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ABSTRACT. We study the automorphic theta representation G)g;) on the
r-fold cover of the symplectic group Sp2,. This representation is ob-
tained from the residues of Eisenstein series on this group. If r is odd,
n < r < 2n, then under a natural hypothesis on the theta representations,
we show that Gg;l) may be used to construct a globally generic represen-
tation USLT—)T-H on the 2r-fold cover of Span—r41. Moreover, when r =n
the Whittaker functions of this representation attached to factorizable
data are factorizable, and the unramified local factors may be computed
in terms of n-th order Gauss sums. If n = 3 we prove these results,
which in that case pertain to the six-fold cover of Sp4, unconditionally.
We expect that in fact the representation constructed here, Uéir_)r 11, 18

precisely @gﬁr 41; that is, we conjecture relations between theta repre-

sentations on different covering groups.
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1. Introduction

The classical metaplectic group is a double cover of a symplectic group,
and may be defined over a local field or the ring of adeles of a number field.
This group arises in the study of theta functions, which may be constructed
directly as sums over the global rational points of an isotropic subspace. This
construction of theta functions appears to be special to the double cover case.

To generalize, let » > 1 be any integer, and let F' be a number field with a full
set of r-th roots of unity. Then there is an r-fold cover of the symplectic group

Spon(A), where A is the ring of adeles of F, denoted Spgn) (A). When r > 2
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one may construct theta functions for such a group, but only indirectly — theta
functions are obtained as the multi-residues of the minimal parabolic (Borel)

Eisenstein series on Spg;z (A) at the “right-most” (suitably normalized) pole.
(This construction may be carried out when r = 2 as well.) As such, these theta
functions are automorphic forms and realize an automorphic representation

@gl), called the theta representation.

Since for a general cover the theta functions may only be defined via residues,
it is considerably more challenging to determine basic information such as their
Whittaker or other Fourier coefficients in this situation. Indeed, the Fourier
coefficients of the theta function have not been determined for covers of SLo
of any degree higher than 4. And when n > 1 very little is known. Moreover,
except in the double cover case there are few examples of any automorphic
functions on such a group, there is no information about when their Whittaker
coefficients might be factorizable (one expects rarely), and it is not clear to what
extent one might expect relations between theta functions or other automorphic
forms on different covers of different groups.

In a first example of such information, the authors [7] have established re-
lations between the Whittaker coefficients of certain automorphic functions on
different covering groups in two specific cases, related to the conjectures of
Patterson [17] and Chinta-Friedberg-Hoffstein [5] concerning the Fourier co-
efficients of theta functions on covers of GLy . The key to doing so was to
adapt descent methods, originally used by Ginzburg-Rallis-Soudry [11] in the
context of algebraic groups or double covers, to higher degree covering groups.
In particular, the treatment of the adelic version of the conjecture of Chinta-
Friedberg-Hoffstein relied on the study of the theta function on the three-fold
cover of Spy.

In this work we investigate theta functions and descent integrals on covers
of symplectic groups of arbitrary rank. As we shall explain, for r odd a descent
construction allows one to pass from the theta representation 6(2:3 to a repre-

sentation créiT_)T 41 realized inside the space of automorphic square-integrable

functions on Sps") +1(F)\Spgflr +1(A). We expect that this representation is

in fact the theta representation @éf[lr +1 (Conjecture 4.2), and we show that

aéir_)r 41 has non-zero projection to this representation. In Theorem 5.1 below

we establish that if r is odd, n < r < 2n, then the representation agir_)r 41 s

globally generic, that is, has a non-zero Whittaker coefficient for some generic
character. Moreover, if 7 = n, we show that the Whittaker coefficients of Ufffl)
arising from factorizable inputs are factorizable. As a first new case, this is true
of the Whittaker coefficients of the descent representation on the six-fold cover
of Spy. Then in Theorem 6.1 we show that the unramified local contributions
to the Whittaker coefficients in the factorizable case may be expressed as sums

of Whittaker coefficients of the theta representation on the n-fold cover of GL,,.
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These coefficients are n-th order Gauss sums by the work of Kazhdan and Pat-
terson [14]. Thus we exhibit a new class of automorphic forms on covering
groups whose Whittaker coefficients are factorizable with algebraic factors at
good places.

These results are proved on two conditions. One concerns the specific unipo-
tent orbit attached to @(27;3 (Conjecture 2.2). This is an object of on-going study
[4]; in the last section we give a sketch of the proof of this conjecture in the
first new case, n = r = 3. A second concerns the precise characters within
a given unipotent orbit which support a nonzero Fourier coefficient (Assump-
tion 5.2). This is not needed in all cases, and in particular is not needed in
the factorizable case affl) . Our results concerning Conjecture 2.2 are thus suf-
ficient to establish unconditionally that the Whittaker function of the descent
to the six-fold cover of Spy is Eulerian for factorizable data, and to compute
its unramified local factor in terms of cubic Gauss sums. We expect that this
descent is in fact the theta function on the six-fold cover of Spy.

The authors thank the referee for his exceptionally careful reading of the
manuscript.

It is the authors’ pleasure to express their admiration to Prof. Freydoon
Shahidi for his many critical contributions to the subject of automorphic forms
(see [18] among many others) and their deep appreciation to him for his kind
and generous support over the years.

2. Definition and properties of the Theta representation

Let n and r be two natural numbers. Let F' be a number field containing a
full set w,- of r-th roots of unity, and let A be the ring of adeles of F. Let Spa,
denote the symplectic group consisting of the 2n x 2n matrices leaving invariant
the standard symplectic form (z,y) = Z?zl(l'iyzn_i_i_l — Tp+iYn—i+1). Denote
by Spg;l) (A) the metaplectic r-fold cover of the symplectic group Spa,, (A). This
group consists of pairs (g, () with g € Spa,(A) and ¢ € p,; it may be obtained in
the standard way from covers of the local groups Spa, (F,) as v ranges over the
places of F', identifying the copies of p,.. The multiplication in the local group
is determined by a cocyle o. If oppg is the 2-cocycle of Banks-Levy-Sepanski
[1] for SLo,(F,) and w is the permutation matrix such that the conjugate of
Span by w preserves the symplectic form (x,y) = > 1" | ZiYn+i — YiTnti, then
we take 0(g1,92) = oprs(wgiw™t, wgow™t). (This choice simplifies some of
the calculations involving cocycles below.)

We shall be concerned with the theta representation defined on the group
Spgb) (A), denoted @g;) This representation is defined as the space spanned

by the residues of the Borel Eisenstein series on Spgg (A), similarly to the
definition for the general linear group in [14, p. 118]. Our first task is to give
a brief account of this construction.
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Let Bs, denote the standard Borel subgroup of Sps,, and let T3, denote
the maximal torus of Sps, which is a subgroup of Bs,. Working either locally
at a completion of F' or globally over A, if H is any algebraic subgroup of
Span, we let H) denote its inverse image in Spgn). We will call this inverse

image parabolic if H has this property. Let Z (TQ(Z;)) denote the center of T2(:L).
Suppose first that r is odd. Given a character p of T5,, we may use it to define
a genuine character, again denoted p, of Z (TQ(:L)) (The definition of a genuine
representation depends on an embedding of the group of r-th roots of unity u,

into C*. We will fix this and omit it from the notation.) Extending it trivially

)

to any maximal abelian subgroup of TQ(Z and then inducing up, we obtain a

G
representation of Sp(zz) which we denote by Indzz(’f')” . This representation is

determined uniquely by the choice of p and this pQr%cedure may be carried out

both locally and globally. Here we consider unnormalized induction, and shall

include the modular character (5}3/2 2n when we require normalized induction.
Let s; be complex variables, and let u be the character of Ts,, given by

,U‘(dia‘g(alv s 7an7a;17 cee aal_l)) = |a1‘51 e |an|5n'

If this construction is carried out over a local field, then |a| denotes the normal-

ized local absolute value, while if it is carried out over A, then |a| denotes the

product of these over all places of F. One may form the induced representa-
%

tion Ind?zf;’(?))udgz i, and for each vector in this space, one may construct the
2n

multi-variable Eisenstein series E(h, s1,..., $,) defined on the group Spgn) (A).

