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ABSTRACT. We study R-groups for p-adic inner forms of quasi-split spe-
cial unitary groups. We prove Arthur’s conjecture, the isomorphism be-
tween the Knapp-Stein R-group and the Langlands-Arthur R-group, for
quasi-split special unitary groups and their inner forms. Furthermore, we
investigate the invariance of the Knapp-Stein R-group within L-packets
and between inner forms. This work is applied to transferring known
results in the second-named author’s earlier work for quasi-split special
unitary groups to their non-quasi-split inner forms.
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1. Introduction

In the representation theory of p-adic groups, in particular, in the framework
of the local Langlands correspondence for a connected reductive algebraic group
G over a p-adic field F of characteristic zero, it is of great importance to study
the reducibility of parabolically induced representations. This study yields in-
formation on constructing tempered L-packets of G from discrete L-packets
of its F-Levi subgroups. The determination of reducibility has been develop-
ing over decades via several approaches, for example, by means of harmonic
analysis from investigation of poles or zeros of residues of intertwining oper-
ators, Plancherel measures, and local L-functions, [31, 32, 35]. The method
we address here is in terms of the Knapp-Stein R-group, which provides a
combinatorial description of the tempered dual of G(F) as well as its elliptic
tempered spectrum. Further, as conjectured by Arthur, the isomorphism of
the Knapp-Stein and Langlands-Arthur R-groups, via the endoscopic R-group,
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plays a significant role in the comparison of trace formulas and the endoscopic
classification of automorphic representations [3, 20, 25].

While there has been a great deal of progress on the theory of Knapp-Stein R-
groups for F-quasi-split groups G, little is known for non F-quasi-split groups
G’. In [10], we investigated the behavior of R-groups between F-inner forms
SL!, of SL,, and determined the Knapp-Stein R-groups for SL!, from those of
the split SL,, . We also proved the Knapp-Stein R-group for SL/, embeds as a
subgroup of the R-group for SL,,, and we characterized the quotient. Another
approach to this case was carried out in [8] and an example was discovered for
which the Knapp-Stein R-group for SL!, is strictly smaller than that of SL,,
In [L1], we further showed the invariance of R-groups between F-inner forms
of quasi-split classical groups SOap41, SpPa,, SO2n, or SO3,,, and transferred
all known, relevant facts developed by the second-named author in the quasi-
split classical groups to their non-quasi-split inner forms. Non-quasi-split inner
forms of Spy,, and SOy, are also treated in [16].

To study the Knapp-Stein R-group for a non-quasi-split group G’ in gen-
eral, as one may notice from our previous works [10, 11], it is natural that we
investigate its behavior between G and G’ and transfer the developed theories
regarding the Knapp-Stein R-group from G to G’. This is due to the notion of
Langlands functoriality. Since G’ is induced from a new Galois action twisted
by a Galois 1-cocycle in the inner automorphisms of G, their L-groups are
isomorphic over the Galois group and the set of L-parameters for G’ is con-
tained in that for G. In this paper, combining this strategy and the restriction
method, we study the Knapp-Stein R-group for non-quasi-split F-inner forms
of quasi-split special unitary groups.

More precisely, we fix a quadratic extension E of a p-adic field F' of char-
acteristic zero. Let G,, = SU,, be a quasi-split special unitary group over F'
with respect to E/F and let G/, be its non-quasi-split inner form over F. A
simple consequence from the Satake classification or a computation of Galois
cohomology reduces our study to the case when n is even. In fact, there is a
unique non-quasi-split F-inner form G/, up to F-isomorphism (see Section 3).
For the rest of the introduction, we assume that n is even, unless otherwise
stated. Let M’ be an F-Levi subgroup of G/, which is an F-inner form of
an F-Levi subgroup M of G,. Then, M = M NG, and M’ = M' NG/,
where M is an F-Levi subgroup of a quasi-split unitary group G,, = U,, over
F with respect to E/F and M’ is an F-Levi subgroup of a non-quasi-split
F-inner form G/, of G,,. We shall use G for the group G(F) of F-points of any
connected reductive algebraic group G over F.

Given an elliptic tempered L-parameter ¢ € ®gisc(M), by [24, Théorem
8.1], we have a lifting ¢ € ®Pgisc(M) commuting with the natural projection
M — M , where M and M respectively denote the connected components of
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the L-groups of M and M (see Section 2 for the details). Restricting the L-
packet II, (M) constructed by Rogawski [28] and Mok [25] (see Section 5.1), we
construct an L-packet II4(M) as the set of isomorphism classes of irreducible
constituents in the restriction from M to M. All the arguments used for M
can be applied to M/, as in Kaletha-Minguez-Shin-White [20] and the details
are described in Section 6.1. For any o € II,(M), and ¢’ € I1,(M’), we prove

Re ¥~ Ry s and Ry ~ Ry 5.

In each of the above isomorphisms, the left side is the Knapp-Stein R-group,
and the right side is the Langlands-Arthur R-group, defined in Section 2.2.
This is known as Arthur’s conjecture, predicted in [1], for G and G’ (See
Theorem 6.1). In the course of the proofs, we apply some known results about
R-groups for G,, and G/, in [14, 20, 25], which are recalled in Section 5. We also
investigate and utilize some relatlonshlps betvveen identity components of the
centralizers of the images of ¢ and ¢ in G and G (see Section 3.3 and Lemma
6.2).

We further study the invariance of the Knapp-Stein R-groups for G, and
G/,. Namely, given 01, o € lI4(M), and o}, o4 € II4(M’), we prove R,, =~
R,,, and R, =~ R,; (Theorem 6.6). Moreover, given o € Il4(M) and o €
II4(M'), we prove R, ~ R, (Theorem 6.8). The crucial idea is to study the
stabilizers W (o) and W (o'). Theorem 6.3 shows

(1.1) W(o) ~{w e Wy : “S ~ %\ for some A € (M/M)P},

where Wy, is the Weyl group of M in G, ¥ € II,(M) is a lifting of o, and
(M/M)P is the group of continuous characters on M which are trivial on
M. The same is true for W(¢’). The isomorphism (1.1) stems from the group
structure of M and M’ and the description of irreducible representations of M
and M’, which are discovered in [14, Section 2] and explained in Section 6.3.

