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ABSTRACT. We provide a uniform estimate for the L!'-norm (over any
interval of bounded length) of the logarithmic derivatives of global nor-
malizing factors associated to intertwining operators for the following
reductive groups over number fields: inner forms of GL(n); quasi-split
classical groups and their similitude groups; the exceptional group Ga.
This estimate is a key ingredient in the analysis of the spectral side of
Arthur’s trace formula. In particular, it is applicable to the limit multi-
plicity problem studied by the authors in earlier papers.
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1. Introduction

In this paper we study the analytic properties of the global intertwining
operators associated to parabolic subgroups of reductive groups GG over number
fields F. In the previous papers [35] (joint with Werner Miiller) and [34], we
defined certain properties (TWN) and (BD) pertaining to these intertwining
operators, and showed that these two properties together imply the solution of
the limit multiplicity problem for congruence subgroups of lattices contained
in G(F). Property (TWN) is a global property concerning the scalar-valued
normalizing factors, while (BD) is essentially a local property. In [35], these
properties were verified for the groups GL(n) and SL(n).

This paper is devoted to establishing property (TWN) in a number of other
cases, namely for inner forms of the groups GL(n) and SL(n), for quasi-split
classical groups and their similitude groups, and for the exceptional group Gs.
In fact, we prove without any more effort a finer estimate (already mentioned
in [35]), which we call property (TWN+). In addition to the application to the
limit multiplicity problem, this property may be useful in the study of other
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asymptotic questions, where it is important to control the dependence on the
archimedean parameters. The main examples of such problems are Weyl’s law
with remainder term and the asymptotics of Hecke operators in general families
[34, 86, 87]. In any case, the results of this paper are sufficient to extend the
limit multiplicity results of [35, 34] to inner forms of GL(n) and SL(n). This
will be discussed in a future paper, where we will also study property (BD) for
general groups G, and prove a weaker variant. This, together with the results of
the current paper, will allow for an extension of the limit multiplicity results to
quasi-split classical groups and their similitude groups and G (at least under
a technical restriction on the congruence subgroups in question).

We sketch the definition of property (TWN+), which is explained in more
detail in Section 3 below. As usual, fix a minimal Levi subgroup My of G
defined over F', and consider a proper Levi subgroup M of G containing M,
and a root a € Xjy;. Let U, be the unipotent subgroup of G corresponding
to o, M, the group generated by M and U.,, and M, its F-simple normal
subgroup generated by Ui,. The group M, = M, N M is a maximal Levi
subgroup of M,. For m € Ilgise(M(A)) let ny(m, s) be the normalizing factor
for the global intertwining operators associated to pairs of parabolic subgroups
of G adjacent along a. These factors are meromorphic functions of finite order
of the complex variable s and satisfy the functional equation |ng (m,it)| = 1 for
all t € R.

We say that G satisfies property (TWN+) (tempered winding numbers,
strong version) if we have the estimate

T+1
/ Inl,(m,it)| dt < log(|T| + A(moo; p™) + level(m; p*©))
T

for all m € Tlgise(M(A)) and all real numbers T where the implied constant
depends only on G. Here, level(r; p*©) is essentially the level of 7 restricted
to M,, and A(7o0; p°°) measures the size of the infinitesimal character of the
restriction of 7oo to M. (See Section 2.3 and Section 3 for the precise defini-
tions.) We note that property (TWN+) implies property (TWN) introduced
in [35, Definition 5.2], and that property (TWN+) has been shown (as a conse-
quence of the theory of Rankin-Selberg L-functions) for the groups GL(n) and
SL(n) in [35, Proposition 5.5].

Our method of proving (TWN+) for the groups listed above, is to use func-
toriality to transfer the problem to a well-understood problem for GL(n). We
start by an axiomatic treatment of automorphic L-functions in Section 2, which
we then apply to the global normalizing factors in Section 3. In Section 4 we
will show (TWN+) for inner forms of GL(n) and SL(n) using the Jacquet-
Langlands correspondence (obtained in general in [7, 8]), which allows us to
reduce the problem to known properties of Rankin-Selberg L-functions.
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In Section 5, we will consider quasi-split classical groups. We first consider
the twisted exterlor and symmetric square L-functions for GL(n), as well as
the Asai L-function for Resg,p GL(n), using known results obtained by the
Langlands-Shahidi method and by the study of integral representations. Using
Arthur’s work on functoriality from the classical groups to GL(n) [3], extended
by Mok to unitary groups [91], we will be able once again to reduce the re-
maining L-functions to Rankin-Selberg L-functions for GL(n).

Our approach is based on Arthur’s work, which requires the full force of the
stable twisted trace formula. Among the prerequisites of Arthur’s results are
[ , , 79, , , 90], to mention a few. One may contemplate
Whether there is a different approach to the problem which avoids functoriality
(and is perhaps applicable to other groups). Unfortunately, at the moment we
cannot say anything in this direction.

For the exceptional group Go, which we treat in Section 6, we need to
consider the (twisted) symmetric cube L-function for GL(2) which was studied
by Kim—Shahidi.

1.1. Tt is a pleasure to dedicate this paper to Freydoon Shahidi for his up-
coming 70th birthday. Shahidi’s influence on the field of automorphic forms
cannot be overestimated. Needless to say, the current paper also owes a lot to
his work. On a personal level it has always been a pleasure to interact with
Freydoon and we wish him the very best.

2. Estimates for logarithmic derivatives of L-functions

We begin with an axiomatic treatment of automorphic L-functions which
isolates the precise properties needed for the main estimate (see Proposition
2.6 below).

Let us first recall some generalities about L-functions. Let G be a reductive
group over a number field F' and let A be the ring of adeles of F. Let Ag, be
the ring of finite adeles of F' and F.x = F ® R. Let |-|,« be the idele norm on
A*. Let Tg be the Q-split part of the (Zariski) connected component of the
center of Resp/q G (restriction of scalars) and let Ag = T (R)® (topological
connected component), viewed as a subgroup of T (Ag) (and hence of G(A)).
Let G(A)! C G(A) be the intersection of the kernels ker |x|,« as x ranges over
the F-rational characters of G. Then G(A) is the direct product of G(A)! and
Ag. Let ag be the Lie algebra of A, a real vector space, and af, its dual
space. We set ag; oc = ag; ® CC.

We write I4isc (G(A)) for the set of equivalence classes of automorphic repre-
sentations of G(A) which occur in the discrete spectrum of L?(AgG(F)\G(A)).
We will also write ILousp(G(A)) for the subset of cuspidal representations.

For any m = ®,m, € Iaisc(G(A)) let S(m) be the finite set of places of F
such that at least one of the following conditions holds:
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(1) v is archimedean.

(2) F/Q is ramified at v.

(3) G is ramified at v, i.e., G is not quasi-split over F, or G does not split
over an unramified extension of F,.

(4) For every hyperspecial maximal compact subgroup K, of G(F,), m,
does not have a nonzero vector invariant under K,,.

(The exclusion of the finite places which are ramified for F' is inessential and is
only made for convenience.) We write S(m) = S U Sy (7), where S, denotes
the set of archimedean places of F' and S¢(m) denotes the non-archimedean
places in S(m). Let Sg ¢(m) (or simply Sg,f, if m is clear from the context)
be the set of rational primes which lie below the primes in Sy(7). Also set
So(m) = Sg,r(m) U {oo}.

Let Wr be the Weil group of F and let “G be the L-group of G (cf. [11]).
Let r : LG — GL(N,CC) be a continuous and Wpg-semisimple N-dimensional
representation of “G. For any 7 € Hgisc(G(A)) and any place v of F outside
of S(m) we have the Hecke-Frobenius parameter t,, € “G. To each such v we
associate the polynomial P,(X) = det(1 — Xr(t,,)) of degree N and the local
L-factor L, (s, m,r) = P,(q,*)~* where g, is the cardinality of the residue field
of F,. Since 7 is unitary, the absolute values of the eigenvalues of r(t,,) are
bounded by ¢%, where @ depends only on G and r ([11, 80]). Therefore, for
S D S(m) the partial L-function

L(s,m,1) = H L,(s,m,T)

vgS

is well-defined as an absolutely convergent product and holomorphic for Re s >
a + 1. Because of the unitarity of 7, we also have

L3(s,m,rV) = L5(5,m,7),

where rV is the contragredient of r. A cornerstone of the Langlands program is
the (largely conjectural) meromorphic continuation of these L-functions with
finitely many poles in CC.

As usual, we write T'r(s) = 7 */2I'(s/2) and Icc(s) = 2(2r)°T(s) =
I'r(s)T'r(s + 1), where I'(s) is the standard Gamma function.

Definition 2.1. We say that a pair (G,r) has property (FE), if for any 7 €
Iaisc (G(A)) there exist rational functions R, p € Sg,r(7), an integer m > 1,
a constant Co, € CC* and parameters ay, ..., am, oy, ..., a), € CC, such that
the partial L-function L(s,,r) admits a meromorphic continuation to CC
with a functional equation of the form

(2.1) LS (s,mr)=( [ wlsmm))L®™a —s,m,rY),
p€Sq(m)
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or equivalently,

L5 (s, 7,7) H Yp(s,m,r)) L5 (1 — 5,7, 1),
pESg(m)

where for each p € Sg ¢(7), 1p(s, 7, 7) = Rp(p~°), and

(2.2)

OOHI‘R (1-s+a) )

Yoo (8,7, 1) = To(s - 00

In general, this property is wide open except for a number of important
special cases, some of which will be considered below.

2.1.

We first address the uniqueness of the terms in (2.1). This is of course

standard. For completeness we give the details.

Lemma 2.2. Assume that (2.1) is satisfied for some fized r and 7. Then

(1)

(2.4)

The factors vp(s,m,r), p € Sg(m) (and hence the rational functions Ry,
p € Sq,f(m)), are uniquely determined up to non-zero constant multiples.
The integer m is uniquely determined. (We call it the degree of voo-)
We have

Vp(8,m,7)vp(1 — §,m, 1) = const.

for all p € Sg(r).

The parameters o, ..., oy, are determined by aq, ...,y (up to permu-
tation).

The expression

(T +lew — 172D + [y —1/2]))
=1

[NIE

is uniquely determined. It is called the archimedean conductor and de-
noted by ¢ (m,7) (cf. [56]).
We say that aq,...,q,, are reduced, if a; + a}/ is not a megative odd
integer for any 1 <i,7 < m. We may choose the parameters az,. .., 0,
to be reduced. Moreover, in this case
(a) The zeros (resp., poles) of Voo (8,7, 1), taken with multiplicities, co-
incide with those of [/, Tr(s + i)™ (resp., [I/", Tr(l —s+ay)).