Computing the constant term as in [14, Proposition I1.1.2], we deduce that

the poles of the partial intertwining operator associated with the long Weyl

element of Spy,, are determined by

[Tic;[Cs(r(si = s5))Cs(r(si +55)) TL; Cs(rsi)
[Lic;[Cs(r(si —s5) + 1)¢s(r(si + s5) + DI Cs(rsi + 1)
Here S is a finite set of all places including the archimedean places and all finite

places v such that |r|, # 1 and (g(s) is the partial global zeta function.
The expression (2.1) has a multi-residue at the point

(2.1)

1
Sp = —, r(s; — sit1) = 1.
T
From this we deduce that the Eisenstein series E(h,si,...,s,) has a multi-

residue at that point, and we denote the residue representation by G)gn) If o
denotes the character of Ty, defined by

. — — n 2 1
uo(dlag(ala"'7an7an17"'7a1 1)) = |a1|T "'|anfl‘rlan|r7
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then it follows that G)gn) is a subquotient of the induced representation

™
Ind®P2r (4) M05113/2 2ﬂ From this we deduce that @523 is also a subrepresentation

B3 (A)
. . SpS,) (A)
of the induced representation Ind X o () o Where
BS;) (4) 5P,
. 1 “1vy n(r=1) 2(r—1) r=1
Xspi) o(diaglar, . ansay s oya7)) = lan| 7 o Jap—a |7 fan |

We turn to even degree coverings. We shall only be concerned with the covers
of degree 2r where r is an odd integer. (This is the only case we consider here
since the analogue of Conjecture 2.2 below is not yet formulated when r is even.)
If r is odd, the definition of the theta representation for Spgi;) is similar. There
is a small difference since the maximal parabolic subgroup of Sps,, whose Levi
part is GL,, splits under the double cover. Because of this, when computing
the intertwining operator corresponding to the long Weyl element, one finds
that its poles are determined by

[Tic;[Cs(r(si — s))Cs(r(si + 55)] I1; (s(2rs:)
Hi<j[CS(7’(Si - Sj) + 1)(5(7"(81' + Sj) + 1)] Hi Cs(ZT.Si + 1) '

Accordingly we define egf,? to be the multi-residue of the Eisenstein series at
the point

m = =, i — 54 :1
s o r(si — Si+1)

Then the representation @éﬁ;) is a subquotient of the induced representation
(2r)

Indzl()f;’zlgx) ,ueéjlgé 2m where p, denotes the character of 75, defined by
2m )

2m—1 3 L

25 ... |a,m71|27" |am| 2r |

te(diag(ay, ..., am, a;l, ce al_l)) = |ay

It follows that the representation @g,:) is also a subrepresentation of the in-

dspg,:) (A)

2r) . Where
BY) () Xspi e

duced representation In

Xsp;;:x%@(diag(al, Ay ant . art)) =

2mr—(2m—1) 6r—>5 4r—3 2r—1
|a1| 2r ...|am72‘ 27 ‘am71| 27 |am| 2r

We now develop some properties of the theta representations that follow
from induction in stages, or, equivalently, by taking an (n — 1)-fold residue
of E(h,s1,...,5,) to obtain a maximal parabolic Eisenstein series attached to
theta representations of lower rank groups. Let 1 < a < n. Denote by Ps, 4
the maximal parabolic subgroup of Spz, whose Levi part is GLy X Spa(n—a),
and let Lo, , denote its unipotent radical. We write ¢ for the inclusion of
GL, in P», , in this paragraph but we suppress ¢ afterwards. From the block
compatibility of the cocycle oprs (Banks-Levy-Sepanski [1]) and a short com-
putation it follows that if g1, g2 € GL, over a local field then o(i(g1),i(g2)) =
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oL, (91,92)%(det g1, det go) ™1, where oy, is the metaplectic 2-cocycle of [1]
for GL, and ( , ) is the r-th order Hilbert symbol. Thus for both the r and

2r-fold covers, i determines an r-fold cover of GL,. We write this cover GLEf)
(which case we are in will always be clear from context).

Suppose first that 7 is odd. Let @gza denote the theta representation of the

group GL{"” (A), as constructed in [14] (or the corresponding character if a = 1).
Let E, (g, s) denote the Eisenstein series of S pg? (A) associated with the induced
Sy, (4)

representation Ind (@g)La ®@;T(2ka))6j;2n .- (For the construction of such

P (A)

2n,a

Eisenstein series more generally, see Brubaker and Friedberg [2].) Then it

follows from induction in stages that the representation @gg is a residue of
E.(g,s) at the point s = (r + 1)/2r. Of course, this can also be verified
directly by studying the corresponding intertwining operators.

In the case of a cover of degree 2r, r odd, the situation is roughly similar. Let
E, (g, s) denote the Eisenstein series associated with the induced representation
%7

Poi,a(8)

2m,a

(Gg)La ® 9;2(27(1))51%2” .- Then once again from induction in stages

we deduce that @g,:) %i%

From these observations, we will deduce the following proposition. Here and
below, matrices are embedded in metaplectic groups by the trivial section with-
out additional notation, and we call metaplectic elements diagonal or unipotent
when their projections to the linear group are.

is the residue of E,(g, s) at the point s =

Proposition 2.1. Suppose that r is odd. Let 6‘92 be in the space of 6(22) Then
olr) ) € @gg) such that for all diagonal

2(n—a n—a)
g in GL,(IT) (A) which lies in the center of the Levi part of the parabolic group
P (A) and for all unipotent h € Spér(:b_a) (A),ve oL (A), one has

2n,a

there exist functions Gg%a € @g%a,

(22) / 05, (ulgv, ) du = x g, 6(9) 061, (1) 650, ().
L2n,a(F)\L2n,a(A)

A similar identity holds in the even-degree cover case.

The requirement that h,v be unipotent could be dropped at the expense of
a cocyle; being unipotent guarantees that it is 1.

Proof. Since @gjf is the residue of the Eisenstein series F, (-, s), we first consider
the constant term

(2.3) / E,(u(gv,h), s) du.

LG,a(F)\LTn,a(A)
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For Re(s) large we can unfold the Eisenstein series and deduce that (2.3) is
equal to
(2.4)

Z / Z fs(wyu(gv, h)) du.

“f’EPM,a(l'“ﬂ)\sp%(l':)/19271.,11(1'?)1/21)n W(F)\Lap, o (A) YE(w ™1 Pap o (F)wNPay o(F))\P2n,a(F)

Here LY, , = w™ ' Loy qw N Ly, , where Ly, , is the conjugate of Loy o by the

long Weyl element. Also, we have f, € Indslzé:")(m (@g)L ® el )05, .

’ 3 P (A) a 2(n—a)/"Pona
Notice that all elements in Pay, o(F)\Spon(F)/Pan,o(F) can be chosen to be
Weyl elements. Similarly to [15, Section 1.2], one can check that for all Weyl
elements in Py, o(F)\Sp2n(F)/Pap o (F) which are not the long Weyl element,
the inner summation is a certain Eisenstein series or product of such series.
Moreover, one can also check that the Eisenstein series in the corresponding
summand in (2.4) is holomorphic at s = (r + 1)/2r. Hence, taking the residue
in (2.3) and (2.4) at s = (r+1)/2r, we are left only with the long Weyl element,

and for that element we obtain the identity

65 (u(gu, h))du = Reso— (4 1) /2r Mo f5(gv, 1)
L2n,a(F)\L2n,a(A)

where M, is the intertwining operator attached to w. From this identity (2.2)
follows. |

Similar statements for other groups are established in [3, Proposition 3.4
and [7, Proposition 1].