As an application, a combination of Theorem 6.8 and the second-named
author’s earlier result [15, Theorem 3.7] shows that the Knapp-Stein R-group,
Ry, for non-quasi-split inner forms G’ can be expressed in terms of a subgroup
in R,» and Z4 for some integer d. It follows that R, is in general non-abelian
(see Remark 6.9).

In Section 2, we recall basic notation and background. In Section 3, we
provide the detailed group structure of G,,, G,,, G, G/,, and their F-Levi sub-
groups, and study relations between their L-groups. In Section 4, we describe
Weyl group actions on Levi subgroups and their representations. In Section
5, we revisit the theory of R-groups for G,, and G/, based on [14, 20, 25]. In
Section 6, we prove the Arthur’s conjecture for G,, and G/, and the invariance
of their R-groups.
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2. Preliminaries

2.1. Basic notation and background. Let p be a prime. We let F' be a
p-adic field of characteristic 0, i.e., a finite extension of Q,. Fix an algebraic
closure F' of F. Given a connected reductive algebraic group G defined over F,
we write G(F) for the group of F-points. Unless otherwise stated, we shall use
G for G(F) and likewise for other algebraic groups defined over F.

Fix a minimal F-parabolic subgroup P of G with Levi decomposition Py =
MpNy, where My denotes a Levi factor and Ny denotes the unipotent radical.
We denote by A the split component of M, that is, the maximal F-split torus
in the center of My, and by A the set of simple roots of Ay in Ng. We say an
F-parabolic subgroup P of G is standard if it contains Py.

Given an F-parabolic subgroup P with Levi decomposition P = MN, there
exist a subset ® C A such that M equals Mg, the Levi subgroup generated
by ©. Note that M O My and N C Ny. We write Ay, for the split com-
ponent Ang of M = Mg. It follows that Ang equals the identity component
(Naeco ker a)® in Ay, so that M = Zg(Am), where Zg (Anm) is the centralizer
of Ay in G. We refer the reader to [7, Proposition 20.4] and [36, Section 15.1]
for the details.

We let ®(P, Apr) denote the set of reduced roots of P with respect to Anp.
Denote by Wy = W(G, Am) := Na(Am)/Zg(Am) the Weyl group of Apm
in G, where Ng(Am) is the normalizer of Apg in G. For simplicity, we write
Ag=An,-

For any topological group H, we write Z(H) for the center of H. Denote by
H° the identity component of H and by mo(H) the group H/H?® of connected
components of H. We write H” for the group, Hom(H, C*), of all continuous
characters and by 1 the trivial character. We say a character is unitary if its
image is in the unit circle S' ¢ CX. For any Galois module J, we denote by
H(F,J):= H(Gal(F/F), J(F)) the Galois cohomology of J for i € N.

Let G be a connected reductive algebraic group over F. We denote by Irr(G)
the set of isomorphism classes of irreducible admissible complex representations
of G. If there is no confusion, we do not make a distinction between each
isomorphism class and its representative. For any o € Irr(M), we write ig (o)

for the normalized (twisted by 5113/ 2) induced representation, where ép denotes
the modulus character of P. We denote by ¢ the contragredient of o.

Denote by I4isc(G) and Hiemp(G) the subsets of Irr(G) which respectively
consist of discrete series and tempered representations, where, a discrete se-
ries representation is an irreducible, admissible, unitary representation whose
matrix coefficients are square-integrable modulo the center of G, that is, in
L*(G/Z(@)), and a tempered representation is an irreducible, admissible, uni-
tary representation whose matrix coefficients are in L2T¢(G/Z(QG)) for all € > 0.
It is clear that Igisc(G) C Iiemp(G).
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We denote by Wr the Weil group of F' and by I' the absolute Galois group
Gal(F/F). By fixing I-invariant splitting data, the L-group of G is defined as
a semi-direct product “G := G x W (see [0, Section 2]). Following [0, Section
8.2], an L-parameter for G is an admissible homomorphism

¢: Wr x SLy(C) — LG.

Two L-parameters are said to be equivalent if they are conjugate by G. We
denote by ®(G) the set of equivalence classes of L-parameters for G.

We denote by C’¢(@) the centralizer of the image of ¢ in G. The center of
L@ is the D-invariant group Z(G)T. Note that Cy D Z(G)F. We say that ¢
is elliptic if the quotient group C¢(é)/Z(§)F is finite, and ¢ is tempered if
»(Wg) is bounded. We denote by @eii(G) and Piemp(G) the subset of &(G)
which respectively consist of elliptic and tempered L-parameters of G. We set
(bdisc(G) = (I)ell(G) N (I)temp(G)~

The local Langlands conjecture for G predicts that there is a surjective
finite-to-one map from Irr(G) to ®(G). Given ¢ € ®(G), we write II4(G) for
the L-packet attached to ¢, and then the local Langlands conjecture implies
that

Irr(G) = |_| I, (G).

PEP(G)

It is expected that ®qisc(G) and Premp(G) respectively parameterize Ilgis(G)
and iemp (G).

Given two connected reductive algebraic groups G and G’ over F, G’ is said
to be an F-inner form of G with respect to an F-isomorphism ¢ : G’ & G
if o o 7(¢)~! is an inner automorphism (g + xgx~!) defined over F for all
7 € Gal(F/F) (see [0, 2.4(3)] or [23, p. 280]). If there is no confusion, we often
omit the references to F' and ¢. It is well known from [23, p. 280] that there is
a bijection between H'(F, G,q) and the set of isomorphism classes of F-inner
forms of G, where G,q := G/Z(G). We note that, when G and G’ are inner
forms of each other, we have LG ~ LG’ [6, Section 2.4(3)].

2.2. R-groups. We review the definitions of Knapp-Stein, Langlands-Arthur,
and endoscopic R—groups. Let G be a connected reductive algebraic group over
F, and let M be an F-Levi subgroup of G. Given o € Irr(M) and w € Wy, we
write “o for the representation given by “o(x) = o(w™lzw). Note that, for the
purpose of studying R—groups, we do not distinguish the representative of w,
since the isomorphism class of “o is independent of the choices of representa-
tives in G of w € Wjy. Assume that o lies in Hgisc (M), we define the stabilizer
of o in Wy,

W(o):={we Wy :%o~oc}.
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Write Al for {a« € ®(P,Apn) : pol(o) = 0}, where po(o) is the rank one
Plancherel measure for o attached to « [13, p. 1108]. The Knapp-Stein R-
group is defined by

R, :={weW(o):wa >0, Va e AL}
We denote by W? the subgroup of W (o), generated by the reflections in the
roots of A’ Then, for any o € Hgisc(M), we have
W(o) =R, x W,
which yields another description of the Knapp-Stein R-group
Ry ~W(o)/W;.

