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ABSTRACT. In this paper, we find a relation between the proportionality
factors which arise from the functional equations of two families of local
Rankin-Selberg convolutions for irreducible admissible representations of
orthogonal groups, or unitary groups. One family is that of local integrals
of the doubling method, and the other family is that of local integrals
expressed in terms of spherical Bessel models.
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1. Introduction

Let G’ be an orthogonal group, or a unitary group, in n + 1 variables over
a local field F', and consider a subgroup G C G’, which is the stabilizer of
an anisotropic vector, so that G is an orthogonal group, or a unitary group,
in n variables. Let 7 be an irreducible, admissible representation of G’. In
this paper, we compare two families of local Rankin-Selberg integrals, which
represent, at the unramified level, the standard L-function of 7, twisted by
characters. The first family is the one arising from the doubling method, first
introduced by Piatetski-Shapiro and Rallis in [7], and later deeply studied by
Lapid and Rallis in [6]. The second family is of integrals expressed in terms of
a ”spherical Bessel model” of 7, that is a nontrivial element ¢ in

Homg (7 ® 0,1),

where ¢ is an irreducible, admissible representation of GG, with a diagonal action
of G on m ® 0. These integrals are a special case of the family of integrals
studied by Ginzburg, Piatetski-Shapiro and Rallis in [4], representing standard
L-functions for pairs of representations of orthogonal groups and general linear
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groups. See [5] for an analogue for unitary groups. We compare the local
functional equations satisfied by the above two families. Let us denote the
proportionality factor, which appears in the functional equation of the second
family, by I'*P*(7,,x,s). This is a meromorphic function in the complex
variable s. Here x is a character of F* in case our group is orthogonal, or of
E* in case our group is unitary and corresponds to a quadratic extension E/F.
Fix a nontrivial character ¢ of F'. We prove in a straightforward way, that up
to an explicit function of s, which depends on ¥, ¢ and G’,G (but not on 7, or
o), T*Ph (7,0, x, 5) is
V(T X X 8,9)
’Y(a- X X;8— %7¢)7

where the functions in the numerator and denominator are the local gamma
factors of irreducible, admissible representations of G’, G respectively (twisted
by characters). These are the local gamma factors, which fit in the theory of
standard L-functions for these groups. They were defined by Lapid and Rallis
in [6, Section 9.

The starting point of the proof appears already in [4, Section 1], where it is
shown that integrals of the second family, corresponding to a certain choice of
sections in the parabolic induction from x| |* ® o, are equal to typical integrals
of the first family. The main work of this paper is to push this further and see
how the last relation of integrals from both families is affected when we apply
local intertwining operators. We had a sketch of the result presented here quite
sometime ago. The proof turned to be quite delicate, as the order of applying
the local functional equations is important. Sadly, Steve Rallis passed away in
2012, but, nevertheless, he should have his signature on this paper.

It is a pleasure to dedicate this paper to Freydoon Shahidi, who made such
fundamental contributions to automorphic forms and representation theory of
reductive groups, in particular, through his theory of local coefficients, which
also lead to the definition of local gamma factors of generic representations,
thus relating to the main topic of this contribution.

David Soudry

2. Notations and preliminaries

Let F' be a local field of characteristic zero. If F' is a p-adic field, we denote by
q the number of elements in its residue field. Let E be either F' or a quadratic
extension of F. For z € F, denote, in the first case, Z = x, and in the second
case, denote by T the Galois conjugate of x over F. When [E : F| = 2, we
take the absolute value |a|g = |a@|r. In both cases, we will simply denote the
absolute value of a € E by |al.

Let V! =V & Eug be a finite dimensional space over E, of dimension n + 1,
equipped with a non-degenerate E-bilinear form &', which is symmetric in case
E = F and Hermitiean in case [E : F| = 2. Assume that ug is orthogonal to V.
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Denote by b and by the restrictions of ¥’ to V xV and to Fug x Eug respectively.
Let U(V') (resp. U(V)) denote the isometry group of (V', ') (resp. (V,b)).
Thus, when E = F, U(V') = O(V’) = O,41 is an orthogonal group in n + 1
variables, and when E/F is quadratic, U(V') = U, is a unitary group in n+1
variables. Similarly, for U(V'). We regard U(V) as the subgroup of elements of
U(V"), which fix ug.

