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ON THE SPECTRAL PROPERTIES OF
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ABSTRACT. Tet (Pu)(t) = —& (t2(1 = )*R(H)?42) be a
non - selfadjoint differential operator on Hilbert space
H, = L?(0,1)" with Dirichlet-type boundary conditions. Here,
0 < a < 1,and R(t) € C*([0,1], End C*) denotes for each
t € [0,1] the matrix function R(t). Let for each ¢ € [0,1]
the matrix function R(t) has ¢-simple non-zero eigenvalues
wi(t) € C?[0,1], j = 1,...,¢ arranged in the complex plane
in the following way: p1(t),... ,u(t) € C\® where & = {z €
C: |arg z| < ¢}, ¢ € (0,7). In this paper we investigate
some spectral properties of the degenerate non-selfadjoint el-
liptic differential operators P acting on Hy. In particular, we
will determine the resolvent estimate of the operator P that
satisfies Dirichlet-type boundary conditions in spaces H; and
Hy.
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1. Introduction

We consider the weighted Sobolev space H, = W ,(0,1)" (¢-
times) as the space of vector functions u(t) = (uy(%),...,u(t))
defined on (0,1) with finite norm

1 d t 1
R A LT R I
0 dt 0

Here, 0 < a < 1, and the notations |d1;gt) 2o, |u(t)|Ze stand for
the norm in space C*. The above definition of the norm has been
previously used. (See papers [9], [10].) Of course, this could also be

done in matrix language, but at the cost of greater notational com-

plexity. By H, we denote the closure of C5°(0,1)¢ with respect to

the above norm (i.e., 74 is the closure of Ce°(0,1)%in Hy). C5°(0,1)
denotes the space of infinitely differentiable functions with compact
support in (0,1). If £ =1, then H = Hy, H = H;, and H=H,.

To get a feeling for the history of the subject under study, refer
to papers [1-3]. In [1] the authors consider d ifferential operator

Pu=—(t*A(t)u'(t)) + Q(t)u(t), 0 < a < 2,

with Dirichlet-type boundary conditions in the space H = L?((0,T);
('), and find the distribution function of a series of eigenvalues of
the operator P.(See MR 91e:34088.) In [2] the authors consider
a certain matrix elliptic differential operator A and calculate the
principle term in the asymptotic expansion of the function Ng(¢),
representing the distribution of eigenvalues of the operator A in
the sector ®. (See MR 91m:35175.) In [3] the author studies the
distribution of eigenvalues of the operator in H" defined by

(Py)(t) = =(t*A®)y'(t))" + C(1)y (1),

with matrix coefficients A(t) € C*°([0,1], End C"), C(t) € C(|0, 1],
End C™), (See MR 93k:34179.) In this paper, we consider the dif-
ferential operator

(Pu)(t) = (taa — O R() dfg» )
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be a degenerate non- selfadjoint differential operator on Hilbert
space Hy, = L?(0,1)* with Dirichlet-type boundary conditions. Here,
0 <a<1,and R(t) € C*([0,1], End C*) denotes for each t € [0,1]
the matrix function R(¢). Assume that R(¢) has simple non-zero
eigenvalues in the complex plane, arranged in different locations in
view of ® C C, where ® = {z € C: |arg z| < ¢}, p € (0,7). In
this paper, we investigate some spectral properties of the degener-
ate non-selfadjoint elliptic differential operators P acting on H,. In
particular, we will determine the resolvent estimate of the operator
P which satisfies Dirichlet-type boundary conditions in spaces H,
and H. Now, the domain of operator P is defined as follows:

° d d
D(P) = {u cEH, ﬂWiloc(O, 1)é : E (ta(l — t)aRd—QZ> S Hg}
(See [7]) Here W22, loc(07 l)g = W22, loc(oa 1) Xoree X W22, loc(07 1) (E -
times) where W3 ,,.(0,1) the space of functions u(t) (0 <t < 1)
satisfying the condition

