equations for o, we may
suppose that P is 0 and G divides Ey, that is Fy = QoG. Then, for
everyi=1,..., N, zoF; € (G) so that F; = Q;G . If V is contained
in the hypersurface G, then ¢ = 0 against our hypothesis. If, on
the contrary, V' is not contained in G, then z;Q); —z,Q; € Iy (recall
that Iy, is a prime ideal) and then % are local equations for a non

zero element of N, (V) and ¢ = G7 = 0, against the hypothe-
sis. O

Lemma 3.4. Let V be an integral subvariety in PN (of dimension
at least 1) and let o be any non zero element in N, (V). If H is the
general linear space given by xy = -+ =xn11 =0, N' > codimV/,
and m is a degree © monomial of the type x;m’, for some i > 1 and
j > N', then (F,,(0))g belongs to HZyru(s).

Proof. Take the monomial m’ = z',; as m'F,, —mF,, € H'Zy (s+
i), its image belongs to H'Zyny (s +14). But (m'F, — mE,)g =
(2 Frn)m and Iyng is saturated so that also (F,)y belongs to
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Iyng. O

Lemma 3.5. Let V be an integral subvariety in PN (of dimension
at least 1) and o be any non zero element of N, |(V), such that
ox = 0 for the general hyperplane K = PN=1 given by xn = 0.
Then for a suitable choice of local equations % for o, (F;)k belongs
to HZyng(s) for everyi=0,...,N.

Proof. Thanks to Theorem 2.1, the hypothesis ox = 0 implies
o = xnT, for some 7 € Ni_Q(V). We can chose local equations f—

for o so that 7 is given on Uy NU; by xfajN; on the other hand for
every monomial m of a sufficiently high degree h, 7 is also defined by
a local equation %’l on the open subset U,,,, where mF; —z;xnG,, €
HOIV(S + h)

For m = af, | this means 2% |F; — z;onG € H°Zy (s + h)
and so (z%_ Fi)k € H'Zynk(s + h); Iynk being saturated, we
get (F))x € H°Zyrk(s), as required. Note that the hyperplane
zy_1 = 0in K = P¥~! does not contain any component of V N K,
even if V' N K is a set of points, due to the choice of general coor-
dinates. O

From now on we consider only codimension 2 subvarieties: see
Notation (8)).

Lemma 3.6. Let s = so(X) the minimal non lifting level for
X. If s is also the minimal non lifting level so(C) for C, then
dimLHOIZ(s) 2 dimLHOIX(s) + N —2.

Proof. We will just prove dim; HZy (s) > dim; HZx(s) + 1; the
complete statement easily follows by induction on N.

Let o be a non-zero element of N7 (X)) defined on Uy by a
local equation %; by construction (Fy) belongs to HZy (s). We
can choose Fy such that its initial term is as small as possible
and, in particular, not contained in gin(HZx(s)): thus to get the
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conclusion it is enough to prove that only xy and x; could explicitly
appear in gin(Fy).

On the contrary, let ¢ be the greatest index such that x; 5 ap-
pears; the image of Fy in HZx,(s) contains x;,5 as a factor that is
(FN)u = %iy2(G) m,,, for some G € A; I, being saturated, G must
belong to HZx,(s — 1).

As s = 50(X) = s9(C), every restriction map H°Zx, (s — 1) —
H°Tx,  (s—1)is surjective and then we can choose G € HZx (s—1)
so that Fy — anyG € (zi11,...,xy); but W also defines o on
Uy and gin(Fy — 2y G) is lower than gin(Fy ), against its minimal-
ity. O

The following result will be a key point in §4. Note that it is sharp
for what concerns both a = h°Zx(s) and the bound on h°Zz(s+1).
If the general plane section Z of X is not contained in curves of
degree lower than s (s being a socle level), then h%Z(s + 1) >
2007 4(s) +2 > 2(h°Zx(s) + N —=2)+2 = 2(a+ N — 2) + 2;
Proposition 3.7 shows that this is in fact a strict inequality provided
a = h%Zx(s) < 2. On the contrary, for every a > 3, and s > a
there are curves in P? with socle level s and a = h°Z(s) such that
equality h’Zz(s + 1) = 2h%Z4(s) + 2 = 2(a + 1) + 2 holds : see
Example 4.9. Moreover, there are codimension 2 subvarieties X in
P for every possible N, a and s as in the hypotheses of Proposition
3.7 for which the minimum allowed 2(a+ N —2) + 3 for h°Z;(s+1)
holds: see Example 3.8.