In the sequel, we will need to fix a norm, h + ||h||, on the group U(V’). When
we realize U(V’) as a matrix group, we will simply take the maximum absolute
value of the matrix coordinates of h.

Consider the doubled space

(W/’ <7 >) = (V/ @ Vl? v ® _b/)a

the orthogonal sum of (V’/,b") and (V',—=b"). We identify U(V’) x U(V’) as a
subgroup of U(W'). For g1,¢92 € U(V’), we think of (g1, g2) as the element of
U(W'), which acts on W’ by

(91.92) - (ur,ug) = (gru1, gauz), u1,up € V',
Let

Va={(uw,u)|ue V'}, V5 ={(u,~u)lueV'}.
These are two dual maximal isotropic subspaces of W/, and we have the polar-
ization

W/ = VA + VLA

Similarly, we have the doubled space with polarization W = Va + V_a, when
we replace V', V' by V and b, and we identify, as above, U(V) x U(V) as a
subgroup of U(W). Denote P’ = P(VA) (resp. P = P(Va)) the maximal
parabolic subgroup of U(W’) (resp. U(W)) which preserves VA (resp. Va).
For g in the Levi part of P', Ng/p(det(g)) = 1 (if £ = F', this means that
det(g) =1). Let g € U(V’). Then

(2.1) (g,9) € P'.

Indeed, for v € V', (g,9) - (u,u) = (gu, gu) € VA. Similar statements hold for
P. Let

HY" = (Bug ® Eug, bo ® (—bo)).

Let Vi=Va&®0CWand Vo =06V C W. Similarly, let V/ = V' &0 cC W/,
Vo =0& V' C W. Then we have the following chains of inclusions, with
identifications as above,

(2.2) U(VY) x U(Va) € U(Vy & HYY) x U(Va) € UW),
U(V{) x U(Va) C U(V{) x U(Vy) € UW'),
U(Vi) x U(Ve) C U(W) C UW'),
U(V1) x U(Vz) € U(V]) x U(Va).
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The spaces Vi and V, are naturally identified with V| and the groups U(V7),
U(Va) are naturally identified with U(V). We will make such identifications
when convenient. We introduced these slight distinctions due to H'!, which
"occupies two coordinates”. Thus in the inclusion U(V; @ HYY) x U(Vy) C
U(W’), we point to the fact H! is taken together with the first copy of V.
In practice, we will write the elements of U(Vy; @ HYY) x U(V,) € U(W') as
(g1, 92), where g1 € U(Vy & HY1) and g, € U(V). This is the element that acts
as follows: for all vy,vy € V,ay1,as € F,

(2.3) (91, 92) - (v1 + a1ug, v2 + asug) = g1 - (V1 + a1uo, asug) + (0, g2v2).

In order to be fully consistent with our notation, we should have denoted the
last element as ((g1,1v), (1v,@H1.1,92)), but this is too cumbersome, and we
will avoid this. We use similar interpretations and identifications in all other
inclusions in (2.2).

Let Q C U(V; @ H'1) be the parabolic subgroup which preserves the isotropic
line E(ug,ug). Note the decomposition

Vid HY = E(UO,U()) +Vi+ E(Uo, —UO).

Of course, V; is orthogonal to H*' = E(ug,ug) + E(ug, —uo), (ug, £ug) are
isotropic and ((ug, uo), (ug, —ug)) = 2b'(up,up). Let r € Q. Then there is
t € E*, such that

(2.4) - (ug, uo) = t(uo, up),
and there are m € U(V), x € V*, such that for allv € V' (i.e. for all (v,0) € V4),
(2.5) - (0,0) = (mo, 0) + 2(v) (o, o).

Lemma 2.1. Let r € Q. Then, with notation as in (2.4), (2.5), (r,m) € P’,
and

detyy (r,m) =t det(m).

Proof. As explained in (2.3), the element (r,m) lies in U(V; & HYY) x U(Va),
which, as in (2.2), we view as a subgroup of U(W'). Take an element (v +
aug, v + aug) € VA, where v € V, a € E. Then

(r,m) - (v + aug,v + aug) = (r,m) - (v,0) + (r,m) - (0,v) + a(r,m) - (ug, up) =

(mv,0) + z(v)(ug, up) + (0, mv) + at(ug, ug).