(b) The multisets {aq,...,am} and {aY, ..., %} are uniquely deter-
mined.
(c) As a multiset we have
{af ... o} = {om,.... a0}

Proof. Suppose that we are given a function of the form

s S+Ol P, —s
=c4 H I'g( S+Oéz)) H ),

PESy, ()
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where C' is a non-zero constant, A is a positive real number and for all p €
So.f(m), R, is a rational function with R,(0) = 1. Up to a finite multiset,
the zeros of the first product are given (with multiplicities) by —a; — 2220,
i =1,...,m, while those of R,(p~*) are given by s = (—logz, ; + 2miZ)/ log p,
where zp,1,...,2p,4, are the zeros of R,. Considering only the zeros with
Im s sufficiently large, we see that the zeros of each rational function Rp are
determined by ¢. Arguing similarly with the poles, we conclude that each Rp
is determined by ¢.
Furthermore, if we have an equality

—s+a)) s77 TR —5+8)
(2:5) H I‘R3+a CAH FRs—i-Bl

for some constants A > 0 and C, then an examination of the zeros and
poles shows that m’ = m, and that after possibly reindexing aq, ..., a,, and
ay,...,ay, we may assume that o; — 3;,f — 8 € 27Z for all i, in Wthh case
Ir(s+a;)/Tr(s+B;) and T'r(1 — s+ o, )/FR( —s+p;) are ratlonal functions
in s. Thus A = 1.

The first two parts follow. The third and fourth parts immediately follow
from the first part.

Moreover, by an easy argument (e.g., [L01]) the equality (2.5) holds if and
only if A = 1, m’ = m and after reindexing ay,...,q, and oy, ...« if

necessary, there exists 0 < k < m such that
1) a;+ 8 =a) +Bi=1land a; — B; €2Z for all i = 1,... k,
(2) a; = B; and o = 3} for i > k, and,
(3) C = (=1)(a=Frtrter—F)/2,

Part 5 follows.

Suppose that aq, ..., a,, are not reduced, so that there exist indices i and j
such that «; + aJV = 1 — 2k for some positive integer k. We may then replace
a; and o by 1 —af and 1 — «;, respectively, and multiply Cy by (—1)*. We
may repeat this process until aq,...,a, become reduced. The process must
terminate after finitely many steps since Y. (o + ') increases by 4k in each
step.

Once oy, ..., ay, are reduced, the poles of [\, Tr(1 — s + o) are disjoint
from those of [T/, Tr(s + ;). Therefore, the zeros of [/, Tr(s + o) " are
precisely those of o, (s, 7, 7) (including multiplicities). In particular, {aq,...,
ap } is determined as a multiset, and hence (2.4) follows from (2.3). O

Assume that (2.1) is satisfied for some fixed r and 7 and take a1, ..., a,, to
be reduced (hence uniquely determined). We set
m
Ld(s,m,r) = H Ir(s + ),

i=1
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so that

Lo(1-5
700(87 7T7 ,r‘) = COO OO( 87 ﬂ-’ /r)

LOO (57 7r’ T)
with coo = £C4. In this case the archimedean conductor simplifies to
(2.6) coo(m,r) = [ [ (1 + o — 1/2]).
i=1

For p € S, f(m) it follows from (2.3) that we can write in a unique fashion

(2.7) Yp(s,m,7) = cpp 2T P (p72) /P, (p* ),

where ¢, € CC”, ¢y(m,7) € Z, and P, is a polynomial with P,(0) = 1 such

that no zeros a and § of P, satisfy a8 = p~!. Here P is the polynomial

obtained from P by taking complex conjugates of the coeflicients. The degree
of P, is the number of zeros (or, equivalently, poles) of R, in CC* (counted
with multiplicities), and the integer e, (, 1) is the difference between the order
of R, at X = 0 and the degree of P,. We have seen that e,(m,r) and P,
are uniquely determined by 7 and r. Analogously to the case p = oo, the
zeros of P,(p~*) are precisely the zeros of v,(s,m,r). Although we expect that
ep(m,7) > 0, we do not impose this condition at the outset. We set
L;Jed(sa 7777”) = P;D(p_s)_lﬁ pE S@;f(ﬂ-%
and define the reduced completed L-function
Lmd(s,ﬂ', r) = ( H L;Cd(s,W,r))LS(”)(s,w,r),
pESq(m)
and the reduced epsilon factor
(s, m,7) = coo H cpp(%_s)ep(”’T) = ﬂ(ﬂ',?‘)%_s H Cp,
pGS@,f(ﬂ') pES@(ﬂ')
where
(2. nwr) = [[ p7) € Qs
pESy,f(m)
is the arithmetic, or finite, conductor. Thus, we can rewrite (2.1) as
LY (s, m,r) = & (s, m,r) L1 — s, m,7Y) = (s, m,r) L1 — 5,7, 7).
We denote by

Lmd’f(S,W,T) = ( H L;ed(saﬂar))LS(ﬂ-)(s’ﬂ-7r)
pESq, (™)

the “finite” part of L9,
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Remark 2.3. In many cases there is an alternative procedure to define a com-
pleted L-function

(2.9) L(s):( H ip(s))LS(”)(s,ﬂ,r),

pESy(m)

which may differ from L™d(s). Here Loo(s) = Hf’;l I'r(s + &;) with some
complex numbers &;, and L,(s) = P,(p~*)~" for p € Sp s(n), where P, are
some polynomials satisfying P,(0) = 1. (For brevity, we say that factors L,(s),
p € Sg(m), of this shape are Euler factors.) The advantage in working with
L™4(s) is that it is uniquely determined by the partial L-function L5(™) (and
hence by 7 and 7). Of course, it is only defined if property (FE) is known a
priori.

In any case, as a consequence of the minimality of the local factors L;ed(s),
p € So(r), the reduced L-function L**d(s) satisfies the following minimality
property. Suppose that a function L(s) as in (2.9) satisfies a functional equation
of the form

L(s) = CR%_SLV(I —9)
for some ¢ € CC* and R > 0, where
L) =( [ L) Es@sm ),
PESg(m)

for some Euler factors [N/;f(s), p € Sg(m). Then for each p € Sg, s(w), the
polynomial P, is divisible by P, and L (s)/L(s, 7, 7) is a polynomial. In
particular, the quotient L™ (s)/L(s) is an entire function. Moreover,

n(g T) — H pdeg P,—deg P,
pESg, ()
is a positive integer.

Consider for example the case of G = GL(n) with the standard representa-
tion r = Sty,. If 7 € Heysp(G(A)) then the completed L-function L& (s, 7, St,,)
was defined and studied by Godement—Jacquet [19]. The Jacquet-Shalika
bounds on the local parameters of generic representations imply that LS (s, ,
Sty,) is reduced. On the other hand, for any m > 1 the L-function

- m+1 )
H LGJ(S + T *j,ﬂ',Stn),
j=1

which is the completed L-function of a residual representation of GL(nm, A),
is not reduced.

Our next task is to apply the standard argument of Riemann and von Man-
goldt for estimating the number of zeros of an L-function (cf., e.g., [55, Section
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5.3]). For our purposes we will need a weak form of this argument which works
under the following supplementary conditions.

Definition 2.4. We say that (G,r) satisfies property (FE+), if it satisfies
property (FE) and if in addition the following holds.

(1) There exists a polynomial P(s), whose degree is bounded in terms of
(G,r) only, such that P(s)L°(™) (s, 7, r) is an entire function of finite
order.

(2) The degrees of the polynomials P,, p € Sg,f, in (2.7), as well as the
degree of the factor v, are bounded in terms of (G, r) only.

(3) There exists a real number 5 depending only on (G, r), such that the ze-
ros of P, p € Sp, s, have absolute value > p~# and such that v (s, 7,7)
has no zeros in the half-plane Res > S (i.e., the reduced parameters
a; satisfy Rea; > —f3).

We say that (G, r) has virtually property (FE+), if there exist representa-
tions r1 and ry for which (G, r;) has property (FE+) and r & rq = rs.

In practice, we will have degv.c = N[F : Q] > deg P, for all p € Sg ().
However, we do not demand it at the outset. The most elusive condition in
property (FE+) is in fact the first one — the boundedness of the number of
poles of L% (s, m,r) independently of .

Remark 2.5. Tt is clear that (G, r) satisfies (FE+) if and only if the same is true
for (G,rY). An analogous remark is applicable for all subsequent properties
defined below.

We can now state the desired estimate. Recall the archimedean and arith-
metic conductors defined in (2.6) and (2.8), respectively. Here and throughout
we write

A< B

to mean that A is bounded by a constant multiple of B. The implied constant
is allowed to depend only on the pair (G, 7).

Proposition 2.6. Suppose that (G,r) satisfies property (FE+). Then for any
7 € Maisc (G(A)) the meromorphic function

m(s,m,r) = erEd(l,W,r)Lmd(s,W,r)/LrEd(s +1,7,7)
satisfies |m(it,m,r)| =1 for t € R and

T+1
/ |m/(it, 7, )| dt < log(|T|+ 2) + log coo (, ) + log(n(m,r) H D)
T
p€Sq, 5 (m)

for all T € R.
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Proof. Although the argument is familiar, we will provide the details, since our
assumptions are somewhat weaker than usual. Let

A(s,m,r) =n(m, )2 L* (s, 7, 7).
Then

1 -
(2.10) A(s,m,r) = ered(§,7r,r)A(1 —35,m,T).

Note that m(s,m,r) = A(s,m,r)/A(=3,m,r) and hence m(s,m,r) is holomor-
phic on the imaginary axis and has absolute value one there. Moreover,
m/(it, m, ) A (it,m,r)
e N € AL N\
m(it, 7, ) A(it, 7, r)
The function A(s) = A(s,n,r) is a quotient of holomorphic functions of
order one, and hence a meromorphic function of order one. For instance, the
argument of [39, Proposition 1] shows that there exist positive constants ¢y, ca,
c3, depending also on 7, such that

P(s)LS(”)(s,mr)’ < ey (1 + |s|ymax(ezmesRels) 5 e CC.

teR.

Therefore A(s) admits a Hadamard factorization
A(s) = ea+tbs gn(0) H —s/p) S/p]n(p)
p#0

where a,b € CC, the product ranges over the zeros and poles of A(s) other
than 0, and n(p) is the order of the function A(s) at s = p (possibly negative).

Also,
>

p#0

| |1+e

for all € > 0. Thus,

AA/<(sS)) T (75 4).

p#0
and hence
Z Re + Reb+» Re nlo),
p#0 p
where the series of p are absolutely convergent because of
R
Z Re”(ﬂ)‘zzn(0)|2€f’|<< ”(PZ) < o0
p#0 P p#0 |l)| p#0 ‘p‘

Taking the logarithmic derivative of the functional equation (2.10), we also get

ZR —i—Reb—i—ZR E))

p#0
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Since n(p) = n(1—p), we conclude that Reb+> _, Re "(p”) = 0, and therefore

—Z Re(s —p).

p Is—pl

By the second and third condition of Definition 2.4, there exist an integer
m > 1 and a constant A > 2, depending only on G and r, such that for all
primes p the Euler factor at p of L**(s, 7, r) is a product of at most m factors
(1 — app~*)~! with |a,;| < pA~2 for all p and 4, and such that the poles
of the factor at infinity L., lie in the half-plane Res < A — 2. (In fact, we
may take A = max(c,3) + 2.) Therefore, the Euler product L*%f (s, r) is
absolutely convergent for Res > A — 1, and because of the condition on L,
and the functional equation (2.10), all zeros and poles p of A(s) lie in the strip
2—A<Res<A-1.