2 r1-e 1
Z/ uO(B)Pdt <00, Ve €(0,5).
i=0"°¢

Here, and in the sequel, the value of the function arg z € (—m, 7]
and ||T']| denotes the norm of the bounded arbitrary operator T" act-
ing on H or Hy. The paper has four sections. Section 1 is devoted
to the introduction.In Section 2, we have Theorem 2.1 on the resol-
vent estimate of the differential operator A, acting on H in a certain
case (i.e., in this case, we will study Theorem 2.1 under assumption
(2.2)). In Section 3, we have Theorem 3.1 on the resolvent estimate
of the differential operator A, acting on H in the general case (i.e.,
in this case, we will study Theorem 3.1 in contrast to Theorem 2.1.
In other words, Theorem 3.1 does not include assumption (2.2) of
Theorem 2.1). It is necessary to make further remarks regarding
Theorem 2.1, and Theorem 3.1. We see that Theorem 2.1 under the
assumption (2.2), leads to an assertion including two estimates (2.3)
and (2.4). Meanwhile Theorem 3.1, without including assumption
(2.2) of Theorem 2.1, leads to similar assertion, but asserts only
statement (2.3) of Theorem 2.1, which becomes (3.2). In Section 4,
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assume that for each ¢ € [0, 1] the matrix function R(¢) has ¢-simple
non-zero eigenvalues y;(t) € C?[0,1], j = 1,...,¢ arranged in the
complex plane in the following way:

()., plt) € C\.

Then we will estimate the resolvent of the differential operator P,
acting on space Hy = L*(0,1)".

2. Resolvent Estimate of A in H = L,(0.1)

Theorem 2.1. Let ® C C be some closed sector with the vertex
at 0, and set P = A, R(t) = p(t) in (1.1) in Section 1. Then, we
obtain

(Av)(t) = — 4 (t2(1 = )ou(t) %42), acting on H = Ly(0,1).
Assume that

u(t) € C*0,1], u(t) € C\®, Vtelo,1], (2.1)

Jarg{u(t)u™" (t2)}] < g, (V1,25 € [0, 1]). (2.2)

Then, for sufficiently large numbers in modulus A € ®, the inverse
operator

(A — XI)~" exists and is continuous in the space H = L?(0,1), and
the following estimates hold

(A=A < MaA " (A €@, |A>Co), (2:3)

d )
o2 (1= 1) (A= AN < M 7> (A€ @, |A] > Ca),
(2.4)
where the numbers Mg, M} and Cp > 0 are sufficiently large

numbers depending on ® where & = {2z € C: |arg z| < ¢}, p €
(0,7).

Proof. Here, to establish Theorem 2.1, we will first prove the
assertion of Theorem 2.1 together with estimate (2.3). As in Section
1, for the closed extension of the operator A, (for more explanations,
see chapter 6 of [7]), we need to extend its domain to the

D(A) = {v e MW (0,1): (°(1—t)°w!) € H}.
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Let the operator A now satisfy (2.1) and (2.2), then, there exists
a real v € (—, 7], such that for the complex number "’ we have
le’] =1, and so

d < Re{e"u(t)}, N < —Re{fe”\}, ¢ >0Vtel0,1], A€ .
(2.5)
For v € D(A) we will have

1 T
c'/ 19(1 — £)°|o' (1) [2dt < Re/ ET(L — 1)l (1)[? dt
0 0
= Re{e"(Av , v)}. (2.6)
Here the symbol (,) denotes the inner product in H. Notice that
the equality in (2.6) above obtains by the well-known theorem of
the m-sectorial operators, (For further explanations see the well-
known Theorem 2.1, chapter 6 of [7].) By (2.5), we have ¢/|A] <
—Re{e"" A}, ¢ > 0, VA € ®. Multiplying the latter inequality by
Jo lo@) dt = (v, v) = [Jv[|* > 0, then

N /01 W) dt < —Refe" A}(w , ).