This is equal to (mv + (z(v) + at)ug, mv + (z(v) + at)ug) € VA. This shows
that (r,m) € P’, and its determinant on VJ is t det(m). O
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1,1
3. A certain family of sections in Indg(vl®H "Xl F @ o)

Let x be a character of E* and s a complex number. Consider the parabolic
inductions (normalized)

(3.1) Py = Indp™"y(detyy)ldetyy - |7,

(3.2) prs = Ind2 ™) y(dety, -)|dety, - |°.

Let fys be a smooth holomorphic section in p;,s. When F is p-adic, we
assume that it is a polynomial (in ¢**) section. We have the following very
easy lemma.

Lemma 3.1. The restriction of fy s to UW) lies in Pystd-

Let o be an irreducible admissible representation of U(V). Let v, be a
vector in V,,, a (smooth) realization space of o that we fix. We will restrict
fr.s to U(Vi @ HY1) x U(Vh), view o as a representation of U(V2) and integrate
x " (det(g2))o(g2)v, against the kernel function fy (g1, 92) (91 € UViHY),
g2 € U(V)) to obtain a function on U(V; @ HY1), with values in V,. See (2.3).
Thus, define, for g, € U(V; @ HYY),

(33)  Aws (o) = /U oy B0 et 0202

Before we make sense out of this integral, let us show formally
1,1
Lemma 3.2. The function A, ¢, . lies in the space ofIndg(Vl@H )(XHS@U)-

Proof. Let r € (Q and use the notation as in Lemma 2.1. Then
M9 = [ slrgngn ™ (det(g2)o (02)vmde
u(v)
Change variable g — mgo. We get

(3.4) X’l(det(m))d(m)(/ Frs((r,m) (g1, 92))x " (det(g2)) o (g2)vodga).
u(v)
By Lemma 2.1,

s n+4dim E—1
(35)  frs((rom)(gr,92)) = x(tdet(m))[t]*" 2" f s(g1,92)
1
= x(tdet(m))[t[*35(r) fx.s(91, 92)-
The last equality is easy to check. Using (3.4), (3.5), we get

Ay o (rg1) = XOI*65 (1) o (m) (A, 1. (91))-
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Let us interpret (3.3) precisely. We first view it in the weak sense, that is as
a linear functional on Vj, the space of smooth linear functionals on V. Thus,
let £5 € V5, and consider the integral

(36)  lypeon(Er) = /U P91, Get(02)) (002 0, )

Since fy,s(91,92) = Py (91, Iv) fx.s(Iv,@mr1, 92), we may assume that g; is
the identity element. The point now is that (Iy,qgm1.1,92), as an element of
U(VieHY)xU(Va) C U(W'), is the same element as (Iy, g2) € U(V)xU(V) C
U(W). Thus, by Lemma 3.1, it is enough to consider a smooth holomorphic
section ¢ 1inp, g 41 and consider the integral

X:5+3
(BT oy wn(6s) = /U o, Bt (s o et o 02) €)oo
This integral is equal to

(3.8) / oy ey 0 519 dg

which is a local integral that arises in the doubling method for 6. We know
that it converges absolutely in a certain right half plane, which depends only
on o, and it continues to a meromorphic function in the complex plane. In case
F' is p-adic, this function is a rational function of ¢~°. We know that q&x,s_%
can be written as a finite sum of sections of the form

2

/ _ /
SD*QS)(,S«F% _/U(V) (p(x)px,s+%(x7IV)¢X,S+ld(E7

where ¢ € C°(U(V)) and qﬁ;,ﬁé is a smooth holomorphic section in p, ., 1. In
/
X:5+%
of a small compact open subgroup Ky C U(V), divided by its measure, and
Ko is such that Ky x Iy fixes ¢x7s+%' In the Archimedean case, this is a
consequence of the theorem of Dixmier-Malliavin [3]. Thus, let us assume that
¢x,s+% is of the form ¢ % (j);(’H%. Note that

¢;’5+%((IV392)(:E7]V)) = X(det($))¢;’s+%(fv’:]Cing).