We refer to [21, 33, 34] for the details.
Given an L-parameter ¢ € ®(M), we also consider ¢ as an L-parameter for

~

G via the inclusion M — G. Fix a maximal torus Ty in Cy(G)°. We set
Wg = ch,(@)o(Taﬁ)/Zc (@)o(Taﬁ)a Wy = NC¢(@) (T¢)/Zc¢(@)(T¢)~
The endoscopic R-group Ry is defined as follows
Rd) = W¢/W£

We identify Wy with a subgroup of Wi, (see [1, p. 45]). For o € II4(M), we
set

¢

W3 o =WgnNW(o), Wy, :=WsnW(o).
The Langlands-Arthur R-group Re » is defined as follows
R¢70 = W¢70/W<;,o'

3. Structure theory of Levi subgroups

We discuss the group structure of U,, SU,, their F-inner forms, and their
F-Levi subgroups. We mainly refer to [14, 15, 20, 25, 29]. Fix a quadratic
extension E/F with ~ the non-trivial Galois element. For any positive integer
n, we let

T = 1 € Matyxn(Z).

(_l)n—l 0
We denote by Resg,p the Weil restriction of scalars of E/F (see [38, Chapter
1] and [27, 2.1.2]). For g = (gi;) € Resg/p GL,, we let g = (g;;) and set
en(g) = Jntg_ljgl, where g — g is the transpose. If there is no confusion, we

often use € instead of €,. We note that ¢ defined in [15, Section 1] is identical
to that defined here, since the matrix u,, used in loc. cit. is equal to (—1)"J,.
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3.1. U, and its inner forms. Let G = G,, denote the quasi-split unitary
group U,, with respect to E/F and J,,. Thus,

G = {g € ReSE/FGLn : antg = Jn}

(cf., [15, Section 1] and [25, Chapter 1]). We denote by M an F-Levi subgroup
of G. Then, M is of the form

(31) RESE/FGLnl X e X ReSE/FGLnk X gm,

where Zle 2n; +m = n with n; > 0 and m > 0. By convention, we note that,
Go = 1 for n even, G; = U; for n odd, and GLg = 1. The group of F-points,
A pgq, of the split component A a4 is of the form

(3.2) {diag(z1lny, - s Txlng, Iy o Ty sy Ty ) 22y € FX )

We let G’ = G/, denote an F-inner form of G. By the Satake classification
in [29, Section 3.3], for n odd, there is no non-quasi-split F-inner form of G,,.
On the other hand, for n even, there is a unique non-quasi-split F-inner form
G.., up to F-isomorphism. The I'-diagram of the connected, simply-connected,
semi-simple type of such G’ is

(3.3) i—f— """"" 4f—i\

(see the table in [29, p. 119]). In the diagram above, the arrow indicates the
non-trivial Galois action. Furthermore, the black vertex indicates a root in the
set of simple roots of a fixed minimal F-Levi subgroup My of G’. So, we remove
only a subset (denoted by ¥) of pairs (Gal(E/F')-orbits) of white vertices to
obtain an F-Levi subgroup M’ (see [29, Section 2.2] and [6, Section 1.3]). As
discussed in Section 2.1, the F-Levi subgroup M, corresponding to © = A\ 9,
is the centralizer in G’ of the split component A oqr = (Naeo ker )°. Then, M’
is of the form

(34) ReSE/FGLn’l X X ReSE/FGLn;c, X glm/7

where Ziil 2n,+m’ = n with n} > 0 and m’ > 2. Notice here that m’ is always
even. Considering the forms (3.1) and (3.4), it is obvious that, if n; = n} for
all i, k = k', and m = m/, then M’ is an F-inner form of M. In this case,
furthermore, two split components A a4 and A aq are isomorphic over F.

Remark 3.1. Since there is a bijection between H'(F,(G,)aq) and the set of
isomorphism classes of F-inner forms of G,, (see Section 2.1), using the fact
([17, Lemma 1.2.1(ii) and p. 657]) that

. [, if n is odd,
H (F,(Gn)ad) = { 7./27, if n is even,
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it follows that, when n is odd, there is no non-quasi-split F-inner form of G,,,
and when n is even, there is a unique non-quasi-split F-inner form, G/, of G,,,
up to F-isomorphism, as we discussed above.

3.2. SU,, and its inner forms. We let G = G,, denote the quasi-split special
unitary group SU,, with respect to E/F and J,,. Thus,

G = GNResg,pSL, = {g € Resg,pSLy, : gJntg=J.}.

We denote by M an F-Levi subgroup of G. Then, M is of the form M N G
and Apg is of the form A N G.
Due to (3.2), the F-points Ay of the split component Apg thus equals

{diag(l‘l[nl?' o 7xk¢I’rLk7[m7$}:1]’nk7 U >xI1[n1) 1T € FX}

Especially, when m > 2, from (3.1) and [15, Lemma 2.8] we have a useful
isomorphism
(3.5) M ~ (GL,,,(E) X --- x GL,, (E)) X G,

where Zle 2n; + m = n with n; > 0. More precisely, for (g,h) with g €
GL,,(E)x---xGL,, (F) and h € G,,, the isomorphism (3.5) from (GL,, (E) x
-+ X GLy, (E)) % Gy, to M is given by

(36)  (9,h) — am(g)~'h € MNSU,(F) = M,

where oy, (g) = o (det g) and for a € B,

(3.7) am(a) = I, o € GL,(E).
a1

By convention, we note that Gg = Gy = 1. Given (g, h) with g € GL,,, (E) x
-+ x GL,, (E) and h € Gy, the action of g on h is given by

go h = am(g) “h- am(g)il'

Next, we let G’ = G/, denote an F—inner form of G. As discussed in Section
3.1, for n odd, there is no non-quasi-split F-inner form of G,,. On the other
hand, for n even, there is a unique non-quasi-split F-inner form G/, up to
F-isomorphism, whose I'-diagram is (3.3). Any F-Levi subgroup M’ of G’ is
of the form M’ N G’. Thus, from (3.4) and (3.5), we have an isomorphism