Proposition 3.7. Let o be any non zero element in N,_|(X) with
local equations % Suppose that s > a+ N — 2, h’Tx(s) = a < 2,
h'Z;(s) = a+ N —2 and h°Zz(s — 1) = 0. Then the subspace of
HZ;(s+ 1) generated by

{x;HTx(s)g, i =0,1,2} U{F;j(0)n,i=0,1,2,7=0,...,N}

has dimension > 2(a + N — 2) + 3.
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Proof. We may suppose a = 2 (if a < 2 we consider the general
hyperplane section of X: see Lemma 3.4). So, let us fix generators
FN+27 FN+1 for Hoz—x(S)

First of all, observe that in our hypotheses, (Fni2)m, (Fn+1)m,
(FN)u, ..., (Fs)y are free generators for H°Z,(s); thus we can
choose the Fj’s such that gin(Fyi2) > gin(Fyi1) > gin(Fy) >
.-+ > gin(F3) and, more precisely:

15 = gin(Fypa) . 25720 = gin(Fy ).

x50t = gin(Fy) ..., o5 VoVt = gin(F3).

Let us denote by F;; the degree s + 1 polynomials Fj;(o) for
0 <i < j <N (see Notation (7)); for sake of simplicity, we also
use Fj; meaning ;[ if 0 <i < Nand N+1<j7 <N+ 2.

Let I be the ideal in k[ Xy, ..., Xn| generated by { Fi2, Fny1 U
{Fi;,1 <i.j < N} and let J% be its generic initial ideal. Moreover
let I, and J7, be respectively the ideal in k[ X, X7, X»] generated by
{(FN+2)H7 Ce (Fg)H, (FOI)H; (FOQ)H, (Flg)H} and its generic initial
ideal.

If the dimension of the vector space (I})s is 2NV + 1, then J7
would not have any new generator in degree s + 1 and I would be
s-regular (see [6] Proposition 2.28) against the hypothesis N < s.

Moreover if oy # 0, then the dimension is at least 2NV + 3.

So, suppose that the dimension is 2N + 2 and oy = 0.

As oy = 0, we can assume that Fy, Fy, F5 belong to the ideal
generated by x3,...,xN.
In degree s + 1, J/, is generated by the 2N + 2 monomials:

s+1 s s—N+1, N—1 s s—N+1, N—1y _s—N_ N+1
xy L (agy, ..., T xy ), we(xg, ..., T xy ), xy ay

Then, in degree s + 1, I/, is generated by the 2N + 2 polynomials:
(Fon+2)m, (Fiveo)ms (Five)m - (F3)m, (Fanvgo)m,

(F2N+1)H ) (F23)Ha (FOt)Ha

where t is the smallest integer £, 3 < k < N + 1 such that

r5 NVt = gin(Fy, — Zfi; bijF1;), br; being suitable constant

coefficients.
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Such an integer ¢ does in fact exist: first of all for every k we can
find coefficients by; such that gin(Fo, — Z] 3 bk]Flj) < oy NVt
if strict inequality holds, then (Fy, — Z?:g bijF1j)n = x2G for some
G € H%Zy(s) and so (Fo, — X043 by Fij — X By Foj)m = 0. If this
would happen for every k = 3,... N 4+ 1, then there would be N —1
independent syzygies in degree s + 1 both for I7, and for J7, then
I, would be s-regular (see [1] Theorem 2.4).

Easy calculations show that the dimension of I in degree s+1 is
(N+2)(N+1)

5 . Thus the following monomials are a bases for (J%)sy1:

(1) x§ 0% = gin(Fiyi2) , 0<i<N

(2) o5 w2, = gin(Fiyy) , 1<i<N

(3) = 5 N2 N2 = gin(Fy) , 1<i<j<N, j>3
(4) 965 N = gin(Fyy — S5 by ),

(N+2)(N+1)

5 linearly independent monomials in

because they are

(J 3{ )erl-
The corresponding polynomials F;; form a basis for (I'y)s41 as a
k-vector space and

B={Fnt2, Fny1} U{Fi;, 1<i<j <N, j>3}U{Fy}

is a set of minimal generators for I in degrees < s+ 1.
Let Si;i be the degree s + 2-relation between elements of B cor-
responding to the identity:

ZL‘iij - wjﬂk + ZL‘kﬂj = 0.