Substituting in (3.7), we switch the order of integrations (for Re(s) large),
change variable g5 — zgs and switch the order of integrations again,

(B39) longt 0, (&6) =

the p-adic case, we may take ¢ = Py.s 41 and ¢ the characteristic function

[ ] 6y v detlgn)) (o) o g2)a, 60 o) dodgs
u(v) JU(V)
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Here, ¢(x) = (2~ "). This shows that the functional l,,g  ,, is asmooth
x>+ 3%

functional on V5. Going back to (3.3), we conclude that there is a unique vector
in V, which we denote by A,, ¢ . (g91), such that for all & € V3,

(3.10) (Ao, .1, ..(91),85) :/U(V) Frs (g1, 92) X (det(g2)) (0 (92)vo, £5)dgo,

first for Re(s) sufficiently large and then the left hand side of (3.10) is equal
to the meromorphic continuation of the right hand side (rational in ¢—*, in the
p-adic case). Finally, A,y . is smooth. The argument is similar. Again, we
may assume that, for all g € U(W’),

Frn(9) = o1 % £, (9) = / o1 )1 o (o, Tv))dy,

UV
where 1 € C°(U(V’)) and f ; is a smooth holomorphic section. (We keep
using the symbol * to denote convolutions.) Then, for all g; € U(V’),

Aogpinpy (1) = (1% Ao, 1 )(91)

= / Wl(y)Ava,f)’w (91y)dy.
uv’)

—S

Thus, A,, ;. . is a smooth meromorphic (rational in ¢~%, in the p-adic case)

section in Indg(vl®lel)(X| P ®o).

4. Local Rankin-Selberg convolutions for U(V’) (spherical models)

Let 7 be an irreducible, admissible representation of U(V"’), which admits
a spherical model with respect to . By definition, this means that there is
a nontrivial (continuous) bilinear form ¢ : V; x V, — C, such that for all
geUV), ve € Vi, v, €V,
(4.1) c(m(g)vx, 0(9)vo) = (v, vo).-
Recall that we view U(V) as a subgroup of U(V’). By [1], the space of forms
satisfying (4.1) is at most one dimensional.
The local Rankin-Selberg integrals from [1] ([5] for unitary groups) correspond-

ing to L-functions for U(V’) x Resg,rGL;, for m with the given form ¢, have
the form

(4.2) L(Vr,Nox,s) = / c(m(h) v, No,x,s(h))dh,
U(V)O\U(V")

where 7, s is & smooth holomorphic (polynomial in g™ for p-adic F) section
1,1

in Indg(vl@H )(x| -1° ® o), and we view V. C V' as the subspaces Vi C

V] € Vi @ H"'. We know that the integral (4.2) converges absolutely for

Re(s) sufficiently large, depending on 7, o only, and that it has a meromorphic
continuation to the complex plane, being rational in ¢~° in the p-adic case.
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(We may also take 75,5 to be a smooth meromorphic section, rational in ¢—*

in the p-adic case.) Recall that if E = F is p-adic, 7, 0 and x are unramified,
vy =02 is an unramified vector, 7y, s = ngyx_rs is an unramified section, such
that its value at the identity element is v, an unramified vector in V,, and
finally, the form c is such that ¢(v2,v2) = 1, then when n is even
L0000 _ L(mrxx,s+3)

(Uﬂvno,x,s) - m7

and when n is odd,
L(m x x,s+ %)
oxx,s+1)L(x%,25+ 1)

If E/F is a quadratic unramified extension of the p-adic field F, then with
similar assumptions and notations, we have

L(o,m9 \.5) = ZULS AR )
w o,x,s L(O’ X X,s—i—l)L(X,Asai,QS‘i‘l).

Let us substitute in (4.2) the meromorphic section A,, . instead of 7, .

0o 0
L(Uﬂ" no,x,s) = L(

Lemma 4.1. With notation as before, we have, for Re(s) sufficiently large,
(4.3) L(vg A, g, ) = / c(w(h)vms v) s (s Ty )dh.
U

Proof. Given v], € Vg, the functional on V,, v, — c(v},v,) is U(V)-smooth.
This follows from (4.1). By (3.10), we conclude that for h € U(V') (and Re(s)
large),

c(m(h)vr, Mo, 1, o () = /U(V) Frs(h g2)x ™ (det(g2))c(m (h)vr, 0(g2)ve)dga.