We end this section with a general conjecture about the unipotent orbit
attached to the representation @g;l), and give a consequence of this conjecture.
Recall that if 7 denotes an automorphic representation of a reductive group,
then the set O(w) was defined in [9]. It is the largest unipotent orbit that
supports a nonzero coefficient for this representation. The extension of the
definition of this set to the metaplectic groups is clear. In this paper we are
interested in the set (’)(@é:l)) The conjecture regarding this set is given as
follows. Assume that r» < 2n. Write 2n = a,,r + b, where a, , and b, ,
are both nonnegative numbers such that 0 < b, , < r —1. We recall that a
partition is a symplectic partition if any odd number in the partition occurs
with even multiplicity. As defined in [0], given a partition A of 2n, we define
the Sp collapse of A to be the greatest symplectic partition which is smaller
than A. We have

Conjecture 2.2. Let r be an odd number. If r < 2n, then the set (’)(@é;))
consists of the partition which is the Sp collapse of the partition (r®rb,, ,.). If
r > 2n, then the representation @g:l) is globally generic.
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The conjecture, and the analogous local conjecture, are studied in [4]. We
shall write Conjecture 2.2, ,, for this statement for a specific pair (r,n). We
remark that an extension to even degree covers has not been formulated at this
time.

To give a consequence of this conjecture, let r be odd, let @ be an integer
withl <a<n-—(r—1)/2, andlet b =n — (r —1)/2 — a. Let Uy n—p be
the unipotent radical of the standard parabolic subgroup of Sps, whose Levi
part is GLT_b x Spop. (In particular, Us, , is the standard maximal unipotent
subgroup of Spay.) Let Usy n—p1 be the subgroup of Us,, ,—p which consists of
all matrices u = (4;,j) € Uan,n—p such that up_p; =0foralln—b+1<i<n.
Let @ = (a1, ..., aq—1) where for all i we have «; € {0,1}. Let ¢ be a nontrivial
character of F'\A, which will be fixed throughout this paper. Let vy, ,_, .o
be the character of Usy, n—p,1 given by

a—1 n—b
Vs o) =0 | D ouiigr + > w541
i=1 j=a

Then we have the following result, which will be used later.

Lemma 2.3. Suppose r is odd, r < 2n, and Conjecture 2.2, ,_;, holds for all
0 <ig<a—1. Then the integral

(25) / 05, (1) 1 alu) du
Uzn,n—b,1(F)\Uz2n,n—b,1(A)

is zero for all choices of data, that is, for all 95:3 € @grn)

Proof. Consider first the case where o; = 1 for all ¢. Then the Fourier coefficient
(2.5) is the Fourier coefficient which corresponds to the unipotent orbit ((2n —

26)12%). From Conjecture 2.2,.,, we have that (’)(@gl)) consists of the partition
which is the Sp collapse of the partition (r®b, ). Hence ((2n — 2b)1%%) is
greater than or not related to (’)(@é:b)) Indeed, this follows from the relation
2b = 2n — 2a — 7 + 1 which implies that ((2n — 20)1%2%) = ((r + 2a — 1)12?).
Thus, if a; = 1 for all 4, then the integral (2.5) is zero for all choices of data.
Next assume that at least one of the scalars «a; is zero. Let ig < a — 1 be

the largest index such that a;, = 0. Then the integral (2.5) is equal to

w [T /

H(F)\H(A) Lan,ig(F)\L2n,ig(A) Uz(n—ig).n—ig—b.1(F)\Uz(n—ig),n—ig—b,1(A)

95:1) (ZUhg> wU2(n—1’,0),n—7',0—b,1 (u) wH,g(h) dudl dh.

Here H is a certain unipotent subgroup of GL;, which will not be important
to us. Notice that the integration over Loy, ;o (F)\L2n,i, (A) is the constant term
along this unipotent group.Therefore, it follows from Proposition 2.1 above that
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the integration along the quotient space Us(n—ig),n—iq—b,1 (F)\Ua(n—ig),n—iq—b,1(A)

is the coeflicient of the representation @;T(Liio) corresponding to the unipotent

orbit ((2(n — ig — b))12*). Thus the vanishing of the integral (2.6) will follow
(r)
2(”—io))'
From Conjecture 2.2, ,,_;,, this is the case if 2(n —ip — b) > r. Since this
inequality follows from the relations 2(n —a —b) = r — 1 and a > 4g, the result

is proved. O

if this unipotent orbit is greater than or not related to the orbit O(©

3. The descent construction

Recall that Uy, i denotes the unipotent radical of the standard parabolic
subgroup of Spa,, whose Levi part is GL¥ x Spa(m—k)- The quotient group
Ui k—1\Uzm,r may be identified with the Heisenberg group in 2(m — k) + 1
variables, Hy(y,—k)+1. Indeed, there is a homomorphism [ : Uy, i — Ho(m—rk)+1
which is onto, and whose kernel is the group Uz, k—1-

For the rest of this section we suppose that > 1 is odd. Set ' = (r —1)/2.
For oo € F* let 9y, be the character of Uy_1 , (F)\Ur—1,(A) given by

Yua(u) =Y(ur2 +uz s+ -+ up 100 + QU ry) u = (uj;)
From now on we shall suppose that Conjecture 2.2, ,- holds, that is, that
the representation @Y_)l is globally generic. This is known if » = 3 [14]. Thus

there is an o € F'* and a choice of data, i.e. an automorphic function 97(,’;)1 in
(r)

the space of ©,_;, such that the integral

(3.1) / 6 (ug) s () du
U,y 0 (FN\U,_q 0 (A)

r—1,r r—1,r

is not zero.

Remark 3.1. In fact we expect that for all o € F*, the integral (3.1) will be
nonzero for some choice of data.

Fix ao € F* such that (3.1) is nonzero, and let ¥* be the additive character
Y (r) = Y(ax). Let 9’21’;@ denote the theta representation attached to the
Weil representation and the additive character ¢® and defined on the double
cover of Span,(A). Here ¢ is a Schwartz function on A™. See for example
[13, p. 8]. Since r is odd, using the isomorphism puo, = ps X g, we may
map g € Spgir_)r 4+1(A) to its image in the double and r-fold covers; we will
not introduce separate notation for this. To define the descent construction,

consider the function of g € Spéirzr 4+1(A) given by

(32 flg) = / 0472, ((u)g) 05 (ug) v, (u) du,
Usp ot (F)\Usy, 0 (A)
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Here 0%¢,, and 65 are vectors in the spaces of the representations ©%, **. 41

and @éz) (resp.), Yu,, ., is the character of Uz, (A) given by YU, (u,5) =
Y(ur 2 +uz g+ -+ up_1,), and g € Spap_r41 is embedded in Spa, as

I

g g
I

(One could also consider descent integrals similar to (3.2) if r is even but we
shall not do so here.) Then f(g) is a genuine automorphic function defined on
S pgﬁr 41(A). Let Uéir_),. 41 denote the representation of Spg:_),. 4+1(A) generated
by all the functions f(g).

4. Computation of the constant term of the descent integral

Let V' denote any standard unipotent subgroup of Sps,—r+1, and let ¥y
be a character of V(F)\V(A), possibly trivial. In this paper we will compute
integrals of the type

(4.1) / F(vg) by (v) dv,

V(F)\V(4)

where f(g) is given by (3.2).