By the latter inequality and (2.6), and by considering ¢ = 1/M, it
follows that

/01 t*(1 — t)Oé|,Ul(t)|2dt + A /01 |U(t)|2dt

MRe{e” (A, v) — e \(v,v)}

MRe{e" (A= M)v,v)}

Mlle[l[ofllI(A = ALl

M|lv[[[[(A = AL)vll. 27)

IIVAN

IN

Or
! o al,,! 2 ! 2
| = @Fde+ A [ @) dt < Ml 4 = A Dol
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Since [, t*(1 — t)*|v'(t)|?dt is positive, we will have
1

Alllo @)1 = IAI/0 o@)” dt < Mfvllll(A = A Doll,  (2.8)

ie.,
AlfJof] < MI|(A = A T)vl]

The above relation ensures that the operator (A — A I) is a one-
to- one operator, which implies that ker(A — X I) = 0. Therefore,
the inverse operator (A — M\I)~! exists, and its continuity follows

from the proof of the estimate (2.3) of Theorem 2.1. To prove (2.3),
we set v = (A —A)"'f, f € H in (2.8), so that

1
AL 1A=AD T A2 dt < M| (A= AL TFIIA AT A=A L
Since (A — AN I)(A—=X)"'f =1I(f) = f, it follows that
1
N [T1A =AU de < MIA = ADTfIS
Therefore,

MIA = ADTHAIP < MIIA =D (OIS
By canceling the positive term ||(A — AI)~!(f)|| from both sides of
the latter inequality, we will find
(A=A (NI < Mf],

and since \ # 0, we imply that ||[(A— XI)~'(f)|| < M|\|~"|f|- The
end result is
J(A = AT) 1| < Mg
This completes the proof of the estimate (2.3) from Theorem 2.1.
To prove the estimate (2.4) of Theorem 2.1. As in the first ar-
guments to prove estimate (2.3) above, here, we drop the positive
term |A| fy [v(2)]? dt from

1 1
[ = 0 @R+ A [ o@)F de < Mol (4 = A Dol
0 0
It follows that
1
| e = el P < Mo (A = A Dol
0
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Set v = (A— M)~'f, f € H in the latter inequality, and as above,
by proceeding with similar calculations, we then obtain:

[0 =0 A= ATy (o) Pt

< M[(A=AD)THIIIA = AD(A=AD)THL
Since (A — AXI)(A—=XI)"'f = f, and

[ =015 = AN f @ de < M= AT Sl

consequently by (2.3) we have ||(A — M)~ f|| < M|f||A]”". Then,
1
[0 (A= D ()P
0 dt
< M|[(A =MD < MMINTHfP.
Therefore,
1 d
U= (A= AT @) Pt < Mol F

Lo [192(1 — 1172 (4~ AD) |2 < Myl P e,

d 1
#7721 =) = (A= AD) ] < M A3 ]
Consequently,

d
#2721 = 1)/ (A = ADT| < My A7,
This estimate completes the proof of (2.4); Theorem 2.1 is thereby
proved. O

3. Resolvent Estimate of A in H =1L,(0,1) in General
Case

In this section, we will derive a new general theorem by dropping
assumption (2.2) from Theorem 2.1 in Section 2.
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Theorem 3.1. Let ® and A be defined as in Theorem 2.1, and
let that except for assumption (2.2) of Theorem 2.1, all other as-
sumptions are satisfied: Let the differential operator (Av)(t) =

—4 (121 = )ou(t) 42), acting on H = Ly(0,1).
Assume that
u(t) € C*0,1], pu(t) € C\@, Vtelo,1]. (3.1)

Then, for a sufficiently large number in modulus A € ®, the inverse
operator
(A — M)~! exists and is continuous in space H = L*(0, 1), and the
following estimate holds:

(A=A < Mo AT (3.2)

where Mg, Cgp > 0 are sufficiently large numbers depending on ¢
and |)\| > Cp.