By definition, we have

A'(s)
A(s)

(Lredd) (s, mr) | Lig(s,m,7)
Lredaf(s’rn-’ ’r) LOQ(S’T‘—7 /r)

1
=3 log n(m,r) +

The absolute convergence of the Euler product for Res > A — 1 implies that

('(s—A+2)
C(s—A+2)

(LretT) (s, 1)
Lredif (s, 1)

in this half-plane. Using the fact that IV(s)/T'(s) = log s+O(1/ |s|) for Res > 1,
we get that

A'(s)
A(s)

1
‘Re logn(w,r)+§logcoo(7r,r)+%log|s|+c

for Res > A, where ¢ depends only on G and r. Taking Re s = A, we conclude
that

A—Rep 1 m
———— < —logn(m,r) + = log coo(m,7) + — log(1 + |T|) + ¢
S 5 1ogn(m, ) + 5108 coo(m,7) + 2 log(1 + 7))

On the other hand, because of the first condition of Definition 2.4, up to finitely
many exceptions the poles of A(s) can only arise from the poles of the Eu-
ler factors Ly(s,m,7) = P,(p~®), p € Sg,f(m). Therefore, using the identity
> ezl + (n/z)?)~ = ma coth(mz), we have

A—Rep m 1+pt
Yo Il ety Y. o log.

pn(p)<0 |A +iT — P| pESq, ¢ ()
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where ¢ again depends only on r. Hence

(2.11) > H(l}”‘(_p)lmpy <

log n(m,r) + Z log p + log ¢coo (, 1) + log(1 + |T]) + 1,
pESg, s (m)

and in particular
(2.12)

> Inlp) < logn(m,r)+ D logp+logeae(m,7)+log(1+|T]) + 1.
piIm p—T|<2 pESq,£(m)

We can now estimate fTTH |m/(it, m,7)| dt =2 fTTH ‘Re IX(%) dt by writing

A (it) Rep
Re = n ,
LG

and splitting the sum into two parts according to whether [Imp —T| > 2 or
[Im p — T'| < 2. For the first sum we have

Re n
Z n(p) P | <24 Z 1+(|T(p)1mp)2

. 21 —
p:|lm p—T|>2 lit = pl pi|Im p—T[>2

for any ¢t € [T,T + 1] and we use (2.11). For the second sum we use the fact
that for p = 8 + iy with 8 # 0 we have

/T+1 |Rep| g /T+1 |B| gt — /(T+1—’Y)/|5| 1 gt
(

v it — pf? B4 (—9)? RV
Thus,
T+1
Rep
D SR L D SR R
T p:|Im p—T|<2 |1t - p| p:|Im p—T'|<2
which is bounded by (2.12). All in all we get the required estimate. O

Remark 2.7. Tt is clear that in Proposition 2.6 it is in fact sufficient to require
that (G, r) has virtually property (FE+). Similarly, it suffices to know that the
number of poles of L3(™ (s, 7, 1) is < log ¢oo (7, 7) 4 log(n(,7) Hpesc_f(ﬂ) D).

In order to make the connection to asymptotic problems, we need to control
n(m,r) (resp., coo(m, 7)) in terms of the level of 7 (resp., the size of the infinites-
imal character of 7). Fix once and for all a faithful F-rational representation
p: G — GL(V) and an op-lattice A in the representation space V. The stabi-
lizer of A =6, @ A C A, @V in G(Agy) is an open compact subgroup Ky,
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and any maximal compact subgroup of G(Agy,) can be realized this way. For
any non-zero ideal n of op let

K(n) =Kgn) = {g € G(Am,) : plg)v=v (mod nA), veA}

be the principal congruence subgroup of level n, a factorizable normal open
subgroup of Kg,. The groups K(n) form a neighborhood base of the identity
element in G(Ag,). We denote by N(n) = [oF : n] the ideal norm of n. We
define the level of an admissible representation 7 of G(A) by level(w) = N(n),
where n is the largest ideal such that 7™ = 0. Analogously, for any finite
place v of F we define the level level,(m,) of a smooth representation 7, of
G(F,). Thus, level(m) = [], level,(m,) where v ranges over the finite places
of F and almost all of the factors are 1. Note that there exists an integer n,
depending only on G, such that for any 7 € Ilgs.(G(A)) we have:

(2.13) p divides level(w) for any rational prime p € Sg, f(7) coprime to n.

We fix a maximal compact subgroup K., of G(Fy) and set K = K Kgy,.

Fix a Cartan subalgebra hee of the complexified Lie algebra (go)cc of
G(F) and a Euclidean norm ||-||cc on h¢ which is invariant under the Weyl
group W((goo)cc, bee). For any (smooth) non-zero representation 7 of G(F. ),
which has an infinitesimal character y,, we define

A(m) =14 [|Ix«[?,
where we view X, as an orbit in b under W((goo)cc, bee)-

Remark 2.8. In [35, Section 5.1] the slightly different invariant
A (m) =1+ A2 + min||7||?

is used (and denoted there by A(m)), where A, is the eigenvalue of the Casimir
operator of G(F,), T ranges over the K -types of 7 and the norm |[|7|| is the
one defined by Vogan (cf. [28, Section 2.2]). By a standard argument (cf. [109,
Sections 6.5 and 6.6]), there exist constants ¢1,co > 0, depending only on G,
such that
N (1) < A(7)? < e\ ().

Therefore, for all practical purposes there is no difference between A(7) and
A (7).

We thus make the following definition.

Definition 2.9. Suppose that the pair (G, r) satisfies property (FE+). We say
that the conductor condition (CC) is satisfied, if there exists ¢ > 0 (depending
only on G and r), such that

(2.14) n(m,r) < level(m)®
and

(2.15) Coo (T, 1) < A7)
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for all m € Tgisc(G(A)).

Condition (CC) is certainly expected to hold in general (cf. [9]), although
it is not clear whether, strictly speaking, its non-archimedean part (2.14) for-
mally follows from Langlands’s principle of functoriality or the local Langlands
conjecture for G. For the archimedean part (2.15) see Remark 2.10 below.

2.2. The standard paradigm for proving (FE) (e.g., through the Langlands-

Shahidi method or an integral representation, cf. [41]) goes by defining local
factors v (s, m, r), that satisfy certain properties, most importantly
(FE?) L(s,m,7) H% 8,7 r))LS(l —s,mrY)

veS

for any finite set S O S(m). (In each particular case the superscript ® will be
replaced by an appropriate acronym.) The local factors (s, m,r) normally
depend on a choice of a character v, of F,,. We will suppress this choice by
taking ¢p = g o Trr/g where g = Hp g, is the standard character of
Q\Ag (characterized by ¢r(-) = €2™()) and writing Y = @1, ie., ¥, =
Yr, =g, °Trg, /g, if v lies above p. If we want to emphasize that v (s, 7, 7)
depends only on 7, (as it is in the usual paradigm) we will write it as v2 (s, my, ).
However, we will not make it a part of our requirements. This flexibility will
be useful in sections 4 and 5, where we will use functoriality to study analytic
properties of L-functions.

In addition to (FE’) we will impose the following conditions on 2 (s, ,r)
(which for simplicity we denote by (I'F)). Here, n is a positive integer and g a
real number which depend only on (G,r). (In practice n = N = degr.)

(1) For every finite v, the function v3(s,n,r) is a rational function in ¢, *,
and
L:(1—s,m,rY)
Le(s,m,r)
where, denoting by A, the ideal norm of the different of F, (i.e., the
conductor of ¥, as above),

(2.16) ve(s,m,7) = en(s,m,7)

6;(8,7T77’) =c qe vl T)(2_9)A 7_9)

LU(S,TF,T) = Pv(Q; )717
L;(S,W,Tv) = Qv(qv_s)_lﬂ

for some ¢?(m,r) € Z and polynomials P, and @, of degree < n satis-

fying P,(0) = Q,(0) = 1.
(2) For v € So we have

1_5+a1)1)
(s + aw,i)

(2.17) vo(s,m,r —ch F
P,
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for some ¢, € CC*, ay 1,5 Qum,, Q15+ -5 Q) € CC, where m, <
n

(3) For all v € S(m), the function v3 (s, 7, r) has no zeros for Res > S.

Let us make a few comments about these conditions.

First, as before, we do not impose that e$(m,r) > 0 for v € S¢(m) (although
in practice this will always be the case). Also, for v finite we allow P,(X) and
Qu(g; 1 X~1) to have common zeros. Thus, ¢8(m,7) does not depend only on
the function ¢ (s, m,r) itself. However, this ambiguity is immaterial for our
purpose since different presentations (2.16) give rise to values of e?(m, r) which
differ by an integer of absolute value < n.

Similarly, for v € S, we allow the numerator and denominator in the ex-
pression (2.17) to have common poles. We set

Moy

1
e(mr) = ([T + lows — 1/2D(1 + |a); = 1/2])) .
i=1
As in the proof of Lemma 2.2, ¢?(7,r) depends only on the factor 72 (s, ,r)
and not on the choice of vy 1, ..., Qym,, Q) 15, Qy ,, . (In practice we always
have m, = N.)
Note that the functional equation (FE’) implies that for all v ¢ S(7) we
have
. L,(1—s,m,,7V)
’yv(svwv')ﬂ) - LU(S,ﬂ'U,T) :
Finally, it implies (FE) with
7;0(877(-77') = H 'Y,:(S,']T,’f')

veS(m):w|p

for each p € Sg(7), and the second and third conditions of property (FE+) are
satisfied. Regarding condition (CC), by Remark 2.3 the quotient

n(m,7)

[Loes; g5t ™"

is a positive integer which divides HPGSQ‘f(ﬂ) p" 7@ Therefore, by (2.13) the

non-archimedean part of condition (CC) is implied by the condition
(CC) ep(m,r) < 1+log, level,(m,), v & Sg(m).

Note that this property (in contrast to the value of ef(m,r) itself) depends
only on 3 (s, m,r). The archimedean part of condition (CC) is implied by the
condition

(AF) o (mr) < A(my)¢, v € Sw,

where ¢ depends only on (G, ).
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Remark 2.10. In many cases one knows that the archimedean factors are com-
patible with the Langlands classification in the following sense. For v € S, let
W, be the Weil group of F, and let ¢, : W,, — G be the Langlands parameter
attached to m,. Then

(CL)
7;(& T, 7") = ’Yv(sa T 0 ¢y, wv) = €U(S, T 0 ¢y, wv)Lv(l - S, r¥o (bv)/Lv(Sa o ¢’U)7
where the L- and e-factors on the right-hand side are as in [108, §3]. Tt is easy

to see that condition (CL) for all v € So, implies (AF) (with ¢ = N/2).
We sum up the discussion as follows.