Claim: the =% relations S;j;, are linearly independent.
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We can write the F;; which don’t belong to B as linear combina-
tions of elements in B as follows:

For = ( f;r?} bijFj) + di(For — Z?ié biiFij) + ()
for t—1<k<N+1,

Foo = (Cf3bgFy)+() for 3<k<t-1,
Foo = Ejkaijjk for 3<j<N, 3<k<N+2, (31)
Foo = Yjppuyelje for 3<j<N 3<k<N+2,

Fioo = Yjpojelie for 3<j< N, 3<k<N+2,

where the (.) contain combinations of Fj; with i > 2.

Suppose that 37, aijpSijr = 0, ayjr € k, is a relation among the
Sijk- Then, 0 = (X, ijrSijr) = 2ijk et (Sijr) = 2 Hijes; +
Qeni2 + Q'enyr and all the H;;’s, which are linear forms H;; =
>N hijrxk, and also @ and @', which are degree 2 forms, must be
Z€erTO.

We will compute a few coefficients h;;;, in terms of the a;j;, and
of the constant coefficients that appear in (3.1). To the aim of
uniforming our notation, we extend the definition of ayj;;, to every
set of three integers 7,7,k € {0,1,..., N + 2} by: ayjx = aji, =
-+ - = ag;; and also ay;, = 0 if at least two of the indices are equal
or one of them is greater than N.

If j is either 1 or 2, and k& > 3, then hjiy = apji: thus agi, =
apar = 0 for every k > 3.

Moreover hgp; = a9, and so aqor, = 0 for every k > 3.

Let us now consider indices 4, j, k such that F;; € B and k > 3
(we do not suppose j < k); by what just proved, h;;; is sum of o
and a linear combination of some «g’s; if we prove that ag = 0
for every [, we also obtain that o;;, = 0. Let us use descent on k.

If k= N+ 2, then a;j, = 0 by definition. Now, let £ be any
integer 3 < k < N + 1; we suppose that a;;; = 0 for every ¢, 5, so
that Fj; € B and | > k4 1 and we show that also a;;, = 0.

If k =t, for every | we have 0 = hoy = aoy + 2 m>i11 AmQomi =
agy and from this a;5 = 0 for every ¢, j such that Fj; € B.
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If £ #t, for every [ we have 0 = hypi1 = a1 + Qo = Qo
then agy = 0 for every [ and so a;j; = 0 for every 4j such that
Fij e B.

We have just proved that all the «;j, are zero, unless possibly
Qp12-

Let us suppose g2 # 0. For every ¢,7 such that Fj; € B, we
have 0 = h;jo = qp12P0ij; SO Poi; must be zero for every i, j such
that Ej € B.

For = (Zévzg xjpajN+1)Ener + (Z;V::; xjpajN+2) Fnio
= yof'np1 + 22F N

Foo = (ij::g Tpiin+1) Fvi + (Z;V:g, Tipiin+2) Fv o
= yibFng+ 21N (3.2)
Fiy = (Csapojne1) Fvar + (C5s 2pojn+2) Fve

= Yol'Nni1 + 20FNt2

Thus Sp1o leads to the identity: (yoz2 — Y121 + yoo) Fys1 + (2002 —
2111 + 20%0) Fnvio = 0. But Fiyyy and Fy, are irreducible polyno-
mials of degree s > 2 and then also pajni2 = Dijn+2 = Pojn+2 =
P2jN+1 = P1jn+1 = Pojn+1 = 0 and so Foy = Fpp = F1p = 0, which
is not allowed (on the contrary o should vanish).