Proof. To prove the assertion of Theorem 3.1, we construct the
functions p(1y(1), ..., @ (t), way(t), .-, k) (t) so that each one of
the functions p¢;)(t) 7 = 1,...,p (t € supp ¢(;), as the function
p(t) in Theorem 2.1 satisfies (2.2). Therefore, let

ty (@), - (), py(@), - () € C%0,1]

satisfy

1 (0<t<1)

() € C3°(0,1),  pgy(t) = pult), Vi€ supp o)
N(j)(t) eC\S, Vvtelo,1], j=1,...,p.
_ T .
| arg{ ¢y (t) ) (t2) }] < o Vit eswpeg), j=1....p

In view of Theorem 2.1, and by (2.3) and (2.4) set (A¢;v)(t) = A(t),
we will have the differential operator

(Ago)(t) = —% (t“(1 — % (1) dzg))

acting on H = Ly(0,1) where
© !
D(Agy) ={veH ﬂW22,loc(07 1), (ta(l - t)a,uz(j)'Ul) € H}.

ESO
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Due to the assertion of Theorem 2.1, for 0 # A € ® the inverse
operator (A — )\I) exists and is continuous in space H = L?(0,1)
and satisfies ||(A) — M) 7Y < My A7,

d
a2 -2 L ag anT < a0 £ A e @), (39
Let us introduce
T(A) = wi(Ag — M) o). (3.4)

Here ¢;) is the multiplication operator in H by the function ¢;)(t).
Consequently,

(A— )\I)T()\)U = Il +[2 +[3 —|—I4

where
p
I ==Y [t"(1 = ) uleg)i,(Agy — M) "o,
=1
« d —1
Zt (1—1)" 90 )tdt(AJ — AI) Y,
o d
Zw (1 (1= 1)1 (A = AD) el
= —)\Z Qi )\I) ().
As g (t) = p(t) (Yt € supp @), replace pu(t) by g (t)
in the sum I3. Then, in view of Z]: @)2(t) = 1, we will have
d
Is+ 1, = —290 [t*(1 = )%y (Ag) — M) o)
+ A(Am — M)l
o
= Y o)Ay — A)[A4; — M)~ U—Zgo = .
=1

ie., I3 + I, = v. When considering I, + I, = G()\)v, then



22 Sameripour and Ahooghalanderi

(A= AT (N)v =v+ G(N)v. Or equivalently
(A=XDT(N) =1+ G(N). (3.5)

using the fact that ¢(;), € C*°(0,1), and by (3.3), we can estimate
I, I, as follows:

p
11| < MY |(Agy — M) Fegyv] < MMl

7=1
e d -1 ” -1
[l < MY [ (Ag) = M) Hegyul < M2 2 o],
j=1
Using these estimates, and in view of G()\) above, we will have
- 1y =L
IGN) @) < L]+ | < MIA o+ M”72 |v], 1
A is a sufficiently large number, implying that |A\|~' < |[A\|72 then
GV < Ma|A[=. (3.6)

By this A, we can also have |G()\)|| < 3 < 1, where A € ®. Now,
by this, and using the well-known theorem in operator theory, we
conclude that I + G(A\) and hence, by (3.5), (A — AI)T()\) are
invertible. Therefore ((A — AI)T(\))~! exists, and by (3.5)

(TA) M A-AD)'=(T + GW) L. (3.7)

Adding +7I and —TI to the right side of (3.7) it follows that
(TO) A=At =(T + GW\)*t —T +1
Setting FI(A\) = (I + G(\))"! — I implies that
(TA\) (A=A =T + F(\).