Using (3.2), we arrive at an iterated integral. We first unfold the theta
function 63, % 41- Collapsing summation and integration, and then using the
formulas for the action of the Weil representation wye, the integral (4.1) is
equal to

(4.2)

Wy (9)(x) 05, (wvj()) b, , | () Yy (v) dudv da.
An—r’ V(F)\V(A) U2ny7‘/‘1 (F)\Uan/J (A)

Here z = (z1,...,Zp—) € A" is embedded in Span via the map j(z) =
Iop + @1€}0 0y + 22€)0 g+ + Tn_pel ,, where e; ; denotes the (4, j)-th
elementary matrix and eij = €j,j —€2n—j+1,2n—i- Recall that the group Usy, 1 1
is the subgroup of Uy, ,s consisting of all matrices u = (u; ;) € Uap, such
that w, ;, = 0 for all ¥ +1 < k < n. The character ann,ral,a(“) is defined

as the product of 1y, ,(u) and the character 1/)[0]2 . of Usp .1 given by

1;[}%2” 1 (u) = 1/}(aur/,2n—r’+1)-

At this point we consider the case when V = Lgy_y1, where 1 < a <
n —r’ and 1y is the trivial character. Thus, V is the unipotent radical of the
standard maximal parabolic subgroup of Spa,_,1+1 whose Levi part is GL, X
SPon—2q4—r+1. We recall that 2b = 2n — 2a — r + 1.
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Let w, denote the Weyl group element of Sps,, defined by

I,
In—a—b
Wq = Iy

Infafb
I,

Since 952) is left-invariant under rational points, we may conjugate by w, from
left to right. Doing so, we see that the integral (4.2) is equal to

w [

An=r" Mat(n_a—p—1)xa(F)\Mat(_a_p_1)xa(A) Vo(F)\Vo(A) Uo(F)\Uo(A)
wye (9)6(2) 057 (uovok(y)waj(x)g) ¥vs . (vo) dug dv, dy da.

The notations are defined as follows. Recall that Ly, , denotes the unipotent
radical of the standard maximal parabolic subgroup of Sps,, whose Levi part is
GLa X SPp2(n—a)- The group Uy is defined to be the subgroup of Lay, , consisting
of all matrices in Spo, of the form

1, 0 * * *
Infafb 0 0 *

[Qb 0 *

In g O

1o

The embedding of Mat(,_q—p—1)xq into Sp2, is given by

I,
Yy Infafb
k(y) = I2b 3

where y* is chosen to make the matrix symplectic. Here the embedding of y is
such that it consists of all matrices of size (n — a — b) x a such that its bottom
row is zero. Finally Vj is equal to the group Us(n—a),n—a—b,1, defined similarly
to the definition of Us, 4,1 reviewed after (4.2) (in particular, the group Vp is a
subgroup of Spy(n—a)), and the character ¢y, o := VUs(n—ay m—a_vl,a as defined
there. In coordinates, ¥v;, o (v) = ¥(Vat1,a42 + Vat2,a43 + -+ Vn—b—1n—b +
avn—b,n+b+l)-

The next step is to carry out some root exchanges. The notion of root
exchange is formulated abstractly in Ginzburg-Rallis-Soudry [13, Section 7.1];
a similar local statement may also be found in their paper [11, Section 2.2],
and a global version also appears in the authors’ paper [7, Section 2.2]. In our
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context, we perform the following root exchange. For z € Matqx(n—a—v), let
m(z) in Spa, be given by

We embed the group Matgy(n—aq—p—1)(A) inside Spa,(A) by considering all
matrices m(z) as above such that the first column of z is zero. Expand the
integral (4.3) along the group so obtained. Performing the root exchange with
the group of all matrices k(y) such that y € Mat(,—qo—p—1)xa(A), one sees that
the integral (4.3) is equal to

w |

AR Matn— oy 1yxa(8) Vo(F\Vo(8) L9, (F\LS, . (A)

2n,a 2n,a
wye (g)d(x) 9;1) (wvok(Y)wej(x)g) Yvy.a(vo) du dvg dy dx.

Here L3, , is the subgroup of Ly, , which consists of all matrices u = (u; ;) €
Ly, o such that u; 441 =0forall 1 <¢ <a.

Consider the quotient space of Lgn,a\LGya. This quotient may be naturally
identified with the column vectors of size a. This group embeds in Sps, as
the group of all matrices of the form Io, +z1€] ;1 + 22€5 ;41 + -+ 2a€} 441
Expand the integral (4.4) along this group. The group GL,(F) acts on this
expansion with two orbits.

The contribution of the nontrivial orbit to the integral (4.4) is the expression

ws [

An=7" Mati_—a_p_1)xa(A) Vo(F)\Vo(A) Lon,a(F)\L2n,q(A)
wye (9)D(x) 05 (wvok (y)wai ()9) Yy (V0) YL, . () du dvg dy da,

where for u = (u; ;) € Lop,a(F)\L2n,a(A), ¥rL,, . (u) = ¥(ta,ar1). We claim
that the integral (4.5) is zero for all choices of data.

To prove this, we carry out similar expansions repeatedly. To start, consider
the quotient space Loy, o—1\L2n,q. This space may be identified with the column
vectors of size a — 1, embedded in Sps, as the group of all matrices of the form
Loy + 2167, + 2005 , + -+ + 2q-1€;_1 ,. Expand the integral (4.5) along this
group. The group GL,_1(F) acts on this expansion with two orbits. If a—1 > 1
we continue in this way. Then the vanishing of the integral (4.5) for all choices
of data then follows from Lemma 2.3 above.
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We conclude that the integral (4.1) with V' = Usy—ry1,4 and ¥y = 1 is equal
to

(4.6) /

AW*T’ Mat(n—a—b—l))(a(A) VO(F)\VO(A) L2n,a(F)\L2n,a(A)
wye (9)9(x) 952) (wvok(y)wej(x)g) Yvy,a(vo) dudvg dy dz.

We shall prove momentarily that (4.6) is nonzero for some choice of data.
Supposing this for the moment, let us analyze this integral when g = diag(t1,,
Iy _r_2441,t711,) is an element in the center of the Levi part of the maximal
parabolic subgroup of Spa,_,4+1 whose Levi part is GL, X Spap—r—24+1, €m-
bedded in the r-fold metaplectic group via the trivial section. Suppose also
that ¢ is an r-th power. Inserting g into (4.6), we move it from right to left in
the function 0&2). Moving it past j(z) and making the corresponding variable
change in z gives a factor of [t|=¢, as well as a factor of v(t*)|t|*/? from the
action of the Weil representation. Then moving it past k(y) we obtain a factor
of [t|~*(®=e=b=1) from the corresponding change of variables in y. Clearly, g
commutes with Vy, and finally, applying Proposition 2.1 above we also get a
factor of

= : — a(r— n—a T
0p (diag(tly, To(n—ay, t~'In)) = [t|*0" Dot /2

(here, recall that Pa, 4 is the maximal parabolic subgroup of Sps,, whose unipo-
tent radical is Loy, q)-

We conclude that, for g = diag(tla,lg(n,a),t_lla) as above and for V =
Usn—r+1,q, We have

f(vg)dv = |t} / f(v) do,
V(F)\V(A) V(F)\V(A)

where

52(1(7“—1)(27:—&-1-1) —g—a(n—a—b—l).

It follows from Section 2 that x g cr (9) = |t|°.
p2n77'+17e

Finally, we prove that the integral (4.6) is not zero for some choice of data.
This will also imply that the representation aéi@r 41 is not zero. Suppose
instead that (4.6) is zero for all choices of data. Arguing as in [7, Lemma 1],
we may ignore the integration over the x and y variables, and deduce that the

integral

Hg;’b) (’U/U0> ¢V0,a (’Uo) du d’UO
Vo(F)\Vo(A) Lan,a(F)\Lan,a(A)
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is zero for all choices of data. From Proposition 2.1 we deduce that the integral

(4.7) / 9;21,&) (voh) Yvy,a(vo) dug
Vo (F)\Vo(4)
is zero for all choice of data. Here h € Spgaha)(A).
To derive a contradiction, we will use the non-vanishing of the integral (3.1).
Indeed, since 2b = 2n — 2a — r + 1, the vanishing of (4.7) for all choices of data
implies that the integral

(48) / [ o) vl du
Loy, u(F)\ Loy, (A) Vo(F)\Vo(A)

is zero for all choices of data. We recall that Loy is the unipotent radical of
the maximal parabolic subgroup of Sps, whose Levi part is GL,. Arguing as
in the computation of (4.2), we obtain that the vanishing of (4.8) implies the
vanishing of the integral

(4.9)

/ / 052)4»7"71 (lUO) ¢vo,a(vo) dl dUo.

U1, (FN\U,Zq 7 (A) Lopgr—1,6(F)\L2ptr—1,6(A)

But the vanishing of (4.9) for all choice of data implies that (3.1) is zero for all
choice of data, by Proposition 2.1. This is a contradiction.