Then I has at least (N + 1)N(N — 1)/6 syzygies in degree s+2.
On the other hand, by direct computations, we can see that J has
exactly this number of independent syzygies in degree s + 2: then
by Crystallization Principle (see [6] Proposition 2.28) I is s + 1-
regular and s = N, against the assumption. O

Example 3.8. (see also [2] and [3]) For every three integers N, a,
ssuch that N >3, 0<a <2and s>a+ N —2, let ¢ be a general
map :

gb: OPN(CL + N —2— S) D O%—EN_2 e QPN(Q) D OPN(l)a.

A (Qex(2)  Opr(1)) © (Opr(a + N — 2 — ) @ 052" is
generated by global sections, ¢ is injective and degenerates on an
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integral, codimension 2 subvariety X (see [5]):
0—Opn(a+ N —2—s) B OLN2 - Qpn(2) @ Opr(1)°

— Ix(s+ 1)—0.

Thus the ideal sheaf of the general plane section Z of X has reso-
lution:

0— Opa(a+ N —2—5) & O5N2 — Qps(2) @ Opa(1)*TV2

—Zy(s+1) —0

so that h%Z4(s) = a+N—2 and h°Zz(s+1) = (a+N—2)(h°Op=(1)—
h°Op2) + h°Qp2(2) = 2(a + N — 2) + 3.

4. Bounds on the degree

In this section, X, Y, C, Z K, M, H and L will be as in Nota-
tion (8).

The main goal of the paper is to give upper bounds on the degree
of an integral subvariety X depending on a pair of suitable integers
(s, k) (s being either a non-lifting level or a socle level for X and
k a non negative integer connected to the number of independent,
degree s hypersurfaces containing X and/or its sections). Accord-
ing to this aim, we introduce the function D(s, k), defined on every
pair of positive integers (s, k), k < s+ 1 by:

D(s,k)=<sgl)+<s_§“>+1,

D(s,k)sz—s(k—l)—l—(k)Jrl.

that is:

2

Lemma 4.1. Let Z a set of d points in U.P. in P2.

(i) If i°Zz(s) — h’Zz(s —1) > k+1, then d < D(s, k) — 1.

(ii) If h°Z5(s)—h°Zz(s—1) = k and h°Zz(s+1)—h"Z4(s) > k+3,
then d < D(s, k).
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Proof. To prove (i) we use Lemma 2.2 and observe that in any
case the Castelnuovo function Ahz(m) is at most m + 1; moreover
in our hypothesis, Ahz(s) < s — k and, having decreasing type,
Ahz(s+1t) < max{s —k —t, 0} for every t > 1. An easy compu-
tation gives the desired inequality. The proof of (ii) is quite similar
to the previous one. O

Lemma 4.2. Let Z be a set of d points in P? in a U.P.

() If N™_(Z,B) n NP2y # 0 with dim(B) = 2 and
t > 0 then either Z lies on a degree m + 1 curve or d <
(et t43)(m+t+2)

2
(ii) If Y Z) = 1 and n"1(Z) > 2, then either Z lies on two

degree m + 1 curves or d < W

Proof. (i) Let us choose a general basis z,y for the vector space
B, so that ZN{x = 0} = Z N {y = 0} contains at most the
point P := (x = y = 0). Let us take any non-zero element o €
N™ (Z, B): it has local equations % and % on the open sets U,

and U, respectively and Zf = on the open set U, for a general linear
form z (see Notation (7)). Then, yF, — 2F, € HZz(m + 1),
where 7' = Z — { P} contains at least d — 1 points of Z.

If z divides Fy, let F, = xF', then o is (the isomorphic image of)
the class modulo H°Opz2(m) of some global section 7 € H°Oz(m)
which is defined on Z' by F' (however, 7 # F on Z, since o # 0).
But in this case we can also consider ¢ as the class of 7 — F', which
is the O-function on Z’. Thus, F, —2'"?F € HZz(m+t+1), while
F,—2""2F ¢ H°Z;(m+t+1) and, by the U.P.P., we get the desired
bound d — 1 = hz(m +t+ 1) < hy(m +t + 1) < era3lmirt2),

If on the contrary x does not divide F,, then either yF — ok,
defines a curve containing Z or H°Zz(m + 1) # H°Zz(m + 1)
again by the U.P.P., we get the bound d — 1 < d =hz(m+1) <
hz(m + 1) _ (m+3)2(m+2).