(3.8) M’ = (GLy (E) X -+ X GLy (E)) % Gy,

where Zf;l 2n} +m' = n with n} > 0 and m’ > 2. Notice as before that m’ is
always even. To explain (3.8) more precisely, for (¢',h) with g’ € GL,; (E) x
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X GLy (E) and b’ € G’y the isomorphism (3.8) from (GL,; (E) x -+ x
GLy, (F)) % G'mr to M is given by

/

g
(¢, 1) — e (g) 1R eMNG, =M,
e(g')

where a,(¢') = e (det ¢') and for a € E*,

a
am/(a) = 1o € GL,, (E)

a-1

By convention, we note that, G’y = 1. Given (¢, h’) € M’ with g’ € GL,/ (E) x
-+ x GLy; (E) and b’ € G}/, the action of g’ on A’ is given by
g/ ° h/ _ Ckm/(g/) . h/ . Oém’(g/)_1~
Like the unitary case in Section 3.1, it is obvious from (3.5) and (3.8) that, if
n; = n} for all i, k = k', and m = m’/, then M’ is an F-inner form of M. In this
case, there is an F—isomorphism Apnr ~ Anp between two split components.
We have following exact sequences of algebraic groups

1—-G-—>¢ U 1,

and

16 —¢g ¥y —1.
Applying Galois cohomology, since H'(F,G) = HY(F,G') = 1 due to [27,
Theorem 6.4], we have following exact sequences of their F-points

1—>G—>gﬂ>E1—>1,

and

1— G — ¢ XS 1,
where E' = {z € E : Ng/kx(z) = 2z = 1}. All above exact sequences are
true for F-Levi subgroups. In particular, H'(F,M) = H'(F,M’) = 1 since
HY(F,M) — HYF,G) =1 and HY(F,M') — HY(F,G’) = 1 (see [26, p. 95,
footnote], [23, p. 270], and [10, Remark 2.5]). We further have

gder = Gder = G, glder = G/der = G/a

Mder = Mder C M; M/der = M/der C M.
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3.3. L-groups. We describe L-groups of G = U,,, G = SU,,, their inner forms
G',G’, and the L-groups of their F-Levi subgroups M, M’, M, and M'. Fur-
thermore, we explain a relationship between L-groups of M and M, and inves-
tigate a connection between two I'-split components A g7 and Ag; of M and

M, defined as follows
A= (ZM)")° and Ag = (Z(M)")°.
These will be used in Section 6. Based on [25], we set
LG = LG = GL,(C) x Wp,

where Wg acts trivially on GL,(C), and the action of w, € Wr \ Wg on
g € GL,,(C) is given by

(3.9) we(§) = T G
For G and G’, the L-group is
LG =1G" = PGL,(C) x Wp,

where Wy acts trivially on PGL,,(C), and the action of w. € Wr \ Wg on
§ € PGL,,(C) is given by (3.9).

Let M, M’, M, and M’ be F-Levi subgroups of G, G’, G, and G’, respec-
tively, such that M’ is an F-inner form of M, and M’ is an F—inner form of
M. We have

M=McG=G, "M="M =M x W,
M=McG=0G,"M=LM =M x Wpg.
Considering (3.1) and (3.4), we set
M =Resg/pGLp, x -+ X Resg/pGLy,, X G,
M’ =Resg,pGLy, X -+ X Resg/pGLy, X G,

where G/ is an F-inner form of G,,, Zle 2n; +m = n with n; > 0, and

m > 0. Then, we have

M =M’ = (GL,, (C)xGL,, (C))
X -+ X (GLp, (C) x GL,, (C)) x GL,,(C).

WEg acts trivially on .K\/l, and the action of w. € Wg \ Wg on

((g117g12)5 (nga g22)7 Ty (gklang)v il) S 'A/Z
is given by
(3.10)  we((g11, G12)5(G21, G22), -+ (Gt Gra)s )
= (12, 911), (§22, G21)s -+ » (G2 Gt )y T TA LT ).
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Next, we note that, since Mye, and Mye, are simply connected, we have
Maer = (M),g = M/Z(M), Maex = (M), = M/Z(M).
Further, from [22, (1.8.1) p. 616], the exact sequence of algebraic groups
1—-M—-M —U; —1
yields an exact sequence
(3.11) 1 — Up = C* — Z(M) ~ (C)*H — Z(M) —> 1.

We thus have the following commutative diagram of L-groups (cf., [10, Remark
2.4])

1 1

1 ——  Z(M) = (Cx)2+1 M Maar 1
1 — Z(M) = (Cx)2+1/Cx M Mger 1
1 1 1.
The middle vertical exact sequence becomes
(3.12) 1—U,=C" —>M=M —M=M —1.
We also have
(3.13) 1—0,=C*—5G¢=0—>G=G —1.

Note that U; in (3.12) and (3.13) equals Z(G) = Z(G'). Furthermore, U,
is diagonally embedded into G in (3.13) and the action of Wg on U, =C* is
obtained from (3.9). The action of Wr can be also obtained from (3.10), since

it is diagonally embedded into Z (/T/l\ ) in (3.11) as well. Tt thus follows that the
subgroups of I' = Gal(F/F)-invariants satisfy

(3.14) 2@)" = 2@ =T, = {+1}.

Moreover usmg the action of Wg on M =M in (3. 10) and the surjective map

M=M — M= M in (3.12), the action of Wx on M = M’ can be obtained.
From (3.10), we have

A= (Z(M)1)° = (C)F x {£1})° = (C)-.
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We note that

-~ -~

AG/ZG)F ~(Ag-2(G))/Z(G) c G.
Then, we have the following lemmas.

-~

Lemma 3.2. The quotient A 53/Z(G)" is connected.
Proof. Since A 7 = (Z(./(/l\)r)O by definition and since Z(G) C A i, we have
A/Z() = (ZMY) /(2@ N (Z(M)))

which is isomorphic to Z(M)F'/Z(G)T by [2, Lemma 1.1]. We note that Z(M)T'/
Z(G)¥ is connected due to the proof of [2, Lemma 1.1]. O

From (3.11) and (3.14), we have the following exact sequence
1— AG/Z(G) — Z(M)" — HY(F,Z(G)).
The following lemma proves that the embedding A /7 (QA)F — Z (1\7 )F s in
fact an equality.
Lemma 3.3. With the notation above, we have
Ay =2Z(M) and A=A g/Z(G) .