Since the constant terms have been bounded and the descent is a compact
integral of an automorphic form, the descent and its derivatives have uniformly
moderate growth. Then from truncation as in the Corollary in [16, 1.2.12],
together with the above calculations, one obtains the following result.

Proposition 4.1. Let r be odd, r < 2n, and suppose that Conjecture 2.2, ;
holds for all i with v’ < i < n. Then the representation Jéi@rﬂ s mot zero
and it is a sub-representation of LQ(SngTH(F)\Spéi@rﬂ(A)). Moreover its
projection to the residual spectrum is nonzero.

One could also deduce this following [7, Propositions 4 and 5], by a sequence
of expansions along abelian unipotent radicals. We omit the details, as in fact
we expect that a stronger statement holds (compare [7, Conjecture 1]).

Conjecture 4.2. The representation Uéi@r+l is equal to @gﬂ)rﬂ.

5. The Whittaker coefficient of the descent

In this section we study those cases in which the descent representation

O’éf:jr 41 is globally generic. Let us explain how these cases are predicted by



103 Friedberg and Ginzburg

the dimension equation of the second author [10]. It follows from this equa-
tion together with (3.2) that the following equation should hold, where the
dimension of a representation means its Gelfand-Kirillov dimension:

(5.1) dim ©Y7% | +dim OF) = dim Uy, v + dim o527 .

Since @;ﬁ:ﬁ 41 is the minimal representation of Spgi)_r 41(A), its dimension is
1(2n—r+1). An easy computation shows that dim Uz, ,» = 1(r—1)(4n—r+1).
If we want the representation aéi@r 41 to be globally generic, its dimension

should equal }(2n — r + 1)2. Using these values, (5.1) gives
r 1
(5.2) dim @gn) =n?—n+ 5(7" —1).

It is not hard to check that for a representation @g;) which satisfies both equa-
tion (5.2) and Conjecture 2.2, ,,, we must have n <r < 2n. If n = 2k, then for
all 0 < ¢ < k — 1 the dimension of the unipotent orbit ((4k — 2i — 2)(2i + 2))
is equal to n? —n + 1(r — 1) with r = 4k — 2i — 1. If n = 2k + 1, then for all
0 < i < k—1 the dimension of the unipotent orbit ((4k—2i)(2i+2)) is equal to
n? —n+ 1(r—1) with r = 4k — 2i + 1. In this case we also have the unipotent
orbit ((2k + 1)) whose dimension is n® — n + 3(r — 1) with r = 2k + 1. The
above argument motivates the following result.

Theorem 5.1. Suppose that r is odd, n < r < 2n. Suppose that Conjecture
2.2, holds for v’ < i <n. Ifr # n,n+ 1, suppose that Assumption 1 below

holds as well. Then the representation aéir_)H_l 1s globally generic. Moreover,

in the special case where r = n, the Whittaker coefficient of 07(12_:1) attached to
factorizable data 95:? € @(QZ) and ¢ is factorizable.

We shall see below that the hypotheses concerning Conjecture 2.2, ; are
satisfied when r = n = 3. Also, shortly after this paper was completed Prof.
Fan Gao released a preprint [3] establishing that the local theta representation
when r = n has a unique Whittaker model. His result shows that Conjecture 4.2
is consistent with Theorem 5.1.

Proof. The proof is based on a computation of the integral (4.1) with V the
maximal unipotent subgroup of Sps,_,+1 and ¥y the Whittaker character of
V.

According to Conjecture 2.2,., the unipotent orbit attached to the repre-
sentation (9;:3 is computed as follows. Let r = 2n — 2{ + 1 for convenience, and
write 2n = a, ,(2n — 2l + 1) 4+ b, . Then a,, = 1 and b, , = 2] — 1. Thus,
the unipotent orbit attached to the representation @gn) is the Sp collapse of
((2n — 2014 1)(20 —1)). This is ((2n — 20)(2)) unless n = 2] — 1, in which case
it is ((21 — 1)?). This latter is the case n = r.
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We consider first the case where the unipotent orbit attached to the repre-
sentation @é:l) is of the form ((2n — 2{)(20)). (In the above notations we have
Il =i+ 1) We first describe the set of Fourier coefficients attached to this
unipotent orbit. Let P/ denote the standard parabolic subgroup of Sps,, whose
Levi part is GL’f_Ql x G LY. We embed this group in Sps,, as the group of all ma-
trices of the form diag(a1, ..., an—21,91,.--, 95,9} - ,gf,az_nl_l, ...,a;t). Here
a; € GLy and g; € GLy and the starred entries are determined by the require-
ment that the matrix be in Spg,. Let U] denote the unipotent radical of P/.
Then the Fourier coefficients of an automorphic function ¢ attached to the
unipotent orbit ((2n — 21)(2l)) are given by

(5:3) | etug) vt da
U/ (F)\U; (A)

where a,b € F* and the character wU[,a,b is defined by

n—21[ n—2
(5.4) Yu;ap(u) =9 Z Uj i1 T Z Ujjt+2 T QUp—1pnt2 + OUn nt1
i=1 j=n—2141

Thus, to assert that the unipotent orbit ((2n — 21)(2l)) is attached to a
certain representation, means first that there is a choice of a and b such that
the Fourier coefficient (5.3) is not zero for some choice of data, and second
that for all orbits which are greater than or not related to ((2n — 2{)(21)) all
corresponding Fourier coefficients are zero. However, Conjecture 2.2, ,, does
not specify for which values of a and b the integral (5.3) is nonzero for some
choice of data. To prove the theorem, we will need a compatibility assumption
which is stated as follows.

Assumption 5.2. Suppose that r # n,n + 1. Then there is a choice of vector ¢
in the space of @g;l) such that the integral (5.3) with a = « is not zero.

This assumption, which will not be needed when the orbit is of the form
(n?), is used to guarantee the non-vanishing of the Whittaker coefficient of the
descent.

At this point we begin the computation of the Whittaker coefficient when
n # r; the case n = r will be treated separately. We compute the integral (4.1)
with V = Uvgn,prl)n,w7 that iS,

(5.5) / fug) Yup(u) du.
U2n,—7‘+1,n—7‘/(F)\U2n—7‘+1,n—r/ (A)
As above 7' = (r — 1)/2 and the character ¢y, b € F*, is given by

wU,b = 1p(ul,2 + U2 3 +--+ Up—r'—1,n—71' + bunfr’,nfrurl)'
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Similarly to the analysis of (4.1) and (4.2), the integral (5.5) is equal to

w |

A" Usp gt e (F)N\Uzpy— o1 it (B) Uy s 1 (F)\Usy, 0 1 (A)
wye (9)p(x) Hé;) (uwvj(z)g) Vg 1. (w) Yy p(v) dudv dz.

Define the following Weyl element wq of Spa,. First, let w denote the Weyl

element of GL,, given by w = In—21+1

GLg_1 defined as follows. Let v;; = 1 for the pairs (i,5) = (1,1); (3,1 +
1);(5,1+2);...5(20 — 1,2l — 1) and (4,5) = (2,1);(4,2);(6,3) ... (21 — 2,1 — 1)
Then let

with i =n—r"and v = (v;;) €

and v; ; = 0 otherwise. For example if [ = 2 then v = (

oo
oo
—oo

92)

wy = (w w*) where the star indicates that the matrix is in Spa,.

Since 9;:3 is left-invariant under wy, inserting wg into 952) and moving it
rightward, the integral (5.6) is equal to
(5.7)

wye (9)6(@) 0%, (wownj(2)g) Yoy a6 () dudv da.
An=r" Vi(F)\Vi(A) U (F)\U] ;(A)

Here Uz/71 is the subgroup consisting of u = (u; ;) € Ul' such that ugpm, 2k+1 =0
foralll1<m<Il—1and m <k <[—1. Also, the group V; is the unipotent
subgroup of Spa, consisting of all matrices of the form 1o, + Z T € J where
the sum is over all pairs (4,7) = (2k +1,2m) with 1 <m <1 — 1 and m—1<
kE<l-—2.