Since (g2, 92) € P, fy.s(h, g2) = x(det(g2)) fy.s(g5 "R, Iv/). Using this and (4.1),
we get

£low g ) = [ | fenlar h 1 )e(mg5 v, v g
U(W\U(V) JUV)
Collapsing the integrations, we get
(4.4) L(Vr, Ao, 5, .) :/ c(m(R)vx, Vo) fy,s (R, Iv)dh.
uv’)

This step is justified by the fact that the last integral converges absolutely, for
Re(s) sufficiently large (depending on 7, o). Indeed, by the work of Sakellaridis
and Venkatesh [9], the function ¢(m(h)vy, v, ) is of moderate growth in h, which
means that there are positive numbers o = a(v,, o) and d = d(w, o), such that
for all h € U(V"),

(4.5) le((h)vr, vo)| < al[hl|”.
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Note that the element (h, Iy) in (4.4) viewed as an element of U(V{) x U(V3),
which is a subgroup of U(V; & HY1) x U(V,) € U(W’), is the same element
as (h,Iy), viewed as an element of U(V{) x U(Vy) C U(W’). Thus, the inte-
grand in (4.4) is majorized by a|fy,s(h, Iv/)|||h]|?. For Re(s) sufficiently large,
depending on d only, the last function is integrable. This is what one proves
for the integrals of the doubling method to converge absolutely in a right half
plane. O

Remark 4.2. Technically, the last proof is valid in case the group U(V) is
split over F. The reason is that this is the assumption made in [9]. Yiannis
Sakellaridis told the second named author that the only obstacle to extending
their results to the non-split case is that the theory of compactification of
spherical varieties has not been developed yet in this case. However, in our
case (and for many other specific spherical varieties) he can easily describe a
compactification using the Galois action on the (known) compactification over
the algebraic closure, and then the rest will follow verbatim.

The integral (4.3) looks like a typical local integral constructed in the dou-
bling method for the representation 7, only that the function h — c(7(h)vy, vy)
is not a matrix coefficient of 7. However, we may replace it in the integrand
by a matrix coefficient, as follows.

Lemma 4.3. There is a matriz coefficient of w7, h — (7(h)vx, W(ve, fy,.)),
where ﬂ(v(,,fx).) s in the smooth dual of V; and depends on v, and on the
section s — fy s, such that, for Re(s) sufficiently large,

(4-6) /:'(,Uﬂ'7AUU~,fx,s) :/ <7r(h)v7raa(vavfx7-)>fx75(thV’)dh-
u(v)
Proof. As before, we may assume that f, ; has the following form
(@.1) fw =05 foo = [ @) fy
uv’)

where ¢ € C2°(U(V")) and f]  is a smooth holomorphic section in pf . Since,
for r,h € U(V'),

Fr.s((hy Iy )Ly, 7)) = x(det(r)) fy o (v Ty),

we get, for Re(s) large,
(4.8)

L(vn Ao, g, ) = / / X(det(r)p(r)e(m(rh)um, vo) £, o (b, Ty )drdh.
v Ju
The functional

Up x(det(r))p(r)e(n(r)vr, vy )dr = c(m(p - x(det))v), vo)
u(v)
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is a smooth functional on V;, and hence there is a unique vector (v, fy,.) in
the smooth dual of V., such that, for all v/ € V.,

(4.9) c(m(p - x(det))vr, ve) = (Vi U(vo, fy,.))-
Thus, the function h — fU(V,) x(det(r))o(r)e(n(rh)vy, v, )dr is the matrix co-
efficient of m, h = (m(h)vx, W(vs, fy.-))- O

The integral on the right hand side of (4.6) is now an integral which arises
in the doubling method for the representation = on U(V’). We know that, as
such, it has a meromorphic continuation to the whole plane, where in the p-adic
case it is a rational function of ¢7°. Of course, we have already known this,
since L(vr, Ay, s, ) is such a function. We will also denote this meromorphic

function by L(vx, (v, fy,.), fy,s)-

5. Applying intertwining operators

In Lemma 4.3, we obtained the equality of two local integrals, one arising
from Rankin-Selberg integrals for m on U(V”), expressed in terms of spherical
models of 7, and the other local integral is arising from the doubling method
for 7 on U(V’). For both families of local integrals, we have local functional
equations obtained by applying intertwining operators to the sections which
appear in the integrals. We have two parabolic inductions to consider, one
for each local integral, and hence we need to consider two local intertwining
operators. Our main goal is to find the relation between the two proportionality
factors in the two local functional equations.

Let us write the two local functional equations for m without normalization
of intertwining operators.