Corollary 2.11. For a given pair (G,1), suppose that for all m € Ilgisc(G(A))
the following conditions are satisfied.

(1) There exists a polynomial P(s), whose degree is bounded in terms of
(G,r) only, such that P(s)L°™) (s, 1) extends to an entire function of
finite order.

(2) There exist local factors ys (s, m,r) (for all places v of F') satisfying (FE’),
(T'F), (AF) and (CC’).

Then (G,r) satisfies properties (FE4) and (CC).

The following observation will be useful.

Lemma 2.12. Suppose that for all triplets (M, 7, r"), where M is a Levi sub-
group of G defined over F (including G itself), m € Ilousp(M(A)) is a cuspidal
representation of M(A), and r' is an irreducible constituent ofr{LM, conditions
(1) and (2) of Corollary 2.11 are satisfied (with M instead of G and r' instead
of r). Then (G,r) satisfies properties (FE+) and (CC).

Proof. Let m € Ilgisc(G(A)). Then there exist o € Ilgysp(M(A)) and A € as ce
such that 7 is a subquotient of the representation (o, A) parabolically induced
from the twist of o by the character of M(A)/M(A)* determined by A [12,
Supplement]. We have S(o) C S(7), level(o) < level(m) and A(os) + [|A|? <
A(7s). Also, by the unitarity of 7, ||[ReAl| is bounded in terms of G only.
Decompose r|L M= @®F_,7r; according to the central character, and let 5 be
the element of ay; corresponding to the central character of r;. Then
k
L5 (s, ) = [T L5 (s + (A, BY) ,0,m9).
i=1
We take

k
’7;(5’71-77") = HW;(S + <)‘7ﬁzv> ,O’,?“i)-
=1

Then properties (1) and (2) for (G, m,r) immediately follow from the corre-
sponding properties of (M, 0,7;),4=1,...,k (cf. Remark 2.3). O
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2.3. At this stage it will be useful to introduce a slight refinement of the
notion of level. For the rest of this section let G’ be a closed connected normal
subgroup of G and p : H — G’ a finite covering of G’ (with H connected), both
defined over F. Note that p(H(F)) is a normal subgroup of G'(F) and that
G'(F)/p(H(F)) is an abelian group of finite exponent (bounded by the size of
the kernel of p), and similarly for p(H(A)) C G'(A).

For any 7 € Igisc(G(A)) we write level(m; p) = N(n), where n is the largest
ideal such that 7%MMPH(A)) £ 0. (Note that the same notion was considered
in [35, §5.1], where the notation level(m; p(H(A))) was used.) Analogously, we
define level, (m,; p) for a smooth representation m, of G(F,). We also set

(2.18) A(Troe; p) = A9 (0o

G/(Fao))7
where on the right-hand side A is taken with respect to G’. Alternatively,

A(Too;p) = 1+ ||Xrw:pll?, where xr_.p is the projection of y.._ to (hce N
Lie(G/(FOO))Cc)*.

Lemma 2.13. There exists an integer N1, depending only on p and G, such
that for any m € Ilgisc(G(A)) there exists o € Iaisc(G'(A)) and a character x
of G'(A) trivial on G'(F)p(H(A)) such that level(o) divides Ny level(m;p) and
ox is a subrepresentation of w In particular, AC (0) = A(ms0; p).

G'(A)

Proof. We first reduce the lemma to the case G’ = G. Namely, we show that
there exists an integer N3, depending only on G and G’, such that for any
7 € Ilgisc(G(A)) there exists a subrepresentation o € Ilgisc(G'(A)) of g/ (a)
with level(o; p) dividing N3 level(; p).

Let C be the centralizer of G’ in G. Then CG’ = G, and therefore G’ (Foo )C(Fwo)
has finite index in G(F). Since the maximal compact subgroup K., meets
every connected component of G(F,), we have G(Fy) = G'(Foo )C(Foo) Koo
Combining this fact with the well-known finiteness of the class number of G
[96, Theorem 8.1], we see that the coset space

X =G(F)\G(A)/G'(A)C(Fx)K
is finite. Fix a set of representatives {g1,...,g.} for the classes of X.

Let 7 € Igisc(G(A)). Note that since CG' = G, G(A)/C(A)G'(A) is com-
pact, and therefore, the restriction 77} a(a) decomposes into a direct sum of
irreducible representations. Let ¢ be an automorphic form on G(A) in the iso-
typic space of w, which is right-invariant under the group K(n) N p(H (Agy)).
Then there exist ¢ = 1,...,7, k € Ky and ¢ € C(Fy), such that the func-
tion ¢ := ¢(-cg;k) does not vanish on G’(F)\G'(A). The function ¢ is clearly
invariant under g;K(n)g; YN p(H(Agy)). Decomposing the span of )

un-
G'(A)

der G’(A) into irreducibles, we obtain an irreducible subrepresentation o €
Haisc(G'(A)) of m|gr(a) such that level(o;p) divides Ny level(m;p), where the
integer Ny depends on G only, as required.
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So assume from now on that G’ = G. It remains to show that there exists an
integer N3, depending only on p, such that for any o € Igis.(G(A)) there exists
a character y : G(A)/G(F)p(H(A)) — CC* such that level(ox~!) divides
N3 level(o;p). Recall from [35, Lemma 5.1] that

level, (o,;p) = minlevel, (o, x; '),
Xv

where x,, ranges over the characters of G(F,)/p(H (Fy)). Since G(Fy)/p(H(Fy))
is finite for all v, it suffices to show the following assertion. There exists a finite
set Sy of finite places of F', depending on p only, such that for any finite set S of
finite places of F' outside Sy and a family of characters x, of G(F,)/p(H (Fy))
for v € S, there exists a global character x : G(A)/G(F)p(H(A)) — CC™, un-
ramified outside SUSy, such that y, X, ! is unramified for all v € S. (We use the
fact that level, (m,x») < level,(m,) for any character x, of G(F,)/p(H(Fy)),
v E So)
For convenience we write K = G(Fx)Kfin. We first show that the group

(G(F) N p(H(4))K)/p(H(F))

is finitely generated. Indeed, choose representatives xi,...,zy for the finite
double coset space H(F)\H(A)/p~'(K), and let y; = p(z;). Then G(F)N
p(H(A))K is the union over i = 1,... k of

G(F) Np(H(F))yK = p(H(F))(G(F) NyK).

If 6; € G(F) Ny;K, then G(F) Ny, K = (G(F) N §;Kd; 1)d;, which is a coset of
a finitely generated group. Our claim follows.

Let T be the image of G(F) N p(H(A)K in G(Agn)/p(H(Agy)). Since the
latter is abelian of finite exponent, I' is necessarily finite, and therefore projects
injectively into G(Fs,)/p(H(Fs,)) for a suitable finite set Sy depending only on
p. It is therefore possible to extend the character [ ], ¢ X» of K to a character
of K/(G(F)p(H(A))NK), which is trivial on K, for any v ¢ SUSy. Extending
this character to G(A)/G(F)p(H(A)) we obtain the desired y.

The last assertion of the lemma is clear, since x is trivial on the connected
component of the identity of G(Feuo). O

The following observation will also be useful.

Lemma 2.14. Assume that G' contains the derived group of G and let v :
LG — LG’ be the corresponding homomorphism of L-groups. Let v’ be a rep-
resentation of “G’ and let r = r' o L1. Assume that (G,r) satisfies (FE+) and
(CC). Then (G',r") satisfies (FE+) and (CC).

We first need the following standard result.

Lemma 2.15. Let T be a torus over F. Then there exists a compact subset
C of the Pontryagin dual T(Fs)P = Hom(T(Fs,),CCY) of T(F), such that
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for any character x of T(A) there exists a character X of T(F)\T(A) such that

xx ! is unramified at all finite places and Yoo Xt € C.

Proof. Indeed, let T(Fy)! = T(Fx) NT(A)!. Then
X = T(F)T(F)! [ T(O)

v finite

is a closed subgroup of finite index of T'(A)! and the group I' := T(F) N
T(Foo)' 1, inite T(Oy) is a lattice in T(F)!. Therefore, there exists a com-

pact subset C' of (T'(Fs)')P, such that its image under the restriction map
(T(F)')? — TP

is onto. Thus, there exists a character x of X, trivial on T'(F), whose restriction
to T'(Fx)! is in XooC and whose restriction to [, e 7(Ov) is x. Extending
X arbitrarily to T(A)! and setting ¥|a, = X|a,, we obtain the assertion. I

Proof of Lemma 2.14. We show that for any given 7/ € Ilgisc(G’'(A)) we can
find 7 € g5 (G(A)) such that 7’ is a subrepresentation of 7 Gr(a) level(m) <«
level(n’) and A(7me) < A(ml,). By [54, Theorem 4.13, Remark 4.23] there
exists m € Ilgisc(G(A)) such that 7" occurs in 7 Gr(a)° Let T = G/G'. As in
the proof of [35, Lemma 5.1] we have level, (7]) > min,,, level, (7, ®w, ), where
w, ranges over the characters of G(F,)/G’(F,), and similarly for A(n/,). Since
the map G(F,)/G'(F,) — T(F,) is injective, we can vary over the characters
of T'(F,) instead. Hence the claim follows from Lemma 2.15.

Finally, since 7" occurs in 7 or(a) Ve have S(7’) € S(n) and L3(™ (s, 7,7) =
L3 (s, 7' r'). It is now easy to conclude the assertion of the lemma from
Remark 2.3. ]

3. Global normalizing factors and L-functions

In this section we consider the global normalizing factors associated to inter-
twining operators. We switch therefore to a slightly different setting. Let G be
an isotropic reductive group defined over F', and M a proper Levi subgroup of G
containing a fixed maximal F-split torus Ty. As usual, we let P(M) be the set
of all parabolic subgroups of G, defined over F, with Levi subgroup M. For any
P € P(M) with unipotent radical Np let A?(P) be the space of automorphic
forms ¢ on Np(A)M(F)\G(A) such that (5;%90(-/{) € L3, (AyM(F)\M(A))
for all k € K, where dp denotes the modulus function of P(A). For each pair
P,Q € P(M) there is a global intertwining operator

Mgjp(X) : A2(P) = A%(Q),

which has meromorphic continuation in A € aj, ¢ [I, Section 1].
Let ¥5; C aj; be the set of reduced roots of T3 on the Lie algebra of G,
and for any P € P(M) let ¥p C Xjs be the set of reduced roots of Th; on
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the Lie algebra np of Np. We say that two parabolic subgroups P, Q € P(M)
are adjacent along o € Xy, and write P|*Q, if ¥p N —X¢g = {a}. The study
of the operators Mg p(\) reduces to this case. Let 7 € Igisc(M(A)). We
are interested in the corresponding normalizing factors n, (7, s) introduced by
Langlands and Arthur (see [1, Section 6], [2]). They are meromorphic functions
of a complex variable s, and are closely connected to certain automorphic L-
functions studied by Langlands and Shahidi. (As the notation suggests, ng,
depends only on « and not on the choice of parabolic subgroups P|*Q. The
precise definition of n, and its relation to the intertwining operators Mg p())
is described in [1]. We will not need it here.)