Let Z; denote the unipotent subgroup of U] consisting of all matrices of the
form In, + 3, ;7 j€j ; where the sum is over all pairs (i,j) = (2m, 2k + 1)
with 1 <m < l— 1 and m < k <1—1. Then Z; is a subgroup of U] which
satisfies the condition that U = Z; - U] ;. We perform a root exchange in the
integral (5.7). Expanding the integral (5.7) along the quotient Z;(F)\Z;(A)
and exchanging roots with the group Vi, we deduce that this integral is equal
to

(5.8) / / / wya (g)P(x) 9;:3 (wvwoj(z)g) Yu; ap(u) dudv dz.
An=r" Vi(A) U/(F)\U/(A)

Using [7, Lemma 1], we deduce that the integral (5.8) is not zero for some choice

of data if and only if the integral (5.3) with a = 1 is not zero for some choice

of data. When r # n + 1, i.e. n # 2l, we use Assumption 5.2 to deduce the
nonvanishing of integral (5.8), or equivalently, the nonvanishing of a Whittaker

coefficient of agl)fr Y1
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When r = n+ 1, so n = 2[, we may deduce the nonvanishing of the in-
tegral (5.8) without requiring an analogue of Assumption 5.2. Indeed, this
situation is essentially the same as the cases studied in Ginzburg-Rallis-Soudry
[11, 12]. In those works, the residue representation is defined on the linear
group Spa2,(A) rather than a covering group. In our case, we are concerned
with the r = (n + 1)-fold cover, and the representation we use to define the
descent is 6(27:1-1-1)' However, the crucial ingredient for the computations of the
Whittaker coefficients is the unipotent orbit attached to the residue representa-
tions. In both cases it is the orbit (n?). Since the computations for the proof of
the theorem involve only manipulations of unipotent groups, the cover does not
enter. Since the notations in those references are different, for the convenience
of the reader we sketch the argument.

1
Starting with the integral (5.8), we choose b = —a/4. Let v = (711 1) (1 i),

and define vy = diag(vy,...,v,7",...,7") € Spa,(F). This is analogous to the

matrix a defined in [11, (4.8)]. Since 9é2+1) is invariant under 7y, inserting it
in the integral (5.8) and moving it rightward we obtain
(5.9)

wye (g)d(x) 9§Z+1) (uyovwoj(zx)g) YU o (u) du dv dx
An=r" V1i(A) U/ (F)\U/(A)

where Yy o is given by
¢U{,a(u) = 1/’(“1,3 + U2 4 + us,s + U4q.6 +---+ Un—3,n—1 + Un—2,n + aunfl,n+1)~

Define the following Weyl element wy, of Spa,,. If wy = (wy ; ;) then wg ; 5,4
=1 for all 1 <i < n. All other entries are 0,£1 and are determined uniquely
such that w{ € Spa,. This Weyl element was denoted by v in [11, p. 881].
Inserting wy{, in the integral (5.9), we obtain

(5.10) /

An—1' VI(A) Y(F)\Y(A) UZn,n,O(F)\UZn,n,O(A)
1 .
wye (9)0(2) 5 (wywinovwns(@)g) o, ., (u) dudy dv da.
Here Y is the unipotent group consisting of all matrices in Spy, of the form

I,

y In
Uzn,pn such that u; ; =0 forall1 <i<nandn+1<j<n+i Finally, the
character vy, ,, . is the character of Us, , defined by vu,, , .o(u) = ¥ (u12 +
U+ F Up—2p-1+ QUp_1n)-

At this point we carry out a sequence of root exchanges. This process is

described in detail in [11, Section 5] so we will omit the details here. Carrying
out this process, we deduce that the integral (5.8) is equal to

> such that y; ; = 0 if ¢ > j. The group Usp o is the subgroup of
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(5.11)
wya (9)(x) 65V (uywhrovwo(@)g) Yus,, . a(u) dudy dv da.
An—r" V1 (A) Y (A) Uzn n (F)\U2n,n(A)

Then once again [7, Lemma 1], implies that integral (5.11) is not zero for
some choice of data if and only if the inner integration along the quotient
Uanon(F)\Uzn,n(A) is not zero for some choice of data. The nonvanishing of
this integral follows from Proposition 2.1 with a = n and the global genericity
of the representation @gz:l) [14].

To complete the proof of the theorem we need to consider the case when n
is odd and r = n. In this case we have | = (n 4+ 1)/2. To use formulas from

the previous case, we change the notation, and now let P/ be the standard
parabolic subgroup of Sps, whose Levi part is GL; X G‘Lé"*l)/2 and U] be its
unipotent radical. (Above we would have written P/ ;, U/_;.) We again start
with the integral (5.5), define wq as above, and after conjugation we obtain the
integral (5.7), with the groups Ul’71 and V; changed as follows. Now Ul’71 is the
subgroup of U] consisting of u = (u;;) € U/ such that us,,—121 = 0 for all
1<m<l—-1and m <k <Il-—1, and V; is the unipotent subgroup of Sps,
consisting of all matrices of the form Is,, + ZZ j m,jef’j where the sum ranges
over all pairs (i,5) = (2k,2m —1) where 1 <m <l—landm—-1<k <l-2.

Let Z; now be the subgroup of U] consisting of all matrices of the form
Iy, + 32, ;7ij€; ; where the sum is over all pairs (i,7) = (2m — 1,2k) where
1<m<l—-1and m <k <1 —1 together with the condition that r; 5 = 0.
Notice that in this case it is not true that U = Z; - Ul/,1~ Performing root
exchange similarly to our treatment of the integral (5.7) we obtain

wye (g)P(z) 9%:? (wvwoj(z)g) Yu; ap(u) dudv dz.
An=r" Vi(A) U] (F)\U] ,(A)
Here, Uj , is the subgroup of U; consisting of all matrices u = (u; ;) € U; such
that u; 2 = 0, and the character Yuy 1, 1s given by

i=1

n—2
Yup1p(u) =¥ <Z Uiit2 + QUn—1 42 + bun7n+l> :

Expand the above integral along the group z(y) = I, + yel o We obtain

) [ wum @06 05 () uvuos(@)g) Vo o () (By) dudy do .
an—rVi(W)PEFF\aU7 ((F\U] o (A)
Assume that b = —a/4. Then it is not hard to check that if 8 # —«/2 then

the two inner integrations give a coefficient which is associated to the unipotent
orbit ((n+ 1)(n — 1)). Since n is odd this is a symplectic partition. However,

it follows from Conjecture 2.2, ,, that the unipotent orbit associated with @gfl)
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is (n?). Therefore, the only nonzero contribution to the above integral is from

_1
B =—-a/2. Lety = (} 1) (1 12) and let 9 = diag(y,...,v, 7", ...,7*) €

Spaon (F). Using the invariance of Géz) by this element and moving it rightward,
we obtain the integral

(5.12) / / / wye (9)(2) 952)(u'vaoj(m)g) Yu o(u) dudv dz,
An—r" Vi(A) U/ (F)\U;/(A)
where Yuy o is given by
Yuya(u) =P(uie +uzs +uss + + Un—3n—1+ Un—2,n + QUn—1n+1)-

Next we introduce the Weyl element wg € Spa, defined by

1

(Here wy, was defined following (5.9).) Using invariance by w( and moving this
element rightward, (5.12) is equal to

/ / / / wye (9)P(z) Hé’,’f (uyowgyovwoj(x)g)

An=7" V1(A) Yo (F)\Y0(A) Uz n,0(F)\Uszn,n,0(A)
X WUy, 1o (W) dudyo dv dx.

Here Uy 0 is now the subgroup of U, , of u = (u; ;) € Usp,n such that
uj =0for2<i<nandn+1<j<n+i—1, and Yy is the group of all

matrices of the form
1

Yo = Y
1
such that y' € Y (where Y, as well as the character 1y, ,, , was defined following
(5.10)).