1
(5'1) Fsph(ﬂa 0, XS+ Q)E(UTH Avoxfx,s) = ‘C(Um MX)O-ys(Avoyfx,s)>7
1,1
where M, , , is the intertwining operator on Indg(vl@H (x| |* ® &), corre-

sponding to the Weyl element w in U(Vy @ H1), which flips (uo, uo), (uo, —uo)
and acts as the identity on V;. T*P"(7, 0, x, s + %) depends on the choice of a
Haar measure on Ng, the unipotent radical of Q.

(5'2) del(WaXa S+ %)L(Umﬁ(vm fx.,-)v fx,s) = L(’U.,r,’[j,(’l)c,, fx,-)v Mx,s(fx,s))v

where M, ¢ is the intertwining operator on p! . corresponding to the Weyl
element (I, —Iy+) in U(W’). Note that this element flips VA and V' . (With
respect to the basis (5.3) below, its matrix, modulo the diagonal subgroup, is
the standard long Weyl element.) Again, I'™(r,x,s + 1) depends on the
choice of Haar measure on Np/, the unipotent radical of P’. The functions
P (w0, x, s + %), I (r, x, s+ %) are meromorphic. When F' is p-adic, they
are rational in ¢~ °. The main theorem of this paper is
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Theorem 5.1. There are compatible choices of Haar measures on the unipotent
radicals Ng, Np, Np/, such that

Tl (7, x, )
P (r,0,x, 8) = ———— 0
del(aa X;8 — %)

The rest of this section is devoted to the proof of the theorem.

We will pass to coordinates using a basis of W’ as follows. Start with an
orthogonal basis {v1,...,v,} of V and then take

(5.3)

{('LLO,U()), (’Ula vl)v eeey (Unvvn)a E(vnv _Un)ﬂ sy ﬂ(vh _Ul)v E(u(h —’LL())}7

where a; = b/ (v, v;), 0 <4 < n. The Gram matrix of this basis is 3,42, where
€ 1s the m xm permutation matrix, which has 1 along the main skew diagonal.

We start with the functional equation (5.1). We consider the intertwining
operator, given for Re(s) large by

MXVU,S(Avme_S)(h):/ Ay, g, (wuh)du.
, No ,

We will choose a Haar measure on Ng after passing to coordinates. The matrix
of (w, Iv) with respect to the basis (5.3) is

1
2()40

Jw = I2n
2&0

As in (2.5), for u € Ng, the matrix of (u, [y') has the following form

1 x x(2D) ‘e, Y
B I, 0 —(2D)" 1zt
N = I, —e, T ’
1
where D = diag(ou, ..., ), 2 = (21, ..., xn) € E", and y+5=—> 1, a%xlfl
Thus, y = — Y, 5o-i%; + Im(y), where Im(y) = —Im(y). In case E = F,
this means that Im(y) = 0. We have
(5.4)
1 1 = 0 z
—agD7 'zt T I, O 0
JulNu = ' I, o I, —e, 2t |’
apxD e, 1 1

where z = y + Y| 5-2;%; (so that z + z = 0). Denote the third matrix in
1

- :
the r.hs. of (5.4) by uy(z,2). Since det (—aoD_lxt I,

) =1, we get, for
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g2 € U(V)7 h e U(V/)a

frs(wuh, g2) = fr,s(Jwui(z, 2) (R, g2)).
Thus, for Re(s) large,

(5:5) My 0,5 (Ao, 1, )(h) =

/ v / Froos(Jwtr(x, 2) (R, g2))x " (det(g2))o(g2)vodged(z, 2).
EnxFdimBE-1 JU(V)

Here, when E = F, z = 0 and there is no dz-integration, and when [E : F| = 2,
the dz-integration is over z € F with z + zZ = 0, a subspace which we identify
with F'. We fix a choice of a Haar measure dt on E, and when [E : F] = 2,
we choose a Haar measure dz on F. We let d(z, z) = dr;...dx,dz- the product
measure. Again, when E = F, there is no dz integration. It is easy to see that
the integral (5.5) converges absolutely for Re(s) large in the sense explained in
the end of Section 3. We may then switch the order of integration in (5.5) and
get, for Re(s) large,

5 Meoslons S0 = [ 5 (detlo)o (g eode
1914%
where, for Re(s) large, g € U(W'),

(57) fool) = [ Rl 2gde ).