To describe the relevant representations of the L-group “M, let U, be the
unipotent subgroup of G corresponding to « (so that the eigenvalues of Ty
on the Lie algebra of U, are positive integer multiples of «). Let M, be the
group generated by M and Uy,. It is a Levi subgroup of G defined over F'
containing M as a co-rank one Levi subgroup. Let M, be the subgroup of
M, N G generated by Ui,. By [I3, Proposition 4.11] M, is a connected
normal subgroup of M, defined over F. Hence Ma = MnN Ma is a normal
subgroup of M. Moreover, since M has co-rank one in M,, precisely one
simple root [ of M, restricts to «, which implies that the root system of M,
is the irreducible component of the root system of M, containing 3. The
group M, is therefore F _simple, and M, is a Levi subgroup of co-rank one.
(In particular, M, is connected.) Let M;C be the simply connected cover of
M,, and pe M;C — M, the natural projection. By abuse of notation we
write M3 = (p*¢)~1(M,). (Of course M is not semisimple.) We denote by
p°¢ : M2 — M, the restriction of p5¢ to M3°. We note that p>(M:¢(A)) =
PN (A)) N M (A).

The L-group “M, of M, admits a parabolic subgroup P, = “*M x “U, cor-
responding to o whose Levi part “M is the L-group of M. The representation
of LM relevant for the theory of intertwining operators is (the contragredient
of) the adjoint representation of “M on Lie(*U,). We have a sequence of
homomorphisms of reductive groups

M 5 — My — M,
which restricts to
M 5 — M, — M.
The dual sequences of homomorphisms of L-groups are
LAL, —s LN, _>L(MZC) = (LN, )™
and

EM — EM, — F(M) = P ML,/ Z(F ML),
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respectively. The adjoint action of LM on Lie(fU,) clearly factors through
the composed homomorphism. We decompose the contragredient of the ad-
joint representation of “M, on Lie(“U,) as @_ 7, where the (irreducible)
subrepresentation r; is the eigenspace of weight —j of the fundamental weight
corresponding to «, considered as a cocharacter of the center of M, /Z(F Ma)
The normalizing factor n,(m,s) is closely related to the L-functions
L3(js,m,1;), j =1,...,1, which emerged in the famous computation by Lang-
lands of the constant term of the corresponding Eisenstein series [81]. Lang-
lands used this to show the meromorphic continuation of these L-functions to
the entire complex plane (at least in the cuspidal case, but the general case
follows from the cuspidal case as in the argument of Lemma 2.12). These L-
functions are also known to have finite order as meromorphic functions. In the
cuspidal case this is [39, Theorem 2], which is based on the results of Miiller
[92, 93]. The general case follows once again from the argument of Lemma
2.12. However, the finer analytic properties of L (s,, 1), such as properties
(FE+) and (CC) considered in this paper, are more elusive (cf. Remark 3.7
below).
We now summarize the pertinent properties of the normalizing factors n, (7, s).
The first one is the functional equation

n(x(Tr7 S)noz(Tr7 75) = ]-7

which is equivalent to
[no(m,it)| = 1, teR.

The second is a factorization
s) = Hnaﬂ,(ﬂ', s)
v

as an absolutely convergent product for Re s sufficiently large. The local factors
N, (T, s) are assumed to satisfy the following properties.

(1) For all finite v, na(m,s) is a rational function in X = ¢, °, whose
degree is bounded in terms of G only and which is regular and non-
zero at X = 0.

(2) If v € S, then

N (T, S) CIN_I Tr(jis + i)
(o) v FR J,LS + al + 1)

where ¢, # 0, a,...,an, € CC and the integers N, > 1 and j; > 1,
i=1,...,N,, are bounded in terms of G only.

(3) Write 7 = ®m,. If v is finite, M, is unramified at v and the pull-back
m, 0 p°¢ of m, to M 5¢(Fy) contains an unramified subrepresentation o,
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then
! .
L,(js,00,75)
3.1 aw(m, 8) = eIl
(3.1) N (T, ) ].IJLU(js—H,UU,Tj)
Remark 3.1. The first and second property are clear from [2] (and moreover
N, (T, s) depends only on m,, or in fact on m, o p°@ — cf. [27, Theorem 3.3.4]).

For v € Ss, by [2, §3] we have in fact

l .
_ LU(jS,TjO¢v)
e e) = Jr:[l Ly(js + 1,7 0 60)’

where ¢, : W, — “M is the Langlands parameter associated to m,. However,
we will only need the qualitative property stated above. The third property is
implicit in [2]. We omit the details.

Remark 3.2. We can rewrite the assumption on 7, in (3) in an equivalent way
by saying that 7| N (F) contains an irreducible subrepresentation of the form

0y Xv, Where g, is an unramified representation of M, (Fy) and yx, is a character
of My (F,)/p* (M (Fy)).

We now introduce the property (TWN+), which is the main object of this
paper.

Definition 3.3. The group G satisfies property (TWN+) (tempered winding
numbers, strong version) if, for any proper Levi subgroup M of G defined over
F, and any root o € ¥); we have the estimate

T+1
/ Inl,(m,it)| dt < log(|T| + A(mao; p™) + level(m; p°°))
T

for all m € Tlgisc(M(A)) and all real numbers 7.

Recall that the invariants A(7.;p°) and level(r; p*°) are defined in Section
2.3. (Of course, the ambient group is M in our case.) As explained in [35,
Remark 5.3, part 2], this property implies property (TWN) for G formulated
in [35, Definition 5.2], which is relevant to the limit multiplicity problem.

In view of the description of the unramified factors of ng(m,s), it is no
wonder that the property (TWN+) is intimately related to analytic properties
of the automorphic L-functions L%(s,m,r;). In the special cases G = GL(n)
and G = SL(n) this was spelled out in [35, Proposition 5.5]. Here, we will
analyze it in the general case.

Definition 3.4. We say that G satisfies property (L), if for any standard
Levi subgroup M, any a € ¥/, and any irreducible constituent r = r; of the
representation (Adzys, )Y of the group LM, the pair (Ma, r) satisfies properties
(FE+) and (CC).
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Remark 3.5. Tt is clear from the definition that property (L) depends only on
the derived group of G.

Remark 3.6. We expect that every group satisfies property (L). Using [42,
Proposition 3.1], it is possible to reduce this question to the constituent ry.

Remark 3.7. Suppose that G is quasi-split and that 7 is a generic cuspidal
representation of M(A). (If M is isogenous to a product of general linear
groups, then this condition is satisfied for all cuspidal representations 7.) By
the results of Shahidi, the meromorphic function L° (7“)(57 m, 1) satisfies then a
functional equation of the form (2.1). Moreover, local factors v5! (s, ,,r) are
defined and satisfy (FE’), (I'F) and (CL) [103]. Shahidi’s work also gives that
under some mild assumptions which are known in almost all cases (see [74]
and the references therein), these L-functions admit finitely many poles and
are of order one (see [12], with some complements in [39]). However, the poles
are controlled by those of the corresponding Eisenstein series in the right-half
plane, and in general it is not clear how to bound the number of the latter in
terms of G only. (This is known in several cases and is expected to hold in
general.) Therefore, even granted the reduction to the generic case, without
additional input we cannot conclude from Shahidi’s work by itself that r has
property (FE+).

In addition, it is not clear how to approach property (CC’) using the
Langlands-Shahidi method (although it is certainly not excluded that this is
possible).

In the cases at hand we will supplement the information from Shahidi’s work
by using integral representations of Rankin—Selberg type, which give better
control of the poles of (at least) the partial L-functions as well as of the local
~y-factors.

We now have the following implication.

Proposition 3.8. Suppose that G satisfies property (L). Then it satisfies prop-
erty (TWN+).

This result essentially follows from Proposition 2.6. We first need a simple
lemma to account for the ramified local factors.

Lemma 3.9. Let P be a polynomial of degree d and let f(s) = P(p~*®). Then
T+1 1/

[ e

T f(it)

for all T € R. Similarly let f(s) Trlsta) for some a € CC. Then

= Tr(s+14+a)
T+1
A

dt < d(mw + log p)

f(it)
f(it)

Re dt <1

for all T € R.
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Proof. For the first part, it is enough to consider the case P(z) = 1 — az with
a € CC. (The left-hand side vanishes for P(z) = z.) Absorbing the argument
of a into T, we may also assume without loss of generality that @ € R. Note
that then

1 /R ! Y=t / 1 -] dt
o e— — = ==
&P 1—ap™it 2 9 OB 14+ a? —2acos(tlogp)
tl
= arctan( i_a n( C;gp))—I-C',

and hence, since the integrand is periodic with period 27/ logp,

T+ 1 1 1
1 Re—— — | dt < — log p.
ogp/T elfozpﬂt 2‘ _7r+20gp
Thus,
T+1 f’(it) ‘ T+1 Ozpiit
Re — dt:logp/ Re ——— | dt < 7+ logp.
/T f(it) T 1—ap™

For the second part we can assume once again that a € R. Note that

[ee] oo

1

MONEICES I VR NN N .
Ir(z) Tr(z+1) =rri+2k+1 24260 (z+2k)(z+2k+1)
Thus,

Ip(a+it) Tila+it+1) _A+B

3

Tp(a+it) Trla+it+1)
where upon writing « = n + § with n € Z and —% <6< %, we have

(_1)n+1 . 1
A _ St lf a < 2
0 otherwise,

and

1 1
Bl € e+ ) . .
|0 +1it + (—1)7| | + it + 2k |o + it + 2k + 1]

k>0, k#| =+ |
1 1
< —F—+ < 1.
o+ (-1 Z; |a+ 2k | + 2k + 1]
k#=*]
It remains to note that
T+1 T+1
1 dt
/ Re dt:|5|/ _t 0

T 0+it r 0242




259 Finis and Lapid

Proof of Proposition 3.8. Assume that G satisfies property (L), and let M,
a, and 7™ € Hgisc(M(A)) be given. We apply Lemma 2.13 with respect to
P M;C — M, <M. Let o € HdiSC(Ma(A)) and x be as in that lemma. Then
by Remark 3.2 we have

l

L3 (js,0,1))

(3.2) | I N (T, 8) = I | S
’ (o) .