Proof. We note from [2, Lemma 1.1] that

Z(M)" = 2(G)" - (Z(M)")°.
Since Z(G) = 1 and Am = (Z(]\/Z)F)"7 the first equality is verified (hence,
Z(M)F is connected). We note that

Ag/Z@G)F c Z(M)' = Ay

and AM\/Z(QA)F is connected by Lemma 3.2. Thus, A/(/l\/Z(QA)F is a torus in
Z(]\/J\)F having the same dimension with A7 (cf., Lemma 6.2 in Section 6.1).

Since Z(M)' = A, it follows that A 5/Z(G)" = A 5. O

4. Weyl group actions

For an F-Levi subgroup M of a connected reductive algebraic group G, we
recall from 2.1 that the Weyl groups are Wy =W (G, Am):=Nc (AMm)/Zc(Am),
WM/ = W(G/,AM/) = N(;/(AM/)/Z(;/ (AM/), and WJ/W\ = W(é, Ai/[\) =
Ng(Ag7)/Za(Az7). Through the duality

Sa F7 SaVv
between simple reflections for o € A, we have

W ~ W[T/I\ WM\’ ~ Wy
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We thus identify
(4.1) Wy = W]T/[\ = WJ/W\ =W

4.1. On Levi subgroups. For simplicity, in Sections 4.1 and 4.2, we will write
G for both quasi-split unitary groups U,, and its non-quasi-split F—inner forms
G’, and G for both quasi-split special unitary groups SU,, and its non-quasi-split
F-inner forms G’.

Let M and M be F-Levi subgroups of G and G, respectively. We recall
from Section 3 that

M~ GL,, (E) X -+- X GLy, (E) X G,
M ~ (GL,,(E) x - -+ x GL,,, (E)) X G,

where Zle 2n; +m = n with n; > 0 and m > 0. Notice here that m > 2 and
is always even for non-quasi-split inner forms. We describe the action of Weyl
group on Levi subgroups M and M as well as irreducible representations of

M and M, based on the results in [14, 15]. We denote by S} the symmetric
group in k letters. From [14, 15], we have
(4.2) Wi =Wy C S % Zg.

More precisely, Wy ~ S x C, where S = ((ij)|n; = n;), and C = Z§. For
g € M, write

9=1(91,---Gir---,Gj,--+ 9k, h) € GLp, (E) X GLy, (E) X -+ X GLy, (E) X G-
The permutation (ij) acts on g € M by
(43) (7’]) : (glv"'gi7°"7gja"'7gk7h’) = (gla'~'agj7"'7gi7"‘7gkah)'

The finite 2-group Z5 is generated by “block sign changes” C; which acts on
g € M by

(44) CZ : (917' ey Giy e 7gk7h) = (917' ) E(gi)a cee 7gkah)'
4.2. On representations of Levi subgroups. Set ¥ to be ¥1 ® Yo ® -+ ®
Y, ® Y. From (4.3) and (4.4), we have
(Z‘j)E:El®...®2j®...®2i®...®2k®’r;
Cx=%1® -e2)Q-- X7,

where €(X;)(g;) = 2i(e(g:)), and these describe the action of W4 on 3.

Now we turn to the case of M. Note that, since Gog = G1 = 1, W), acts on
M and an irreducible representation of M in the same manner for m = 0,1. In

particular, when m = 0 (thus, n is even), from the proof of [15, Lemma 2.4],
M is of the form

M={( 7, ) st decio) =1
g € GL,, (F) X GLy,,(E) x -+ x GL,, (E)},
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which implies M ~ {g € GL,,(E) X GLy,(E) X -+- X GL,,, (F) : detg € F*}.
When m = 1 (thus, n is odd), since M ~ GL,,, (F) X GL, (E) X - - - X GLy,, (E) X
U1 (F'), we have

M ~ GL,,, (E) x GLy,,(E) x - -+ x GL,, (E).

Note Uy(F) = E! = {z € E : 2% = 1}. Further, forany ¥ ~ 3, @ 3 ® -+ ®
Y ®Q € Irr(M), we have

Respin(£) 2 £, 050 ® - ® 5y, @ QO°,

which is always irreducible (see the proof of [15, Lemma 2.5]). Let us move to
the case of m > 2. For g € M, from (3.8), we write

g = (g(),h) = (gl?'"gia"'7gj7"'7gk7h)
€ (GLp, (E) x GLp, (E) X + -+ x GLy, (F)) X Gpy,.

Denote wgw ™! by (wgo, h) for w € Way. Following arguments in [15, p. 353],
the permutation (ij) acts on g € M

(4.5) (i) (g1, Gir- -+ Gjr- - Grs 1)
(G G Gin o5 G @m(90) T am ((i)g0) )
= (9151 G- Gir -5 Gk 1),
since @ (90) "tam ((i5)go) = In. That is, the permutation (ij) acts trivially on
Gm.
The finite 2-group Z5 is generated by “block sign changes” C; which acts on
geM
(4.6)
Cii (g1, Gire s Gk h) = (g1, €(G0)s -, Ghs m(90) ™ m (Cigo)h).
Note from the definition of a, in (3.7) that

am(90) " m(Cigo)
(det(g:) det(g:)) "
= Lo € SUm(F)
det(g;) det(g:)

Given o € Irr(M) whose component of the tensor product coming from G,, is
7, we fix a lift ¥ € Irr(M). Set ¥ € Irr(M) to be T1@¥2®- - - @2, @Y, and T to
be a lift in Irr(G,,) with 7 — Resg’; (7). Denote by V,, the C-vector space which
o acts on. It follows from [12, Lemma 2.1(c)] and [15, p. 353] that, for (go, h) =
(91, Gir--1 G5 Gks h) € (GLy, (E) X GLy, (E) X - - - X GLy,, (E)) X Gy, and
(v1,v2, -+ , Uk, v0) € V,, we have

a(go, h)(vi,v2, -+, vk, v0)
= %1(91)(v1) ® Ea(g2) (v2) @ -+ @ T (gi) (vr) @ Y(am(g0) )7 (h) (vo).
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Further, V, has the following decomposition
Vo, ® Ve, @--- 0V, @ V4,
as C-vector spaces. We then note that
o;=Y;and  V;, = Vg,

foreachi=1,... k. Here, V,,,Vy, fori =1,...,k, and V; are the correspond-
ing representation vector spaces over C.
From (4.5) and [15, p. 353], we thus have

(ij)o(go. h) =01(91) ®@ - ®0;(9:) ® - ® 0i(g5) - - @ ok (g)
® Y(am((i)g0) )7 (am(g0) e ((id)g0)h)
=01(91) ® - ®0i(g;) © - ®0;(gi) -+ @ ok (gr)
® Y (am(go)~")7(h).
Likewise, using (4.6), we have
Cio(go, h) =01(g1) ® -+ - @ €(0)(9:) ® -+ - ® o3 ()
® T (am(Cigo) ") (am(g0)~ am(Cigo)h)
=01(g91) ® - ®@0i(e(gi)) @ -+ @ o (gw)
® Y (m(g0) " )7(h).