This is an intertwining integral on p;w with respect to the Weyl element J,,.
Note that the integration can be realized along the unipotent radical of the
parabolic subgroup of U(W’), preserving the line through (ug, ug), modulo the
subgroup of matrices of the form

, x € E™

Thus, f} s(g9) has meromorphic continuation to the whole plane, and in the
p-adic case, it is rational in ¢~ °. Keep denoting this meromorphic function by

.5+ Denote by f, s the restriction of f) . to U(W). Then it is easy to check
that fy s is an element of p, ;1. Denote h- fy , = Py.s(h, Iv) fy.s- Then, we
may write the r.h.s. of (5.6) as

/ h- Tea(ly, g2)x~ " (det(g2))0 (g2)vadgs,
U(v)

and this integral, which converges absolutely for Re(s) large, has a meromorphic
continuation to the complex plane, rational in ¢~ in the p-adic case. We denote
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it (as a meromorphic function) by A, fr.s(h). Thus (5.6) reads as

(5'8) MXya»S(Avavfx,s)(h) = A'Uo'vfx,s (h)'

Let us denote by Mx,k 1 the intertwining operator on p, 1 analogous to
M, . Each one comes with a choice of a Haar measure on the relevant unipo-
tent radical. Denote

Mx,sfé (.fx,s)(hv 92) = Mx,sfé (h/'—\f_x/,s)(IVv 92)'

Note, again, that as elements in U(W’), (Iy, g2) and (Iy-, g2) are the same. We
may now consider, first for Re(s) small, and then as meromorphic functions,

Ao, = [ oy P o) g (et(g2))o (02 vl

Lemma 5.2. For all h € U(V'),v5, fy.ss

(5.9) T(&,x 8) Ao, (W) = Ay i f (B):

Xs— %

Proof. Let &5 be an element in V. For Re(s) sufficiently large,
Bt &) = [ (o003 Getloa)i Ty, 02)ds

= / (Vo 6(92)€&>h/-_};5(92,fv)d92-
uw)

The last integral is a local integral arising in the doubling method for &.
Now apply the local functional equation, as in (5.2), with ¢ replacing 7, and
s — % instead of s. We get

L6, 0 8) (Ao, g (B)66) = (N 7. (R), ).

oo
Since this is true for all &, we get (5.9). O

Recall that '™ (&, x,s) depends on the choice of a Haar measure on Np.
From (5.8) and Lemma 5.2, we get

(5.10) D6, X, ) Myos(Mug g DB = Ay 7 ().

X853

Lemma 5.3. There is a compatible choice of Haar measures on Np, Nps, such
that

(511) Mx,sfé(fx,s)(haQZ) = Mx,s(fx,s)(hag2)‘

Proof. 1t is enough to prove (5.11) for go = Iy, h = Iy and for Re(s) suffi-
ciently large (so that the following integral converges absolutely). In this case,
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the Lh.s. of (5.11) is

1

= I, T
(512) / fx,s( J2n,D
Yn

I
1

)dT.
1

Here Y, is the space of matrices T € M, (E), such that (¢,T)! = €,T. Y, is
isomorphic to Np. The matrix Jo, p is the matrix of (Iy, —Iy) as an element

of U(W). )
n(2D)~
Jon,p = <2De &n(2D) ) .

We fix a choice of a Haar measure dT, for example a product of Haar measures
on F, F according to the matrix coordinates of 7. Denote

1
J21n,D = JQTL,D
1
Denote, also, for T' € Y,,,
1
I, T
v (T) = "
(T) I,
1

By definition, f, . is the restriction of (5.7) to U(W). Substitute this in (5.12),
and we get, for Re(s) large,

(5.13) | Frs (Tutia (0, 2) Ty, pon(T))d(, 2)dT.
Y, JE" x FdimE—1 ’
We have
1 0 =ze,(2D)7! z
_ 1 st
ul(m,z)J% D:J21 B I, 0 en(2D) " te, T 7
n, n, I, 0
1
and

7

€nt1 (2D 1
JuJJ21n,D = Jony2,pr = <2D’e » +(2D") >

where D' = diag(cow, D). Note that Ja,49 ps is the matrix of (Iy+, —Iy/) ac-
cording to the basis (5.3). Hence, in the integrand of (5.13),