(ii) If N, _(Z) # 0, then h°Z,(m + 1) > 3.
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IEN"_(Z) =0, every oin No'1(Z) also belongs to N™ | (Z, B,)
for some 2-dimensional vector space B,, where B, # B, when o
and o’ are linearly independent. As shown in the proof of the pre-
vious point, either the bound on the degree holds or every o €
WZE(Z) corresponds to some non-zero F, € H'Z,(m + 1) N B, A.
If W'%Zx(m + 1) = 1 then every F, belongs to N,B,A which is
at most a principal ideal generated by a linear form x so that
HZ7(m + 1) = kxG: this is not allowed by the U.P.P. O

In [19] (Theorem 0.1) Tortora proved the following result:

Theorem 4.3. Let d and s be the degree and a non lifting level for
X C PN and let a = h%Zx(s). If the following two conditions hold:
(1) H'Zz(s—1) =0
(2) N2 (X)—N._,(Z) is not the zero map
then d < D(s, N +a — 2).

The two conditions (1) and (2) are crucial points in Tortora’s
proof: (2) implies N._,(Z) # 0 which means that there is at least
a double down step of the Castelnuovo function Ahz(s + 1) (see
Lemma 2.2 (iv) ) beyond (at least) a + N — 3 down steps in degree
s which are consequence of (1). (To be precise, in [19] Condition
(2) is written in the slightly different manner: " N? ,C)—N. ,(Z)
not zero”, but, in that contest, the two conditions are equivalent.)

Though in the proof of Theorem 4.3 conditions (1) and (2) look
both necessary and their outcomes completely independent, they
are strictly related so that assuming both turns out to be in some
sense redundant.

Namely condition (2) says something stronger than N, ,(Z) # 0
allowing a more general statement, not requiring (1) (see Theorem
4.5) and in the last part of the paper we obtain bounds on the degree
assuming that only (1) holds (see Corollary 4.6 and Proposition
4.7).

However, we cannot completely avoid both conditions (1) and
(2), as the following example shows.
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Example 4.4. Curves with non lifting-level s and degree
d > D(s,a —m) for every m and a = h’Zo(s) > 3.

Let Y be the union of a pair of skew lines in P? and consider, for
every positive integer [, the reflexive sheaf F defined as an extension
by:

0 — Ops — F(—1) = Iy (—2l) — 0.

Easy computations on Chern classes give ¢;(F) = 0 and c(F) =
2 —[2. If t is any whole number (¢ > [ + 2), then a general section
of F(t) degenerates on an integral curve C' of degree 2 —I? +? and
for which s =t + 1+ 1 is a socle level. Moreover a = h%Z¢(s) =
hPF(1+1) = h®Ops(2L+1) does not depend on ¢ and exceeds I?, so
that for ¢ > [ > 0 the degree d = s* — 2s(l + 1) + 2[ + 3 is greater
than s? — s(a — m) + G(a) for every fixed m and function G(a).

Theorem 4.5. Let X be a codimension 2, locally Cohen-Macaulay,
integral subvariety in PN, N > 3, and let d be the degree of X, s a
non-lifting level for X, a = dimp HZx(s) and b = dimp H°Zy (s).

(i) If s is also the minimal non-lifting level = so(C') for C, then

a+N—3>

dSD(s,a—l—N—S)—1232—s(a+N—4)+( 9

and equality holds if and only if i°Zz(s—1) =0, h%Z(s) =
a+ N — 2 and moreover, for every t > s, Ahz(t + 1) is
either Ahz(t) — 1 or 0.

(ii) If both s = 50(C) and N,_,(Z) # 0 hold, then

and equality holds if and only if °Zz(s—1) =0, h’Z4(s) =

a+N—2 h7Zy(s+1)=2(a+ N —2)+3 and moreover,

for everyt > s+ 1, Ahz(t+ 1) is either Ahz(t) — 1 or 0.
(iii) If N >4 and N, _,(Y)—=N._(Z) is not the zero map, then
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Proof. A proof of (i) immediately follows from Lemma 3.6 and
Lemma 4.1 (i), while for (ii) we need Lemma 3.6, Lemma 2.2 (iv)
and Lemma 4.1 (ii).