Therefore, W), acts non-trivially only on o1, 09, ..., 0%, but trivially on 7.

5. Revisiting R—groups for U, and their inner forms

Based on some known results in [4, 14, 20, 25] regarding R-groups for U,
and its F-inner form, we discuss Arthur’s conjecture for U,, and its inner forms,
behavior of R-groups within L-packets of U,, and its inner forms, and behavior
of R-groups between U,, and its inner forms.

5.1. L-packets for U, and its inner forms. Let G = G,, denote the quasi-
split unitary group U,, with respect to E/F and J,, and M an F-Levi subgroup
of G. For our purpose of studying R-groups, we focus on @iepmp(G). In [25, The-
orem 2.5.1.(b)], Mok generalized Rogawski’s results [28] in the case of unitary
groups in three variables as follows. There is a surjective finite-to-one map

Htemp(g) — (I)temp(g)u
and for ¢ € Piemp(G), the tempered L-packet I1,(G) is constructed. The same
is true for an F-inner form G’ of G by Kaletha-Minguez-Shin-White [20, Section
1.6.1].
Let M and M’ be F-Levi subgroups of G and G’, respectively, which are
F-inner forms of each other. Then, from (3.1) and (3.4), we recall

M ~Resg pGLy, X --- X Resg/pGLp, X Gy,
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M’ ~Resg pGLy, X -+ X Resg/pGLy, X G,

where G/ is an F-inner form of G,,,, Zle 2n;+m = n with n; > 0, and m > 0.
Let ¢ € ®gisec(M) be given. Then, ¢ is M-relevant (see [0, Section 8.2]) and lies
in @gjsc(M’) as well. We note that ¢ is of the form ¢ Do ®- - - BB, where
pi € q)disc(GLm (E)) and p_ € CI)disc(gm) = (I)disc(g;—n)- For each ¢;, due to
[18, 19, 30], we construct L-packets IL,, (GLy,(E)) consisting of discrete series
representations of GL,,, (E). Note that II,, (GLy,, (E)) is a singleton. For ¢_,
due to [20, 25, 28], we construct L-packets II, (G,) and II, (G),) consisting
of discrete series representations of G,, and G.,, respectively. By taking the

tensor product of members in packets for each ¢; and ¢_, we thus construct
L-packets II,(M) of M and I, (M) of M, associated to the elliptic tempered
L-parameter .

5.2. Invariance of R-groups between U, and its inner forms.

Theorem 5.1. (Goldberg, [14, Theorem 3.4]) Let M be an F'-Levi subgroup
of G. Given L~ 03 Q- @ X @ T € Igise (M), we have

RE ~ Zg,

where d is the number of inequivalent ¥; such that the induced representation
U GL,. (E)x G (2 ®@ ) is reducible. O

Theorem 5.2. Let ¢ € Pgisc(M) be given. Under the identity (4.1), for any
Y eIl (M) and ¥’ € TI,(M'), we have

W(Z) =W, =W(').
and
(5.1) Ws =Wg =Ws,.
Therefore, we have
Ry ~R,s ~R,~R,s ~ Rys.

Proof. For quasi-split cases, the arguments, W(X) = W, Wg = W, and

Ry ~ R, s ~ R, immediately follow from [4, Lemma 11], its proof, and [5,
Lemma 4.1]. Another proof for them can be found in [25, Section 7.6]. For
non-quasi-split cases, Ryxs ~ Ry sy ~ R, is proved in [20, Lemma 4.6.5]. The

equality W (X') = W, is verified in the second paragraph after the proof of
[20, Lemma 4.6.3]. The argument Wg, = W7 is a consequence of (4.6.3) and
Lemma 4.6.5 in [20]. This completes the proof of Theorem 5.2. O

We have following corollaries to Theorems 5.1 and 5.2.

Corollary 5.3. Let ¢ € ®gisc(M) be given. For ¥ € I, (M) and ¥’ €
I, (M), we have ig pm(X) is trreducible if and only if ig: p (X') is irreducible.
g
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Corollary 5.4. Let M’ be an F-Levi subgroup of G'. Given ¥’ ~ ¥} @ ¥, ®
@8, @Y € Ilgise (M), we have

RE/ ~ Zg,
where d is the number of inequivalent X such that the induced representation
Z‘g;*m, GL,, (E)xG!, (E/ & T/) is reducible. O

Corollary 5.5. Suppose w € Ry and w = sc, with s € S and c € C. Then
s=1.
Proof. This is a consequence of [14, Lemma 3.2] and Theorem 5.2. ]
Let ¥ € ILgisc(M') be given. Denote by C[Rs], the group algebra of Ry

twisted by a 2-cocycle 5, and by C(X'), known as the commuting algebra of
igr s (X'), the algebra Endg: (ig: s (X)) of G'-endomorphisms of igr s (Z).
Then, we have

C(Y') ~ ClRs]y
as group algebras (see [21, 33, 34]).
Proposition 5.6. With the above notation, we have

C(Z/) ~ C[RZ/}
Proof. The proof is similar to [14, Proposition 4.1], due to Theorem 5.2 and
Corollaries 5.4 and 5.5. |

As consequence of Proposition 5.6, we have the following corollary.
Corollary 5.7. Let ¥ € Tgjsc(M’') be given. Then, each constituent of
igr. v (X') appears with multiplicity one. a
Proposition 5.8. Let ¥’ € Ilgis.(M’) be given. Then, ig v (X') has an
elliptic constituent if and only if all constituents of ig: pm(X') are elliptic if

and only if
RE’ ~ Zg
Proof. The proof is similar to [14, Theorem 4.3], due to Corollary 5.5 and

Proposition 5.6. O

Corollary 5.9. Let ¢ € Pgisc(M) be given. For any ¥ € II,(M) and X' €
I, (M), there is an elliptic constituent in ig pm(2) if and only if there is an
elliptic constituent in ig: p (X7).