Carrying out root exchanges similarly to our treatment of (5.10), we obtain
the integral

(5.13)
wye (9)9(2) 087 (uyowi 10000 (@)9) iz (1) dudyo do do.
An—r" V1 (A) Yo(A) Uzn,n (F)\Uz2n,n (A)

It is not hard to check that the integral (5.13) is not zero for some choice
of data. To complete the proof of the theorem, observe that Proposition 2.1
allows us to express the integral of ¢y,, , o times any right translate of 9%2)
over Uspy n(F)\Uznn(A) in terms of the Whittaker function of the represen-
tation @(C?L)n Since the Whittaker functional of this representation is unique
up to scalars (see Kazhdan-Patterson [14, Theorem I1.2.1]), we conclude that
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the integral (5.13) is factorizable provided the data 0&2) € @g:? and ¢ are
factorizable. O

6. Some local computations

We have just seen that for factorizable data the Whittaker coefficient of
ai,lzfl) , n odd, can be expressed as a product of local Whittaker functionals. We
now analyze the corresponding local integral in the unramified case. Consider
a place v where all data is unramified. In this Section, F' denotes the corre-
sponding local field, and in all integrals we understand that we are taking the
F-valued points of the algebraic groups that are shown. We continue to use
the convention that all matrices are embedded in the corresponding metaplectic
groups via the trivial section, unless otherwise noted.

In this section, let Tg(::) denote the inverse image in the local n-fold metaplec-
tic group of the standard maximal torus of Sps,(F), and let Z (TQ(Z)) denote
its center. Let p be a generator of the maximal ideal in the ring of integers O
of F. Since n is odd, —1 is an n-th power and hence (p,p) = 1. This implies
that (p*,p*2) = 1 for all integers ki, ko. The subgroup of Téz) generated
by Z(TQ(Z)) and by all matrices diag(p*t,...,pk, p~*~ ... ,p™") is a maximal
abelian subgroup of TQ(Z). Denote this subgroup by TZ(:?O. For a diagonal matrix
t = diag(a, a*) € Spa,(F) we shall denote tg = a € GL,(F). Also, recall that
since we are in the unramified case the maximal compact subgroup Spa,(O)
of Spa,(F) splits under the n-fold cover; fix an injection ¢ of Spa,(O) into
Spi (F).

Let fé‘?) be the function on Spa, (F) defined as follows. First, it is right-
invariant under ¢(Spay,(0)). Second, fé:}) (ug) = Yu,, ..a(w) ‘%L) (g) for all u €
Uznm(F). (The character ¢y,, , o was defined before (5.11) above.) Recall
that @ € F* was defined in (3.1). For almost all places « is a unit. Hence, after
a suitable conjugation by a torus element we may replace Yu,, ,..a by Vs, .1
which we write simply ¢y, . In doing so we make use of the right +(Sp2,(O))-
invariance of fyy. So from now on we set o = 1 without loss. Finally, for all

(t,0) € Tywy (t = diag(a,a*) € Spaa(F), ¢ € pn) we have [ ((1,0)) =
n—1

Cogm (t) Wgz)n((to, 1)). Here ng:)n is the normalized Whittaker function for

the local theta representation of GLgLn ) that is unramified with respect to the

subgroup GL,,(O) embedded in GLY (F) in a way that is compatible with ¢,

and @ = Pay, ,, is the maximal parabolic subgroup of Sps, whose Levi part is
GL,. (Recall from [14] that the space of Whittaker functionals for the theta

function of GL{" (F) is one dimensional.)



Theta functions on covers of symplectic groups 110

Consider the integral

60 WS = [ [ [eu@ee) £ muivnig) dy dods,
Fa—r' Vi Yo
where the function ¢ is the normalized unramified Schwartz function.

It may be desirable to compute Wéi:ll(g) for an arbitrary torus element;
however, a general formula would be quite complicated. We will concentrate
on a special case (though for n = 3 it is general) where the computations,
though not trivial, are simpler. Let ny,no be non-negative integers, a = p™
and b = p™2, and let

g = diag(ab, b, I,,_3,b~ a7 b7 1).

Substituting this element in (6.1), changing variables in = and using the invari-
ant properties of the functions involved, we obtain

7(a) |ab?| 712 / / 15 (yowrovwog) dyo dv.
Vi Yo
Here (a) is the Weil factor and the factor y(a) |ab?|~/? is obtained from the
change of variables in x together with the properties of the Weil representa-
tion. We can ignore the integration over x since ¢ is the unramified Schwartz
function.
The matrices vy and -y were defined before (5.12) above. We have the factor-

_ 1
ization y = <1 D (1 1) (1 i) , and this induces a factorization of ~y:

Yo = Yyw(yy - Changing variables in V4 we may ignore the matrix ~(/. Moving
75 to the left and using the left transformation of fé(,b ) by matrices in Usy, 5, we
obtain the integral

+(a) |ab?| /2 / / 75 (yowwbvwog) s (vo) dyo do.
Vi Yo

Here we recall that n is odd and that Y consists of all matrices of the form
with y € Mat(,,_1)x(n—1),¥i,; = 0 for all ¢ > j;

we have y, (yo) = $(yt o50).
Next we move the matrix g to the left and the Weyl element w§wywo to the
right. Doing so, we obtain the integral

(6.2) 7(@)|ab2|_%2//fé;)(tyovg)z/}yo(yo)dyo dvy

Va Yo
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with ¢ = diag(ab, b, Iz,,_4,b71,a=tb71). The group V5 consists of all matrices
of the form (' ) where v = 37, .7 j(ei; + €nji1n—it1) and the sum is
over all pairs (4,7) such that 1 <i < "7_3 and 1 < j < i+ 1. The extra factor
of |ab2\_% is obtained from the change of variables in V.

Integral (6.2) is the analogous to the integral that appears on the right hand
side of Ginzburg-Rallis-Soudry [12, p. 255], Eqn. (3.7). Indeed, the matrices
Yo and vy can be viewed as matrices of Spy,_o embedded in Sps, in the obvi-
ous way. This comparison enables us to proceed as in [12, pp. 256-260], and
conclude that integral (6.2) is a sum of two terms. First we have

_n-—2 2n—1
Y(a) |ab®| =7 £ (6) = y(@)|ab® 5 WS (t0):

This corresponds to the term which is denoted as Case 1 in [12, p. 260]. The

second term we obtain is the one corresponding to Case 2 in that reference. It

is equal to

(n—1)(n—3)

W (ty(h)) w(h) || == dh,

n—2
2

(6.3) y(a)lab?|~

|h|>1

with y(h) = diag(la, h~ 11, _2,hl, o,I5). Write h = p~™e where € is a unit.
Then (6.3) is equal to

n—

=3 ) / 17 (ty(p™ ) w(p~™e) de.
m=1

le|=1

() |ab?|~

The factorization y(p~™e€) = y(p~™)y(e) contributes, via the cocycle defining

the metaplectic group, the factor (e, p);n("_Q). Hence the above integral is equal
to

(6.4)
o2 (14 (DGR _ _ _
Y@ at? 5 30 ) () [ enp? v e de
m=1 le|=1
The inner integral is zero unless m = 1, and when m = 1 it is equal to

a~/2G"™,(p) where the last term is a normalized n-th order Gauss sum, as in
[7, Section 6]. Substituting this into (6.4) we obtain

)Wc(&)n (toy(p)o)-

Thus we have established the following result, relating the Whittaker co-
efficients of the descent on a suitable cover of the symplectic group to the
Whittaker coefficients of the theta function on a cover of the general linear

group.

2 (n—2)(2n—1)
2n

v(a) |ab®|~ "= ¢~
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Theorem 6.1. Let n > 3 be an odd integer. Let a = p™, b = p™2, with
ni,no > 0. Let

t= diag(aba b» In—3a bila ailbil) € Spn+l(F)7
to = diag(ab, b, I,,_2) € GL,(F), t; = diag(ab,b,pl,,_2) € GL,(F).