vg5(0) o L7 Gs + 1,001j)

As in §2.1 define

l red red
(1,0,1;)L*(js,0,715)
3.3 = J7
(3.3) m(a,5) 1;[ Lerj5+1U7’])

By Proposition 2.6 we have |m(o,it)] =1 for all t € R, and
T+1
/ |m/(o,it)| dt <
T
log(IT| +2) + Z [logn(o,r;) + log cso (o, 7;)] + loglevel(o).
J

By condition (CC) for (M,,r;) and Lemma 2.13, for all j we have here
logn(o,r;) < loglevel(o) + 1 < loglevel(m; p*°) + 1,
while }
log ¢oo (Ua Tj) < log AMe (Uoo) +1= 1OgA(7rc>o;pSC) + 1.
It remains to compare m(co,s) and n(m,s). Consider the quotient ¢(s) =
m(o,s)/nq(m,s). We have |¢(it)| = 1, and therefore ¢'(it)/¢(it) € R for ¢t € R.
On the other hand, from (3.2) and (3.3) we get that

(js,o,r;
—CH H Lredjs+10-jr] H nauﬂs

J=1peSgy(o) veS(o)

for some non-zero constant ¢. By the nature of the local factors L4 (js, o, r;)
and ng, (7, s), we may conclude from Lemma 3.9 and (2.13) that

T+1 T+1 (bl( )
/ |¢'(it)] dt = / Re ‘ dt < [F: Q] + Z log q,
T T ¢(it)
veSy (o)
< loglevel(m; p*°) + 1.
This concludes the proof of the proposition. O

Remark 3.10. For Proposition 3.8 to hold, we may replace the condition (FE+)
in the definition of property (L) by the weaker condition that (FE+) holds
virtually (cf. Remark 2.7). It would be interesting to know whether one can
further weaken the assumptions in Proposition 3.8.
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In the next sections we will prove:

Theorem 3.11. The following groups satisfy property (L), and hence also
property (TWN+).

(1) GL(n) and its inner forms.

(2) Quasi-split classical groups.

(3) The exceptional group Gs.
Thus, by Remark 3.5, the same holds for any group whose derived group coin-
cides with the derived group of any one of the groups above.

The proof is based on a case-by-case analysis of the L-functions appearing in
the definition of property (L). The quasi-splitness assumption in part 3 comes
from the fact that we use functoriality to GL(n), which at the moment is
only available in this case. (See Remark 5.7 below.) In each case we will use
Corollary 2.11 for appropriately defined local factors. We will also often use
Lemma 2.12 to reduce to the cuspidal case.

4. Inner forms of GL(n)

We first consider the groups GL(n) and their inner forms. In order to prove
Theorem 3.11 in this case, in view of Lemma 2.14 it suffices to show the fol-
lowing

Theorem 4.1. Let G = Gy X Gy, where G; is an inner form over F of GL(n;),
i =1,2, and r = St,,, ® St,,, where St,, is the standard n-dimensional repre-
sentation of GL(n,CC). Then the pair (G,r) satisfies properties (FE+) and
(CC).

This theorem will be proved in the rest of this section.

4.1. We start with the case ny = 1. Let G be an inner form of GL(n) and let
7 € Heusp(GL(n, A)). For any Hecke character x of F' we have

L%(s,m X x, Sty x St1) = L% (s, 7 ® x, St),

where m ® x denotes the twist of m by x. Therefore, it suffices to show that
(G, Sty,) satisfies (FE4) and (CC). The standard L-function for m was studied
by Godement-Jacquet [49]. In particular, St, has property (FE+) and the
local factors

LGI(1 — 5,7, Sty)

LG (s, 7y, Sty)

defined by Godement—Jacquet (with respect to the fixed character v, as in
Section 2.2 satisty (FE’), (I'F) and (CL) (and in particular (AF)). (Of course,
in the case n = 1 these are Tate’s local factors.) For brevity we write for v
finite

’yGJ(s, Ty, Stp) = eGJ(s, Ty St

¢(my) = ¢S (my, Stn)
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(see (2.16)). This is the usual conductor of 7.
Property (CC’) for (G, St,,) follows from the following standard result.’

Lemma 4.2. Let F' be a non-archimedean field with residue field Fy, D a
central division algebra over F of degree d and G = GL(m, D). Let Op be
the mazimal order of D and let wp be a prime element of D. Let m be an
irreducible representation ™ of G and let

I =min{i > 0: 7% #£0},

where Ko = GL(m,Op) and K; = 1+ w,M,,(Op), i > 0. Then ¢(r) <
n+m(l — 1) where n = md.

Proof. The result follows from the relation between conductor and depth proved
recently in [9]. (See also [20, 18, 19, 82, 22] and the appendix of [(].) For
convenience we provide an easy, self-contained argument.

If | =0, ie. if 750 #£ 0, then ¢(7) = m(d — 1) = n — m [19, Section L.6],
and the lemma is clear. Assume therefore that { > 1. Let Nrd (resp., Trd) be
the reduced norm (resp., trace) on M,, (D). For ® € S(M,,(D)) and a matrix
coefficient f of 7 let

spn=l
2s.£.9) = [ 1(@)0(0) Nrd() "7 dg.
Consider the functional equation

Z(l B 57fva(i))
LGI(1 —s,7V)

= (_1)"*m6GJ(5,W’¢)M

(4.1) T e

where @ is the Fourier transform of ® given by
ba) = [ a(u)u(Trd(ay) dy
M’VYL(D)

for a suitable Haar measure on M,,(D), a non-trivial additive character 1
of F, and fV(g) = f(g7') (a matrix coefficient of 7V). Take f to be a bi-
K;j-invariant matrix coefficient of m such that f(1) = 1 and ® = 1g,. Then
Z(s, f, ®) = vol(K;) so that v&7 (s, 7) is a scalar multiple of Z(1—s, f¥,®). On
the other hand, if ) has conductor Op then d is supported in w}{dile(OD)
[113, Chapter X, Section 2, Proposition 5]. Thus, Z(1 — s, fV, <i>) is a Laurent
series > a;z' in & = ¢~* such that a; = 0 for all i > m(d + 1 — 1). Hence,
the left-hand side of (4.1) is a Laurent polynomial > b;z® with b; = 0 for

1n the case where D = F and y is generic, it follows from the well-known description
of ¢(my) due to Jacquet—Piatetski-Shapiro—Shalika [63], that c¢(my) > log, levely(my). In
[35, Lemma 5.6] it was incorrectly asserted that we always have ¢(my) < log, levely (my)
for D = F. Fortunately, replacing this erroneous statement by the correct upper bound
¢(my) < nlog,levely(my) of the current Lemma 4.2, the rest of the argument of [35] goes
through without further change.
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all i > m(d+1—1). Since €57(s,m,9) = €57(0,7,)z™, we conclude that
o(m) <m(d+1—1)=n+m(l — 1), as required. O

We also remark that for v € S, we have
(4.2) A(Ty) < coo(m, 1) < A(m,)".

4.2. Next consider G = GL(n;) x GL(ng) with the tensor product represen-
tation r = St,,, ® Sty,,. This L-function was studied independently by Rankin
and Selberg for ny = ny = 2 ([98, ]) and in the general case by Jacquet,
Piatetski-Shapiro and Shalika ([57, 60, 61, 62, 64, 66, 67, 65, 70], see also [29, 30]
and the references therein). In particular, they showed that for m, o cuspidal
the function
s(s — 1)LSMYS@) (s 7w % o, 1)

is an entire function of order one. Alternatively, this L-function can be also
studied using the Langlands—Shahidi method. The local factors arising from
either method coincide. We denote them by

LIPSSSh (1 — 5 1, x 0y, 1Y)

LIPSSSh(g 1 % 0y, 1)

where again implicitly v, are as in Section 2.2. These y-factors satisfy (FE’),
(T'F) and (CL). Thus r has property (FE+). In the non-archimedean case we
set for brevity c¢(m, x a,) = eJPS5Sh (1, x 7,,7) (see (2.16)). By a result of
Bushnell-Henniart [21] we have

(4.3) o(my X 04) < noc(my) + nic(oy).

JPSS,Sh

Yo (Srﬂ-v X UU7T) = egPSS,Sh(

8,y X Oy, T)

(It is worthwhile to mention that this result does not depend on the Bushnell-
Kutzko classification of supercuspidal representations [24], unlike the lower
bound for ¢(m, x 0,,) proved in [23].) By Lemma 4.2 we conclude that property
(CC?) holds for PSSt (s 7, x oy, 7).

4.3. To finish the proof of Theorem 4.1 in the general case, we first recall
the Jacquet—Langlands correspondence [32, 59], proved in this generality by
Badulescu-Grbac [7], using results of Arthur—Clozel [1], with some comple-
ments in [8]. Let G’ = GL(n) and let G be an inner form of G’. Then for any
7 € Haisc(G(A)) there exists a unique 7" € Hgjsc (G'(A)) such that 7, = m, for
all v where G’ splits. The representation 7’ is called the Jacquet—Langlands
transfer of © and will be denoted by JL(w). For any place v we have

(44) VE’J(S,MQM) :’YSJ(S,JL(W)Mva),

Note that it is not true in general that c(m,) = c¢(JL(7),). This is related to
the fact that JL(7), does not depend only on m,. (It is true however that m,
is determined by JL(7),.) For instance, if 7 is the identity representation of
G, then JL(7) is the identity representation of G, so that ¢(JL(7),) = 0 for all
finite v. On the other hand, if G does not split at v, then ¢(m,) > 0. However,
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as was pointed out after (CC’), this is immaterial for our purposes, since (4.4)
implies that in any case

(4.5) le(mp) — ¢(JL(7))| < 1.

Now let G = G1 x G2 where G; is an inner form of G, = GL(n;), i = 1, 2.
Let 7 € Haisc(G1), 0 € Mgisc(G2) and let JL(7) and JL(o) be their Jacquet—
Langlands transfers to G} and G%, respectively. We have
(4.6)
L3MYS) (1 % 0, Styy, X Sty,) = LTIV (JL() x JL(0), Sty, X Stn, ).

Since we do not have at our disposal an independent theory of Rankin—
Selberg convolutions for G1 x Ga, we will resort to the one on G} x G%. That
is, we simply define

’ngSS’ShOJL(s,ﬂ' X 0, Stp, X Stp,) = fngSS’Sh(s, JL(7)y X JL(0)y, Stn, X Stp,).

(In fact, these y-factors depend only on 7, and o,, but we do not need to
use this fact.) These factors satisfy properties (FE’) and (I'F) by (4.6) and
the fact that vJPS5Sh satisfy (FE’) and (I'F) for G} x G%. Property (AF) for
A PS8,8ho L follows from the corresponding result for 4/P55:5h and the fact that
(under a suitable identification) JL(7), has the same infinitesimal character as
7y [8]. Combining (4.3), (4.5) and Lemma 4.2 (for both , and o, ), we conclude
property (CC’) for the factors )5St eJL  Thus, we can apply Corollary 2.11
to conclude the proof of Theorem 4.1.