So we just have to prove (iii).

Let us take an element ¢ € N, ,(Y) such that og # 0. If f—
are local equations for o on K NU;, then (F})y € HZz(s) for
every i = N — 1,...,3 (Lemma 3.4). We can choose the F;’s such
that their initial terms are as small as possible, and in particular not
contained in gin(H°Zy (s)). Furthermore, under a suitable change of
coordinates (which does not alter K, H and L and initial terms: see
Notation (2)) ), we may also suppose gin(Fy_1) > --- > gin(F3).

Claim: the initial terms of Fy_1,..., F3 are of the type x{z3.

If not, some z;, i > 2, would certainly appear in the initial term of
F3 and then consequently in the initial term of F, which is smaller:
so, in k[zg, 21, 29|, (Fo)y = x2G. But (FQ)’;%QG is also a local equa-
tion for oy on Us N H. Moreover, by the generality of coordinates,
no points of Z lies on the line L = {xs = 0} and so oy would be
zero, against the hypothesis.

Thus, dimp,(HZ(s)) = h°Z7(s)—h"Zz(s—1) > dimp (HZy (s))+
N —3 = b+ N —3; moreover Ahyz(s+1) < —2as N, (Z) # 0 (see
Lemma 2.2 (iv)) and we can conclude thanks to Lemma 4.1 (ii). O

Now we assume that the general plane section Z of the variety
X is not contained in curves of degree lower than s (s a non-lifting
level).

First of all observe that in this assumption, s is also the min-
imal non-lifting level for C' and a = h°Zx(s) = dim; HZx(s) <
hZy(s) — 1 = b — 1; thus the bounds on the degree that we have
obtained in Theorem 4.5 (i) and (ii) (for (ii) see also [19]) can be
reformulated in the following way:

Corollary 4.6. Let X be a codimension 2, integral subvariety of
degree d in PN, N > 3. Suppose that s is a non-lifting level for X
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and that no degree s — 1 plane curve contains Z. Put a := h%Tx(s)
andr:=a+ N — 2.

(i) If either N >4 or N =3 and N._,(C) # 0, then

ng(s,r—l)—1:SQ—s(r—2)+<rgl).

(i) If N,_(Z) # 0, then
dSD(S,T):SQ—S(T—l)—f—(;)—‘rl.

But the assumption h°Z(s — 1) = 0 allows further and stronger
bounds on the degree. Let us first consider two special cases: as in
our hypothesis h°Zz(s) = Ahyz(s) and Ahz(s) < s+1, then h°Zz(s)
is at most s+1. Thus, if s is a non-lifting level for X C P¥, the two
higher (and special) values for h°Zx(s) are s — N +3 and s — N + 2.

Proposition 4.7. Let X be a codimension 2, locally Cohen-Macaulay,
integral subvariety in PN of degree d. Suppose that s is a non-lifting
level for X and h°Zz(s — 1) = 0.

(i) If Zx(s) = s — N +3 then s > 3, d = *5* = D(s,s) — 1
and N._,(Z) = 0.
(ii) If h°Zx(s) = s — N +2, then either one of the following two
cases happens:
o d= 52% (when s > 3 and either h°Z;(s) = s+ 1 or
h'Zz(s) = s and h°Zz(s+ 1) = 25 + 3);
o d =41 1= D(s,s) (when h°Zy(s) = s, h°Zy(s +
1) =25+ 2).

Proof. (i) As h°Zz(s —1) = 0, then s is also a non-lifting level for
Xiyi=N—=2,...,1and h°Zz(s) > (s — N +3)+ (N —2)=s+1;
on the other hand h°Z(s) = Ahyz(s) < s+1: then h°Z,(s) = s+1.
Computations on Castelnuovo function give d = 32% = D(s,s) —
1; moreover Zz(s) is globally generated and then H'Z(s — 1) =
N. (Z)=0.
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Finally, note that the socle-level s cannot be 2 because a curve
of degree 3 in P? is contained in at least 3 independent quadrics.