Proof. This is a consequence of [14, Theorem 4.3] and Proposition 5.8. O

6. Behavior of R—groups for SU,, and its inner forms

In this section, we prove Arthur’s conjecture for both quasi-split special
unitary groups SU,, and its inner forms. Furthermore, we study the behavior
of R-groups within L-packets and between inner forms of SU,, . We will use the
notation in Sections 3, 4, and 5.
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6.1. L-packets for SU, and its inner forms. We discuss tempered L-
packets of G = SU,, and its F-inner form G’. It is natural to construct L-
packets for G and G’, by restricting L-packets for G = U,, and its F-inner
form G’ which has been done by Rogawski [25], Mok [25], and Kaletha-Minguez-
Shin-White [20] (see Section 5.1). Thus, given ¢ € ®(G), from [24, Théorem
8.1], there exists a lifting ¢ € ®(G) such that

p=prog,
where pr is the projection G > Gin (3.13). Note that the homomorphism
pr is compatible with D-actions on G and G (see Section 3.3) and the lifting
@ € ®(G) is chosen uniquely up to a 1-cocycle of Wr in (Q//E) (see [24, Section
7] and [8, Theorem 3.5.1]).

For our purpose, we are interested in ¢ € ®iemp(G) and the lifting ¢ lies
in ®iemp(G). Using the L-packet I1,(G) for ¢ € Piemp(F) in Section 5.1, we
construct an L-packet I14(G) for ¢ € ®remp(G) as the set of isomorphism classes
of irreducible constituents in the restriction from G to G as follows:

14(G) := {0 = Res&(%), ¥ € I,(G)}/ ~.

Likewise, given ¢ € ®gisc(M), we construct an L-packet II,(M) for ¢ €
Dgisc (M) as follows:

I,(M) = {o = Res}(2), T € I, (M)}/ =,
where ¢ lies in @gjsc (M) such that ¢ = proy, with the projection pr : M — M
in (3.12).
All the above arguments apply verbatim to F-inner forms G’ and their F-

Levi subgroups M.

6.2. Arthur’s conjecture for SU,, and its inner forms. The purpose of
the section is to prove Arthur’s conjecture, predicted in [1], for G and G'.

Theorem 6.1. Given ¢ € Pgisc(M), 0 € Iy(M), and o' € I14(M'), we have
R, ~Ryo and Ryr ~ Ry 5.

The rest of the section is devoted to the proof of Theorem 6.1. Since all the
following techniques apply to both M and M’, we shall state the proof for M.

Let ¢ € @gisc(M) and o € I14(M) be given. Identifying Wy with a subgroup
of Wi (see Section 2.2), we claim that

(61) W(O’) C W¢.

To see this, we let w € W be given such that Yo ~ 0. Let ¥ € Irr(M) be a
lifting of o such that o < Res}7 (X) (see [12, Lemma 2.3] and [37, Proposition
2.2]). Since Yo =~ o, it follows from [12, Lemma 2.4] and [37, Corollary 2.5]

that “¥ ~ Yy for some character x of M /M. Due to the construction of L-
packets in Section 6.1, one can choose a lifting ¢ € Pgyisc(M) of ¢ such that



135 Choiy and Goldberg

Y eIl (M) and ¢ = pro ¢ (see [24, Théorem 8.1]), where pr is the projection
M — M in (3.12). We then have

Yy € I, (M) and Y € ITw, (M),

where x is considered as a 1-cocycle of Wg in (W ) by the local class field
theory (cf., [24, Section 7] and [8, Theorem 3.5.1]). Due to the disjointness in
[25, Theorem 2.5.1(b)] for L-packets of U,, it follows from the isomorphism
Wy, ~ ¥y that “¢ ~ @yx. Through the projection pr : M — ]/\4\7 we have
Y¢ ~ ¢. Since the elements of Wy, stabilize A 17 by definition (cf., [25, p. 60]),
it thus follows that w lies in W.

From the inclusion (6.1), we have

(6.2) W(o) = W, = Wy N W(0).

Denote by ¢ € ®gisc(M) a lifting of ¢ as in Section 6.1. For any ¥ € ®,(M),
we have

Wg =Wz,
since the Plancherel measure is compatible with restriction (see [9, Proposition
2.4], [15, Lemma 2.3], for example) and ®(P, Ayr) = ®(P, Am) (see Section
2.1). Using (5.1), we have
(6.3) Wy = W;.
To prove Theorem 6.1, from (6.2) and (6.3), it is thus enough to show that
(6.4) W; = Wg
Indeed, if so, then we have

(6-4) )

o (6.3
WonW(o) =

In what follows, we prove (6.4). From [25, Chapter 3.4] we set a maximal

-~

torus Ty, in C,(G)° to be the identity component
Ag = (ZM)')y
of the Iinvariants of the center Z (M\) So, we have M = Z5(T,). Likewise,
we set Ty, = A7 C C¢(@)°, and M = Zg(Ty). Here, we put
Co = CulG)°/2()", T, =T,/Z(G)".

Note that C’; C C¢(é)° C G and T,CT,C M. Using an equality in [25, p.
64], we have

;,¢ deﬁn:ition Wq(: N W(O') W; N W(o') = WUO.

o definition —
W R Ncw(g)o(Tsa)/T :Nég(Tso)/Tw'
Thus, it suffices to show that



Behavior of R-groups for p-adic inner forms of SU,, 136

With above notation, the following lemma holds.
Lemma 6.2.
Co = Cs(G)°
Proof. We first consider the following commutative diagram
1 1

-~

1 —— Z(GF —— Cu(6)° —— C2=Cu(9)°/2(9)F —— 1

-~

1 —— Z(G)F ——  C,(9)

<
>
~
N
-
—

m0(Cy(G)) 70(C(G)) BN

It follows from the right vertical exact sequence above that

C2 = Co(G)°/2(0)T € (Co(0)/Z(G)")° € Co(G)/Z(G)
Note that the index [C@(Q\)/Z(QA)F : Cg] is finite and so is [(CW(A)/Z G)T)° -

~ -~ ~

C_'j,]. Since C_'f; is connected due to the isomorphism C,,(G)°/Z(G)' ~ (C,(G)° -

-~ -~

Z(G))/Z(G), we have
(6:5) G2 = (Co(6)/2(6)").