5. Classical groups

We now consider the case of quasi-split classical groups, i.e. the second part
of Theorem 3.11.

By a classical group we mean either a symplectic group (which is automat-
ically split), a special orthogonal group, or a unitary group. In the latter case
we denote by E the quadratic extension of F' pertaining to the hermitian form
defining the unitary group (i.e., the quadratic extension over which the group
splits). In all other cases let E = F. The L-group of a classical group is
equipped with a natural embedding

Cang : “G — LResE/F GL(m),
where, if r is the F-rank of G, then

2r 4+ 1, in the symplectic case,
m = < 2r, in the orthogonal case,
T, in the unitary case.

Here, in the unitary case we have

LResp/r GL(m) ~ (GL(m,CC) x GL(m,CC)) x W,



Analytic properties of intertwining operators I 264

where Wg acts on GL(m,CC) x GL(m,CC) via Gal(E/F) by permuting the
factors.

Let p, : “Resg/r GL(n) — GL([E : F]n,CC) be the representation given
by the projection “GL(n) — GL(n,CC) if E = F, and, in the case E # F, by
pn((z,y),e) = diag(z,y), x,y € GL(n,CC), and

(L. I, o) I, if the image of o in Gal(E/F) is the identity,
n\dn,dn, 0) = .
P ( I I) , otherwise,

using the description of “Resp /7 GL(n) above. We also consider the represen-
tation

T : “(Resg,p GL(m) x Resg,p GL(n)) — GL([E : Flmn,CC)
obtained by the composition of p,,, with the “tensor product” homomorphism
L(ResE/F GL(m) x Resg/r GL(n)) — L Resgp,r GL(mn).

In the case E = F, Ty, », = Sty X Sty

Theorem 5.1. The following pairs (G,r) satisfy properties (FE+) and (CC):

(1) (E=F), G =GL(n) x GL(1), r = A2 ® St1, where A? is the exterior
square representation.

(2) (E = F), G = GL(n) x GL(1), » = Sym®®St;, where Sym? is the
symmetric square representation.

(3) (B # F), G = Resgyp GL(n), and r = As* is either the Asai or the
twisted Asai representation (cf. [31]).

(4) G = G’ x Resg,p GL(n), where G' is a quasi-split classical group and
r=Tpnno(Cang ®idy,).

This theorem implies Theorem 3.11 for quasi-split classical groups by the
explicit description of the representations appearing in the definition of prop-
erty (L) (e.g., [L04, Appendix C]). Actually, for Theorem 3.11, in the first two
parts of Theorem 5.1 it is enough to consider the exterior square and the sym-
metric square representations themselves (without the twist), but we include
the slightly more general statement since it does not incur additional difficulty
and the twisted representations are relevant for the GSpin groups (cf. [7]).
(For the Asai L-function there is no need to consider As® x Sty since we can
incorporate the twist into the representation.)

5.1. In this subsection we consider the first three cases of Theorem 5.1. By
Lemma 2.12 and Theorem 4.1 it is enough to consider the cuspidal case. Let
m € Ileusp(GL(n,Ag)). By Remark 3.7, the partial L-function has finitely
many poles and of order one, and local factors v31(s, 7 x x,r) are defined and
satisfy (FE’), (I'F) and (CL).

There are several methods to study the poles of L-functions. The results of
[50, 51] address the analytic properties of the completed L-functions. They are



265 Finis and Lapid

rather delicate and rely on Arthur’s endoscopic classification (extended by Mok
to unitary groups). For our purposes we only care about the partial L-functions
and this can be analyzed using the Rankin—Selberg method in a rather crude
form. We summarize it in the following.

Lemma 5.2. Let m € Iloysp(GL(n, Ag)) and x a Hecke character of E. Then
the following functions are entire and of finite order. (In the first three cases
E=F.)

(1) s(1 —s)L%(s,m x x,Sym? x St;).

(2) s(1—s8)L%(s,m x x, A% x St1), (n even).

(3) L(s,m x x,A? x St1) (n odd).
(4) s(1—s)L%(s,m x x, As™ x Sty).

Proof. The most difficult case is the twisted symmetric square, since it involves
Eisenstein series on a double cover of GL(n) (introduced in [71]). This case
was worked out recently by Takeda [106, ] who extended earlier work by
Bump-Ginzburg [17].? The other cases are easier since they involve the well-
understood mirabolic Eisenstein series on GL(n). The argument is completely
standard. For completeness we include it for the Asai L-function of a repre-
sentation m € Ilgysp(GL(n, Ag)). (The twisted Asai L-function is obtained by
twisting 7.)

For any Schwartz-Bruhat function ® € S(A™) let £ be the normalized
Eisenstein series on GL(n, F))\ GL(n, A) given by

/ D (Etg) |det tgl”
R

>0 EGF"\{O}

Here we embed R — F®R — A by z — 1 ® x. As for the Riemann zeta
function, using the Poisson summation formula we have

/1 > D(&tg) |dettgl” @+

geFm\{0}
_ P
/ > d(&tu(g)) [dettg] " d*t + £)1
ceFm\ (0} o
where +(g) = *g~!. In particular, the function s(s — 1)€s(g, s) is entire.

The Rankin—Selberg integral

(5.1) v(9)€a(g,s) dg

-/GL(n,F)\ GL(n,AF)

for a cuspidal automorphic form ¢ on GL(n, E)\ GL(n, Ag) is a twisted version
of the usual integral for GL(n) x GL(n). It was considered in [36]. Let N,, be

2For our purposes we could have avoided this case by using Remark 2.7.
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the group of upper unitriangular matrices in GL(n). Fix a non-degenerate
character ¢n of N, (Ag) which is trivial on N, (A). Let

W(g) = / o(ng)dx () dn
Nn(E)\N,(Ag)

be the Fourier coefficient of ¢. Assume that ¢ corresponds to a factorizable
vector in m = ®@m, (as an abstract representation). Then we can write W(g) =
[, Wy(gy) where W, is in the Whittaker model of 7, (with respect to ¥, ),
and W,(e) =1 for all v ¢ S. For ® = @®, and Re s large, (5.1) unfolds to

LS (s, m, AsT) [] Lo(s, Wo, @)
veES

where
L(s, W, @,) = / Wo(9)®y (eng) [det g|* dg,
Nn(Fy)\ GL(n,F,)

e, is the row vector (0,...,0,1) € F™. Since s(1 — s)Es(g,s) is entire, it
remains to show that for any s € CC we can choose data W, ®, such that
I,(s,W,,®,) # 0. We can write

(5-2) Iv(Svaa ,) = /n Jv(vafaS)(I)v(f) dg,

v

where

Jo(Wy, eng, s) = / W (pg) |det pg|*™"
N (Fo)\Po(Fy)

= |det g|*~ 1/ / W, (tkg) |det t|* " op, (t)~" di.
Kp—1,0 JTn-1(Fy)

Here P, is the stabilizer of e,, T,,—1 is the group of diagonal matrices with
1 in the right bottom corner, B,,_1 is the group of upper triangular matrices
of GL(n — 1) embedded in GL(n) via b — (89) and K,,_1, is the standard
maximal compact subgroup of GL(n — 1, F,). Using the asymptotics of the
Whittaker function (see [26, 83] for the p-adic case, [112, Chapter 15] for the
archimedean case), the function J,(W,,&, s) admits a meromorphic continua-
tion in s. More precisely, in the non-archimedean case there exists a polynomial
P,(x) such that for any fixed W, P,(g, *)J»(Wy,&,s) is a polynomial in ¢, *
which is locally constant in & € F* \ {0}. In the archimedean case, for any
real number A there exists a polynomial P,(s) such that P,(s)J,(W,,¢&,s) is
continuous in (&, s) € F*\ {0} x {Re s > A} and holomorphic in s for Res > A.
Hence, P,(s)Jy(Wy, &, s), & € F*\ {0} is a normal family of analytic functions
on Res > A. Taking ®, € S(F] \ {0}) we infer that in both the archimedean
and non-archimedean cases (5.2) holds for all s. Assume on the contrary that
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for some fixed s € CC, I,(s,W,,®,) = 0 for all ®, € S(F' \ {0}) and W,,.
Varying ®, we infer that J,(W,, £, s) = 0 for all £. In particular,

/ W, (p) |det p|* ™" dp =0
N (Fo)\Pu(F,)

for all W,,. Since we can take W, such that its restriction to P,(F,) is an arbi-
trary smooth left (N, (F,), 1, )-invariant function which is compactly supported

modulo N, (E,) [13, 58, 72] we get a contradiction.
For the twisted exterior square case one can argue in a similar way using
the Jacquet—Shalika integral representation [69]. (In the even case, the pole

will come from the Eisenstein series as above. In the odd case there is no
Eisenstein series and the zeta integral is entire.) The integral .J, in this case
involves an extra unipotent integration, but its meromorphic continuation (with
the extra uniformity property mentioned above) follows from the argument
of [69]. (See [L0] for more details.) Alternatively, one can use the Bump-
Friedberg integral [15] (which does not involve an extra unipotent integration,
and hence the argument above applies with little change) to infer that s2(1 —
59) L5 (51,7, St, )L (s2, ™ x x, A2 x St1) (and hence also s(1—s)L(s, mx x, A2 x
St1)) is entire. Strictly speaking, only the case xy = 1 is considered, in [15] but
it is a simple matter to incorporate a non-trivial y into the integral (and the
unramified calculation is essentially the same).

We also remark that in the case where n is odd, it easily follows from the
theory of Eisenstein series that L® (s, 7 ® x, A2 ® St;) is holomorphic (see [73]
for a more precise result). O

We turn to property (CC’). By standard properties of the Shahidi local
factors we have

Sh

M (5, Ty X Xo, Sym? x Stq)eS (5, Ty X X, A2 x Sty) = € F55:5h(

S, Ty X (Ty @ Xv))-
In particular,
egh(ﬂv X Xu,Sym? x Sty) + egh(ﬂ'v X Xo, A2 X Sty) = eiPSS’Sh(

and by (4.3) we conclude that

Ty X Ty @ Xo)s

Sh (7, X X, Sym? x St1) + eS8 (7m, X xu, AZ x St;) <

TL(C(ﬂ'U) + c(ﬂ'v & Xv)) S QTLC(WU) + TLZC(XW).

4

Both 3P (71, X Xu, Sym? x Stq) and ¢ (m, x x., A% x St;) are non-negative by
[53] (which relies on the validity of the local Langlands conjecture for GL(n)).
Therefore, we infer (CC’) for Sym? x St; and A2 x St; from the corresponding
relation for St,,.