(ii) As above, s is also a non-lifting level for every X; so that
a < h%Zz(s) < s+ 1; computations on Castelnuovo function give
S lzd> g

The higher value d = £ 4 1 happens if and only if h%Z(s) = s
and h’Zz(s+1)=2s+2. O

The following theorem, which is the main result of this paper,
shows that, for every N, if a = h°Zx(s) < 2, then the bound
d < D(s, N + a — 2) holds also without assuming condition (2)
of Theorem 4.3. Conversely, if a > 3, then in general the bound
does not hold either for curves in P3, not even under the stronger
hypothesis that s is a socle level: see Example 4.9.

Theorem 4.8. Let X be a codimension 2, integral subvariety of

degree d in PN with a socle level s. Suppose that no plane curve of

degree s — 1 contains the general plane section Z of X. Then:

N -2
2

(ii) If X is contained in some hypersurface of degree s then:

(i) d§s2—s(N—3)—|—< +1.

dSSQ—S(N—Q)—i-(NQ_l >+1.
(iii) If moreover s is a socle level for X and X is contained in a
complete intersection (s, s), then:

dgsz—s(N—l)—ir(g)—Irl.

Proof. Put a = h°Zx(s) and r = min{ N, a+N—2}. Computations
on the Castelnuovo function Ahy(t) easily leads to stronger upper
bounds when either H°Z(s) > r + 1 or both HZ,(s) = r and
HZ,(s+1) > 2r +4.
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If the restriction map N, ,(C) — N._,(Z) is not zero, the state-
ment has been already proved in Theorem 4.6.

So suppose HZ;(s) =r, H'Zz(s+1) <2r+3and N, ,(C)yg =
0.

In these hypotheses we have hZx (s) < 2, h%Zx, ,(s) = h'Zx,(s)+
lLand N? (X;) =N, [(Xi) 2k foreveryi=N—2,...,1.

This can not happen when N = 3; in fact as N, ,(C) # 0, then
N? ,(C,B) # 0, for a 3-dimensional k-vector space B C A;, and
hZc(s) > 3 (see Theorem 2.1 and Theorem 3.1).

If N > 4 we can suppose that s is a socle level for X and
h%Zx(s) = 2, so that r = N: if h%Zx(s) < 1, we consider in-
stead of X its general hyperplane section Y of X and prove the
bounds on the degree deg(Y') = deg(X) depending on a(Y’) and s,
because a(Y) = a(X) + 1 and s is a socle level for Y.

In this situation, we can apply Lemma 3.7 and get the opposite
inequality H°Zz(s + 1) > 2r + 3. Again, computations on Castel-
nuovo function show that the wanted upper bound on the degree
holds; moreover the degree reaches the higher value if the ideal
sheaf of X is globally generated in degree s + 1 by the global sec-
tions F};(0), o being a fixed non zero element in N, ,(X). O

Example 4.9. Curves C with h°Z;(s — 1) = 0, socle level s,
a = h’Zc(s) and d > D(s,a + 1) for every pair of integers
s > a > 3. We use induction on a.

Case a = 3. Let Y be the disjoint union of a line and a conic
in P3 and let F be a rank 2 normalized reflexive sheaf on P? such
that Y is the zero scheme of a global section in H°F(1): Zy and F
are connected by the following standard exact sequence:

0— Ops — F(1) - Zy(2) — 0.

Through this exact sequence we can compute Chern polynomials
ct(F) = ¢;(Zy(2)) and Rao modules H!F = H,Zy(2) so that espe-
cially ¢1(F) =0, co(F) =2 and H!F = H'F(-1) o H'F 2k d k.
Let us consider an integral curve C' zero scheme of a general section
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of F(t), for some t > 0 (more precisely for t > 3, F' being 2-regular:
see [14] Teorema 3.9).

Then H!Zc = H'Zo(t—1)®H'Zo(t) =2 kk, so that s = t+1isa
socle level for C'; moreover a = h°Zg(s) = h°F(1) = h°Zy (2)+1 = 3
and h'Zo(s — 1) = h°F = 0 (actually: h°Zz(s — 1) = h°Fy = 0,
because a general plane section of a stable reflexive sheaf, which is
not a null-correlation bundle, is still stable). The degree of C is
d=cy(F(t))=t*+ct+cg=5>—25s+3> D(s,a+1).