1 0 xe,(2D)7! z
In T —Cn 2D -1 Tlit
qul(xa Z)Jén,Dvn(T) - J2n+27D/ I ‘ ( 0) o

1
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Change variable z — x(2D)e,. The measure d(x, z) changes by |2|™| det(D)],
and (5.13) becomes

n I, Y
(5.14) 2 aee0) [ featemia ("7 Poay
Yn41 n+1
where dY is the product measure d v ¥ _+ | = d(x,2)dT. This defines a
T —e,T

Haar measure on Np/, such that (5.14) is equal to

fx,s((IV’, _IV’)u)du = Mx,s(fx,s)(1)~

Nps
O
From Lemma 5.3, (5.10) and the definition of ]\vc,,M Fes (h), we conclude
L
that
(5.15) DG, X, 8) Myous (Mo, 1) () = Moyary (70 (R)-

Now, multiply (5.1) by T%! (5, x, s). By (5.15), we get

R . 1
(5:16) T (5 x, )07 (0,5 + )L (0m v, ) = L0 Moy (1)

By Lemma 4.3, we can rewrite (5.16) as

(517) T (G, )T (5,0, + 5) L0 000, i), F)
= L(vr, 4(vo, My, (fx,-)), My,s(fx.s))-

In the proof of Lemma 4.3, we see that the vector #(vs, fy,.) can be taken
to be the same vector as @(vy, My .(fy,.)). Indeed, according to the proof, we
need to write f, ; as a finite sum of convolutions ¢; x 1 <i< N, asin the
proof of the lemma. The point is that

Mx,s(ﬁpi * )i(,s) = @i *MX,S( )i,s)a

for all 4. Now, look at (4.8), for My ,(f} ), and Re(s) small, and then look
t (4.9) to see that each vector (v, My, .(fL ) is equal to @(vs, f} ), and
hence

XS7

n
’U[,—7 Za an ﬂ(”ayfx,~)-

i=1 i=1

Mz

W(ve, My (fy.-))
Now, (5.17) becomes

(518) D6, X, 8 (7,0, X5 ) L0, 00 fy ), o)
= L(vr, W(vo, fx,.)s My.s(fx.s))-
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From (5.2), we conclude that

1 1
del(ﬂa X, s+ 5) = del(67X7 S)Fsph(ﬂ-’aa X, s+ 5)

This concludes the proof of Theorem 5.1.

Let ¢ be a nontrivial character of F. In [6, Sections 5,6,9], the local gamma
factors vy(m X x, s,%) and v(6 X x, s,%) are obtained by dividing the doubling
I" factors above by certain meromorphic functions (rational functions of ¢~% in
the p-adic case), which do not depend on the representations:

(7, x, 5)
y(m X X757’(/} = 5
( ) BU(V’)(Xasaw)
A (6, x, s
’V(U X Xvsudj) = (7)

ﬂU(v)(Xv&lZ’).
The functions S in the denominators depend on the choice of Haar measures

defining the intertwining operators above, so that the local gamma factors are
independent of these choices. Thus, from Theorem 5.1 follows

Theorem 5.4.

(5.19) FSPh(ﬂ',o,x,s) _ Bun (x;5:¥) ) ¥(m X X, 8,9)

6U(V)(X337%7w) ’y(a'XX,S*%,”(/}).

We remark that the denominator in (5.19) is, in case U(V) is an even or-
thogonal group, the gamma factor related to the intertwining operator M, , s.
In the other cases, there is a missing gamma factor related to x, for exam-
ple, when U(V) is an odd orthogonal group, v(x?,2s — 1,4). To remedy this,
one needs to write a better expression, suited to our setup, of the ratio of the
functions S in (5.19), and, also, find a "natural” normalization of M, . s.

Finally, let w,, w, denote the central characters of w, 0. We know from
[, 2], that when F is p-adic, w,(—1)['®! (7, x, s) is stable, in the sense that if 7
is another irreducible admissible representation of U(V"), then for x sufficiently
ramified,

wﬂ'(_l)l—‘dbl (7‘—7 X S) = WT(_l)del(Tv X S)
Similarly, of course, for wy(—1)I'®!(4,y,s). Thus, we conclude from Theo-
rem 5.1:

Theorem 5.5. Assume that F is p-adic. Then wywys(—1)T*P" (7,0, x,s) is
stable.
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