Similarly, if v is a place of F' which is inert in F and w is the place of F
above v then we may view 7, as a representation m,, of GL(n, F,,) and we have

SN (7, AsT) 4 eS8 (7,, AsT) = &IPSSSh (1, X 2T T )
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where 7 is the Galois involution of E,,/F,. Thus, by [53]

e%h(ﬂv,Asi) < e;]UPSS’Sh(Ww X 10, Trn),

and therefore

Sh (1, Ast) < n(c(my) + (7)) = 2nc(my).

w
In the split case, if wy, wy are the places of E above v (with Ey,,, Ey, ~ F)
and 7, = Ty, ® Ty, then

(1, AsT) = EM (T, X Ty St X St) < nc(Tu, ) + ¢(Tuy ).

v

In both cases the relation (CC’) for As* follows from the case of St,,.

5.2.  Next we consider the case where G = G’ x Resg/p GL(1) and r = T}, 1 0
(Cangr ®1id;), where G’ is a classical group and m, T, 1 and Cangs are as
in the beginning of the section. The L-functions in this case were studied by
Piatetski-Shapiro and Rallis using the doubling method [40, 94, 95], see also
[35] for some complements.® The analysis of poles was carried out in [40, 78]
and completed by Yamana in [114]. In particular, r has property (FE+). Let
PSR (s 7 x x,7) be the local factors conceived by Piatetski-Shapiro-Rallis and
explicated in [85]. They satisty properties (FE’), (I'F), and (CL).

We now turn our attention to condition (CC’). It is tempting to try to prove
it using the definition of y5'S® (s, 7 x x, ), analogously to Lemma 4.2. However,
at this stage we are unfortunately unable to carry this idea through. Instead,
we will resort to a different approach using Arthur’s work (adapted by Mok to
the case of unitary groups) on functoriality for classical groups.

First, we recall the following stability result.

Proposition 5.3 ([14, 97]). Let v be a non-archimedean place and w1, o
irreducible representations of G(Fy). In the unitary case assume that w; and
7o have the same central character. Then there exists a constant N = N (71, 72)
such that

’VESR(Sv T X X, T) = ’YESR(Sa T2 X X, T)

for any character x of E such that ¢(x) > N.
We caution that unfortunately there is a mistake in [14] (in both the state-

ment and the proof), but it is easy to fix the argument to obtain the correct
statement above. We omit the details.

The argument of [97] explicates N(m,m2). Moreover, by taking m to be
a representation induced from a minimal Levi subgroup of G, in which case
VPSR (s 9 x x,7) is computed explicitly in [35, Theorem 4], we conclude

3See [37, Section 7.2] for a small correction.
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Corollary 5.4. There exists a constant C > 0 such that for any non-archimed-
ean place v, any irreducible representation © of G(F,) and any character x of
E} such that ¢(x) > Clevel(m) we have

YR (s, X X, 1) = e (s, x) ™ Ty (s, X (1)

Here x1 is trivial in the symplectic and odd orthogonal cases, while in the even
orthogonal case x1 is the Hilbert symbol with (—1)™/2D, where D is the dis-
criminant of the quadratic form defining G (we denote this quadratic character
by 7p ), and x1(x) = wx(x/x7) in the unitary case.

Now we turn to Arthur’s work on classical groups. In order to state the result
that we need, denote by I, (GL(n, A)) the set of irreducible representations of
GL(n, A) which are weakly contained in L?(GL(n, F)\ GL(n, A)). These are the
representations which are parabolically induced from some o € Tlgisc(M(A))
where M is a Levi subgroup of GL(n). As explained in [3, Section 1.3], by the
Jacquet—Shalika classification theorem [66, 67] and the Mceglin-Waldspurger
description of the discrete spectrum of GL(n) [89], for any finite set S of places
of F, any 7 € Il (GL(n, A)) is determined by the collection ¢.,, v ¢ SUS(m).
Given 7 € Ilgisc (G'(A)) and o € L (GL(m, Ag)), we say that o is the transfer
of m if for any v ¢ S(r), o, is unramified and Cang:(t;,) = t,,. By the above,
this condition determines o and its central character is given by

1, in the symplectic or odd orthogonal case,
(5.3) We =1 Tp, in the even orthogonal case,
wx(z/x™), in the unitary case.

We will need the following consequence of Arthur’s work (taking also [38]
into account).*

Theorem 5.5 ([3], [91]). Any 7 € Maisc(G'(A)) admits a transfer Ar(w) €
L. (GL(m, Ag)). Consequently, for anyn > 1 and any 7’ € Iloysp(GL(n, AR))
we have

(5.4) L3OV (s e w! r) = L3OV (5 Ar(w) x 7, T ).
Thanks to the work of Moeglin and others, a great deal is known about the

local representations 7, in terms of Ar(7). For our purposes we will only need
to know the preservation of -factors, namely that

(55) ’YPSR(Svﬂ—v X er) = ’VGJ(SvAr(ﬂ—)v X XvaTm,l)
for all v and characters y, of E. If m, is unramified, this follows from the
multiplicativity properties of the y-factors on both sides ([49, 85]). If ¢(xo) is

sufficiently large (with respect to m, and Ar(w),), then (5.5) follows from the
stability properties of the v-factors ([68] for the left-hand side and Corollary 5.4

4We thank Colette Mceglin for helpful discussions on Arthur’s local results in [3]-
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for the right-hand side) together with the description of the central character
of Ar(m). The general case of (5.5) for finite v follows from the special cases
above by the argument of [52, Theorem 4.1], namely, by using (5.4) (for n = 1)
and comparing the functional equations

L3(s,m X x,r H PSR (s, m, x xv,r))LS(l —s,mx X, 1Y)
veS

and
L®(s, Ar(m) X X, Tm.1)

H 7SI (s, Ar(m), x XU,Tm)l))LS(l — s, Ar(m) x x, Ty, 1)
veS
for suitable Hecke characters x (with S = S(7w)US(x)). For archimedean v one
can argue in a similar way using Lemma 2.15 (with T" being the multiplicative
group), replacing Corollary 5.4 by the fact that for any s € CC we have
im Y (s, Ar(m)y % [ T, 1) /775 (s, 700 X [ Do) = 1.
t

Indeed, this follows from Stirling’s formula, the description of v¢7 and vPS® in

the archimedean case and (5.3).
Finally, we prove property (CC’). By (5.5) it is enough to show that

(5.6) ¢(Ar(m),) < log, level(r,)

for every finite place v. We may assume that level(w,) > 0, i.e., that =, is
ramified, since otherwise Ar(m), is also unramified. We use Corollary 5.4 with
any X, of conductor C'level(r,) + 1. We obtain

PSR (1, X x0) € log, level(r,)
and hence by (5.5),

¢(Ar(m)y ® xv) < log, level(r,).

Since ¢(Ar(m),) < c(Ar(m)y ® Xo») + me(xy) we deduce that ¢(Ar(w),) <
log, level(m,) as required.
We also note that by (4.2), and Remark 2.10 for v € S, we have

(5.7) A(Ar(n),) < S (Ar(n),)? = F5R(1,)? < Alm,)™
5.3. Finally, consider G = G’ x GL(n) where G’ is a quasi-split classical

group and r = T,, , o (Cangs ®id,,). We argue as in Section 4.3. Namely, for
7 € Mgise(G'(A)) and 7' € Hgisc (GL(n, Ag)) we take

,ngSS ShOAr(s,Tr % 77/,7“) _ %J)PSS Sh(s,Ar(Tr)v % W;aTm,n)-

By using (5.6) and (5.7), properties (I'F), (AF) and (CC’) hold for ~;/F55:Sho Ar
since they hold for ~JFSS:5h,
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Remark 5.6. The same argument will give properties (FE+) and (CC) for
(G,r)=(G'"xG",r =Ty no(Cang ®id,)), where G’ is a quasi-split classical
group and G” is an inner form of Resg,p GL(n).

Remark 5.7. Once Arthur’s work is extended to general classical groups and
their inner forms, Theorem 3.11 will hold for them as well, with the same proof.
(The stability argument of [97] should carry over to inner forms without too
much trouble.) In fact, one can hope that the methods of Arthur carry over to
the GSpin groups (as well as their inner forms). By the previous remark, once
this is done, Theorem 3.11 and its proof will extend to this case as well.

Remark 5.8. One may contemplate whether Arthur’s work (which invokes the
full force of the stable twisted trace formula) is absolutely necessary for the
question at hand. A possible different approach would be to use the Rankin—
Selberg integrals that were studied in [16, 47]. In the case of generic represen-
tations, a great deal is known about these L-functions. In the general case, it
seems that more input is necessary to address their finer analytic properties.
We also mention the recent preprint [25], where a more uniform approach for
these L-functions is laid out. It seems likely that some further local analysis of
these integrals can shed light on the analytic issues at hand.

6. The exceptional group G,

Finally, the last of Theorem 3.11 follows from Theorem 4.1 (for n; = 2,
ng = 1) and the following

Theorem 6.1. The pair
(G = GL(2),r = Sym® ®(A?)~! = Sym® ®(det) 1),

where Sym® is the (four-dimensional) symmetric cube representation of GL(2),
satisfies properties (FE+) and (CC):

Of course, it is enough to consider m € Ily,sp(GL(2,A)). Once again by
Remark 3.7 the local factors v5"(s,m,,r) are defined and satisfy (I'F) and
(CL). The poles of L5 (s, m,r) (and in fact, of the completed L-function)
were analyzed by Kim-Shahidi in [75]. Alternatively, we can analyze the poles
using the symmetric cube lift to GL(4), also due to Kim—Shahidi [76]. Even
better, using Remark 3.10 and the fact that r = Sty ® Sym? — St, we do not
need any information about the poles of L3(™ (s, 7, 7) (but we need to know
the existence of the symmetric square lift from GL(2) to GL(3) [38] to infer
that Sty ® Sym? satisfies (FE4)).

Finally, we prove (CC’). Combining [102, Proposition 2.2] and [103, Theo-
rem 3.5] (applied to the exceptional group Gs), we have

S, m,7) = PSSR (s, 1 x Sym? m, Sty x Stg) /7% (s, 7, StY),
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where Sym? 7 is the symmetric square lift of 7 to GL(3). Thus,
S, r) < ofmY x Sym? 1) < 3¢(m) + 2¢(Sym? 7).

Also,

GJ( JPSS,Sh( Tatc(

S, Wr ),

797 (s, Sym® 1) = 8, T X )/

and therefore
¢(Sym?) < ¢(r x 7) < 4e().
We conclude that
S, r) < 1le(r).

Remark 6.2. For higher rank exceptional groups, some of the L-functions on
the list of [31] can be studied by Rankin-Selberg integrals, at least under a
genericity assumption (e.g., [16, 44, 45, 48], to mention a few). One can also
take into account Remark 3.10 to study further cases. However, more work has
to be done in order to show that other exceptional groups satisfy properties
(L) and (TWN+). We will not pursue this matter here any further.
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