Suppose that there are an integral curve Cy in P? and whole
numbers ag = a(Cp) and so = s(Cy) which satisfy the following
conditions:

(1) h'Z¢, (s — 1) = 0, h%Z¢, (s0) = ao;

(2) Cy is sp-regular;

(3) hPwe, (4 — s0) # 0.
Then there is also an integral curve C' which satisfies (1), (2) and
(3) for a = a(C) = ap+ 1, s = s(C) = sop + 1. To see this it
is sufficient to consider the exact sequence defined by a non-zero
section of we, (4 — so):

0 — Ops — F(ko) — Ze,(s0) — 0,

where F is a reflexive sheaf, ¢; = ¢ (F) is either 0 or —1 and
2ky + 1 = s. As F is ko-regular (thanks to (2)), we obtain an
integral curve C satisfying the required conditions through a general
global section of F(ko + 1).

If, moreover, Cy has degree D(sg, ag) — 1, then deg(C) = D(so +
lyag+1)—1=D(s,a) — 1.

Finally, when X is a curve (', then we can extend the previ-
ous results to the most general case, without any assumption on
h°Zz(s — 1). The first item of Theorem 4.10 is the well known
Laudal’s Lemma.

Theorem 4.10. Let C be a degree d integral curve in P3. Suppose
that s is a non-lifting level for C and put a := h°Zc(s). Then:
(1) dgdo :S2+1
(i) d < dy :=s*— s+ 2 when a > 1.
(iii) d < s — 2s + 5 when a > 2.
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(iv) d < dy := s* — 25 + 4 when a > 2 and s is a socle level for
C.

Proof. First of all, let us consider a curve C' such that Z is a
complete intersection (p,q): then p = 2, ¢ = s (see either [17] or
[13] or [16]) and d = 2s < dy < d; < dy (more precisely d = 2s < dy
except for s = 2).

So, suppose that Z is not a complete intersection.

Proof of (i) and (ii). Since s is a non-lifting level for C' (we may
suppose it is the lowest one), then some s’ < s is a socle level for
7 (see Theorem 2.1).

If N, (Z) =0 (so that s < s), we find d < s> — s+ 1 (see
Lemma 3.2 (ii)), which is a strictly lower bound than both d < dj
and d < d;.

On the other hand, if s itself is a socle level for Z, all the bounds
follow from Theorem 4.5 (ii): note that we have dim;HZo(s) =
T (s) if WPZo(s) < 2, dimp H°Zo(s) > 2 otherwise.

Proof of items (iii) and (iv): let h°Zq(s) > 2.

If s = 2, then either C'is a plane curve (not possible because plane
curves have no non-lifting levels) or it is contained in a complete
intersection (2,2) so that d < 4 < dy. So, assume s > 3.

If s is a socle level for Z, then d < dy (see Theorem 4.5 (ii)); if
hOZ,(s — 1) # 0 then d < s> — 2s + 2. Thus, suppose N, ,(Z) =0
and h°Zz(s — 1) = 0. If s is a socle level for C, then h%Z,(s) > 4
and d < dy; we have in fact either n?_;(C) > 2 (' so that h°Z,(s) >
hOZe(s) +2 ) or @8 (C) = 72, (C) = 1 so that N, ,(C,B) # 0,
where B C A; is a 3-dimensional k-vector space (see Theorem 2.1)
which implies h°Zc(s) > 3 (see Theorem 3.1).

Computations on Castelnuovo functions and what just proved,
show that d < s> —2s+5 except when s > 4 (for s < 3, see Lemma
4.7), s is not a socle level neither for C' nor for Z and I has 3
minimal generators in degree s and none in degrees s+ 1, s+ 2 and
< s, 50 that N°5(Z) 2k and N°_,(Z2) = N>"(2) = 0.

We claim that the above situation cannot happen. In fact, as

N._(C) # N2_(C), then N5t1(C) # 0, so that, by the exact se-
quence (2.3), we find N:*)(C) > 2 and from this, using again (2.3),
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we get NZ:;(Z) # 0 . But any non-zero element of Ni:;(Z) # 0
also belongs to N:°2(Z, B), for some 2-dimensional vector space
B C A, and this is not allowed by Lemma 4.2. O

1]

[16]
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