Suppose that Congjecture 2.2,, ; holds for (n —1)/2 <i <mn. Then we have the
identity

on _ (n=2)(2n—1)
2

(65 WG, () = (@) ab?| 5 (WS (to) +q~ 3 W (1),

Sprt1
7. A case of Conjecture 2.2

Suppose n = 3. Then Conjecture 13; is known for ¢ = 1 ([14, Corollary
I1.2.6]) and ¢ = 2 ([7, Proposition 3]). In this section we sketch the proof of
Conjecture 13 3.

Proposition 7.1. Conjecture 2.23 3 holds. That is, O(@é?’)) = (3%).

As a consequence, the hypotheses of Theorem 6.1 are satisfied for n = 3,
and we conclude unconditionally the Whittaker function for the descent on the
6-fold cover of Spy is Eulerian, and given at unramified places by formula (6.5).

Proof. To prove the Proposition we need to prove that the representation @ff)
has no nonzero Fourier coefficients corresponding to the unipotent orbits (6)
and (42). Once we do so, an argument similar to the one given in Ginzburg [9,
Theorem 3.1], will imply that this representation also has no nonzero Fourier

coefficients corresponding to the orbit (412). We also need to show that @ég)
has a nonzero Fourier coefficient corresponding to the unipotent orbit (32).
This last follows from Proposition 2.1. So the critical step is the vanishing of
Fourier coefficients attached to the two unipotent orbits (6) and (42).

For convenience, we drop the prior notation for unipotent subgroups and
characters, and will introduce the ones needed anew.

To prove this claim for @((53) we make use of the fact that this representation
can be obtained as a residue of an Eisenstein series induced from a suitable
theta function of a smaller rank group. This is explained in Section 2 above.
First we consider the unipotent orbit (6). Since @ég) is a residue of Eg’z (g,5),

in order to prove that @ég) is not globally generic it is enough to prove that

Eg’j (g, s) is not globally generic. Moreover, let U denote the standard maximal
unipotent of Spg, and let ¢y denote a Whittaker character of U; without loss
we take Yy (u) = ¥ (u1,2+uz 3+aus ) with a € F*. Then a standard unfolding
argument shows that the integral

ES) (ug, ) v (u) du
U(F)\U(A)



113 Friedberg and Ginzburg

is not zero for some choice of data if and only if the representation @f’) is
globally generic. However, it follows from Friedberg-Ginzburg [7, Lemma 2],
that this representation is not globally generic. Hence, for Re(s) large, the
above integral is zero for all choices of data, and by continuation it follows that
@é?’) is not globally generic.

Next we consider the Fourier coefficients corresponding to the unipotent
orbit (42). Let V' C U denote the subgroup V = {u = (u; ;) € U : ug3 =
ug5 = 0}. This is the unipotent radical of the parabolic subgroup of Spg
whose Levi part is L = GL; X GLs. The embedding of L into Spg is given
by L = {diag(g1,92,95,91") : g1 € GL1; g2 € GLy}. Let aj,ap € F and
as,ay € F*. Consider the Fourier coefficient defined by

(7.1) / 2(09) Ve, (v) dv,
V(F)\V(A)

where Yy o, (V) = ¥(a1v1,2 + V1,3 + Q3034 + @4v2 5). This Fourier coefficient
is associated with the unipotent orbit (42) provided the connected component
of the stabilizer of ¥y, inside L(F') is trivial (see for example Ginzburg [9]).
If agay = —€2 for some € € F*, then one can find a suitable v, € L(F) and
«a € F* such that the integral (7.1) is equal to

(7.2) / P(01.9) Tya(v) dv,
V(F)\V(A)

where @Vﬁa(v) = ¢(av1,2 +v1,3+v2,4). We will say that the Fourier coefficient

(7.1) is of split type if azay = —€2 for some € € F*, and non-split otherwise.
Since at half of the places v we have the condition azay = —e? for some

€ € I}, to complete the proof it is enough to prove that for every finite local

unramified place, the Jacquet module Jy, 7 (@ég)) is zero for all characters

{/?V,a with o € F'*, where @ég) now denotes the local theta representation at
v. To do so we consider the Jacquet module associated with the unipotent
orbit (3%). Let R denote the subgroup of U defined by R={u €U : ujs =
uga = usg = 0}. Then R is the unipotent radical of the maximal parabolic
subgroup of Spg whose Levi part is GLs x SLo. Let ¢ denote the character
Yr(r) = Y(ri,s +re4) of R (that is, of R(F,); from now on we take the F,
points of the algebraic groups in question without changing the notation).



Theta functions on covers of symplectic groups 114
Next, we compute Jrn vz (6)553))7 where N is the unipotent radical of S Lo
embedded in Spg as the group of all matrices

and 1, is the character of N defined by ¢, (n(z)) = ¥ (ax), with o € F,,. Using
the one-parameter subgroups {z(k) = Is + keg .4} and {y(m) = Is + mea 3 —
meyq 5}, we perform root exchanges using the Lemma in [11, Section 2]. This
gives the isomorphism of vector spaces (and as modules for a suitable unipotent

group)

(7.3) Tanwnwa(08)) 2 T, 5 (0.

Thus, to prove Proposition 7.1, it is enough to prove that for all a # 0, the
Jacquet module Jrn 4 pop., (@é?’)) is zero.

It is not hard to check that the stabilizer of ¢ inside GLy X SLy is SLo
embedded diagonally. Note that the restriction of the 3-fold cover to SLsy, em-
bedded diagonally, is a trivial cover. Thus, J R7¢R(@é3)), if not zero, defines an
unramified representation of SLs. Let o be an irreducible unramified quotient
of J R’wR(@ég)). Then there is a nonzero mapping

JR’wR(G)éB)) -0 — Indgbx(%ﬂ.
By Frobenius reciprocity, this implies that the space
Homgr, (Jrn.w(96), x)

is not zero. We shall show below that GL; acts trivially on Jrn ¢y, (G)gg)).
Knowing this, it follows that GL; must also act trivially on its quotient x.
It follows that y = 1, and so ¢ = 1. Since the Jacquet module is always of
finite length, we then conclude that all Jacquet modules Jrn 4., (9%3)) with
a # 0 are zero. Thus once we have established that GL; acts trivially on
JRNWR(@((;S)), the Proposition will be proved.

To do so, we use the isomorphism (7.3) above with a = 0. If « = 0, then

~

the Jacquet module JrN a0 (@g})) = JRN7¢R(®£33)) = Jv,y (@?)), if not zero,
defines an unramified character of G L1, which is embedded in Spg as the group
of all matrices {t(a)}, with t(a) = diag(a,a™!,a,a1,a,a™1). Here ¢y = ¢y 4
with a = 0. For 1 < ¢ < 3, let w; denote the three simple reflections of the
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Weyl group of Spg. In matrices we have
1 1 1

Let Y = {y1(m1) = Is + myea s}, and let U be the subgroup of the maximal
unipotent subgroup U of Spg consisting of all matrices v = (u;,;) € U such
that ugs = uzs = uga = 0. Let ¢y, (w1) = ¥(u1(1,2) + ©i1(2,3)). Then
U1Y = (wzws)V (wzwz) ™. Hence, Jy 4, (@((33)) is isomorphic to Ju, 4y, (@g)’)).
Let X = {Is + kea 4 + kes 5}, and perform a root exchange of this unipotent
subgroup with the group Y. Then, since @ég) is not (locally) generic, we
obtain that Ju, 4y, (@é?’)) is isomorphic to JU,%(GE;)’)), with ¢}, (u) = ¥(u1,2+
ug,3). This Jacquet module is not zero. Indeed, using an argument similar
to [3, Theorem 2.3] the nonvanishing of this Jacquet module follows from the

genericity of the theta representation of GLéB). From this we deduce that
the Jacquet module Jrn,yp (@éS)) is not zero. Moreover, the Jacquet module

JU,%(@(({Q))) acts by the character |a|* under the torus diag(als,a™'I3) € Spg.
Taking into an account the various root exchanges, we deduce that the group

GL, = {t(a)} acts trivially on the Jacquet module JRN@R(@?)), as claimed.
This completes the proof of the Proposition. O
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