From the proof of [8, Lemma 5.3.4] and the fact that C’S&,(QA)/Z(Q)F C C¢(@),
we have the exact sequence

1 — Co()/2(G)" — Cy(G) — X(9) — 1,
where X9(¢) := {a € H' (Wp,Uy) : ap ~ ©}. Since X9(¢) is finite, we have

-~ -~ ~

(Co(9)/Z2(G))° = Cu(G)".

Therefore, from (6.5), Lemma 6.2 is proved. O

Combining Lemmas 3.3 and 6.2, we have proved (6.4). This completes the
proof of Theorem 6.1.

6.3. Invariance of R-groups within L-packets and between inner forms.
Let ¢ € Pgise(M) be given. In this section, we will discuss the behavior of
Knapp-Stein R-groups within L-packets and between inner forms. We first
provide the following theorem that is crucial to the invariance (Theorems 6.6
and 6.8).
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Theorem 6.3. Fiz a lift ¢ € @gise(M) and ¥ € II,(M). Then, we have
W(o) ~{w e Wy : ¥S ~ X\ for some X € (M/M)P}.

Proof. Tt suffices to consider the case of m > 2, since the equality is already
true for the case m = 1 due to [15, Lemma 2.5]. Let m > 2. We then recall
from (3.5) that

M ~ (GLy, (E) % - - x GLp, (E)) % SU(F).

Since X is of the form
Y1 ®3¥® - 08,7,

we set ¥ = ¥y ® Y. Denote by 7 is an irreducible constituent in ResISJ{J”m (7).
Write Vs, Vs, = ®5_, Vs, Vo, V; for the corresponding representation C-vector
spaces.

Given (g,h) € M with g = (g1, -+ ,gx) € GLp,(F) x --- x GL,, (E) and
heSUL(F),v)=v1®- - Qui € Vy,, and vy € V,, we define a representation
o* of M

(6.6) " ((g: 1)) (vy ® vo) = Xo(g)vp ® T(am(9)™")7(h)vo-
It turns out from [15, p. 353] that o* is an irreducible constituent in Resg{}n (%).

In what follows, using the idea in the proof of [15, Proposition 2.9], we will
show

(6.7) W(o*) = {w e Wy : “S ~ X\ for some A € (M/M)P}.
The inclusion C is obvious. Suppose that “Y ~ ¥\ for some A € (M/M)P.

From (4.2), we set w = sc with s € Sy and ¢ € Z5. From Sections 4.1 and 4.2,
we have

k
WY~ ®51(ZS(1)) T,
i=1

where ¢; is either ¢ or trivial. Since “¥ =~ YA, we have &;(X,4;)) ~ XA
for each ¢, and T ~ TA. We fix intertwining maps T; : Vy_, — Vs, with
YT, = Tiai(Es(i)), and T : Vy — Vy with TATy, = T)\Y. Write

k
T=@Q)T: @ T

i=1
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Note that T = T*X. Then, from the definition (6.6) of o*, we have

6" (g, ) (v © vo)
k

=) Tizi(Zu() (9:)vi @ TAT (am (“9) ™) (@t (9) " am (“g)B)vg
=1

k
= ®Ti5i(zs(i))(gi)vi ® TAY (am(g) ") 7(R)vo
i=1

k
= ® 2i(9:)M9:)Ti(vi) @ Y (am (9) ™) Meum (9) )7 ()T (vo)
i=1

= 0*\(g, h)T(v{ ® vo)
= o*T(vy @ vo),
since
Mg, h) =" X am(g)~th )=1.
e(9)
Thus, we have w € W (o™*), which implies (6.7). From the proof of [10, Theorem

4.19], we note
W(c) ~W(c*),

since both are in the same restriction Resg{}n (¥). Therefore, we proved the
theorem. ]

Remark 6.4. The difference between W (o) and W(X) turns out to be whether
the twisting by a character in (M /M)P is allowed or not. We also refer to [15,
Theorem 3.7] for another description of this difference.

Remark 6.5. We note that Theorem 6.3 holds for F-inner forms M’ as well.
To be precise, given ¢’ € II4(M’), we fix ¥’ € II,(M’). Then, we have

Wi(o') ~ {w € Wy : WS ~ ¥\ for some A € (M'/M')P}.
Theorem 6.6. Given o1, o2 € ILy(M), we have
Ry, ~ R,,.
Furthermore, given o, o5 € ILy(M'), we have
Ry ~ Ry .
Proof. Since W°(o1) = W°(03), it is enough to show that
W(o1) =~ W(o2).

Fix ! and ¥? in IL,(M) such that oy < Resg{jn (X1) and o9 — Resg{jn(EQ).
Suppose that “31 ~ B\ for some A € (M/M)P. From (4.2), we write w = sc
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with s € Sy and ¢ € Z§. Set ©! ~ ¥1@¥i® - @¥i®Y;. Then X} ~ si(Ei(i))A
for each 7, and T; ~ T1A. Set

Vo A, on GL,, (E) x --- x GL,, (E),
' 1, on Uy (F),
which is a character on M /M. Moreover, X' satisfies

vy? o~ 32N
which implies, from Theorem 6.3, that W (o1) < W (o2). In the same manner,

one can verify W(oy) < W(o1). Thus, we have R,, ~ R,,. Since the method
is the same, we omit the proof for Ry >~ R,y O

Remark 6.7. The trivial character 1 in the definition of A\’ can be replaced by
a character A\g on U,,(F') such that To ~ Yo\, where T is the representation
of Uy, (F) in the decomposition 3?2 ~¥2 @ Y2 ® - @ ¥2 @ Y.

Theorem 6.8. Given o € Il4(M) and o' € I14(M'), we have
Ro' >~ Rg/.
Proof. The proof is similar to Theorem 6.6. O

Remark 6.9. Due to [15, Theorem 3.7], Theorem 6.8 shows that the Knapp-
Stein R-group R, is of the form
FUI X Zg,

for some subgroup I',» in R, defined in loc. cit. and some integer d in Corollary
5.4. This implies that R, is in general non-abelian from the argument in |
Remark p. 359].

)
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