In view of |G(A)|| < 3 < 1, and (3.6), by applying the geometric
series for F'()\):
IEMI < i} IGEI < G+ IGEX)] + IGEWI + )

< G +1/2+1/4+...)
< 2Mg ||

i.e.,

IFN| < M1g|A[™".
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Now, by (3.3) and (3.4),

1T

p
1> o) (Agy = A el
7=1

< M7ol[(Agy = AN
< M7eMg|A = M2g| N

ie.,
1T\ < M2g |\
By this and (3.7), it follows that
I(A =D~ [T+ FO)|
M2\ 7H(1 4+ M1g|A| ™)
M2 |A| "t 4+ M1 M24| N 2.

<
<

Since [\ 72 < |A| ", then,
A=AD T < MaA Y, (A2 Ce, A€ Q).

This estimate completes the proof of (3.2); Theorem 3.1 is thereby
proved. O

4. Asymptotic resolvent of degenerate elliptic differential
operators in L,(0,1)

Let P and R be as defined in Section 1. Suppose that there
exists some closed sector S C C, with the origin at zero, free from
eigenvalues of the matrix R(t), (0 < ¢t < 1). Consider those
eigenvalues yu; (%), ..., u(t) of the matrix R(t), such that p;(t) €
C?[0, 1], and convert the matrix R(t) to the form

R(t) = U(t)A(H)U (1), where U(t), U (t) € C*(]0, 1], End C*)

and

A(t) = diag{u(t), ... , p(t)}-
Consider the space Hy = H® ---® H ((-times), and so consider
in the space H, the operator 0

B(\) = diag{(P, — XI)™",... (P, — \I)"'}, (4.1)
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where the operator P; satisfies (Pjv)(t) = —4 (ta(l — 1), dz(tt)),

N d (6 (6] du
D(P]) = {U E% ﬂWi loc(07 ]_) . % (t (]_ — t) /L]%> c H}

(4.1")
According to the results obtaining from Section 3, for sufficiently
large absolute values of A € S, the operator B()) exists and is
continuous. Consider the operator I'(\) = UB(A\)U ™!, in which
(Uu)(t) = U(t)u(t), (u € Hy). We have

(P - A)P(\u = —% (tau - t)aR(t)%(U(t)B(A)Ul(t)u(t))>
= T\ + T+ T,

where, T} is equal to the following:

(i = U BV 0u)

d, ., a d -1
=~ (=D UMAW) - BOU u(t))

= —U%(to‘(l — t)“A(t)%B(A)UIU)

_U () (1 — t)O‘A%B()\)U‘lu

— AUBNU='u— U (#)(1 — t)“A%B(A)U‘lu L UU

T, = —% (t*(1 = t)*RU'B(NU u), Ty =-\U®#)BMNU 'u.

Here we use the equality

d d
— (1= AZBO)V) = V+ABWY,  V=U"u.
Since (t*(1 —¢)*)> < M t*(1 — t)*, and from the above relations
and the estimate (3.9), we will have

(P=XIC(\) =IT4+T2+T), where TY = t*(1 —t)*RU'B(\) U™,

TP < MNP (Aeq, 1A= o).
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For estimates of the operator Ty, the Hardy-type inequality is useful
(see [5]). Thus, for a sufficiently large absolute-value of A € S, the
estimate ||T9|| < M'|A|7'/2 is true, and so we have

(P=ADT(N) =I+F(), |FV<MA (Aes, |Al>d).

(4.2)
According to the assumptions made for A € S, |A| > ¢, the range
of the operator P — A\l coincides with H,. The operator P* and its
domain D(P*) have the same structures as P, D(P). Therefore, for
a sufficiently large absolute value of A € S, the range of the operator
P*—\I coincides with Hy, and consequently, ker(P—AI) = 0. This
equality by (4.2) proves the existence of the continuous operator
(P — AI)~', which satisfies

(P—=X)"" =TI +Y(N) (4.3)
in which the operational-function )(\) has the estimate
YOI < MAE (Aes, N> ) (4.4)

Recall that

L'(\) =UBW\U™', B(\) = diag{(P, = AXI)™',... (P, — \)™"}
(4.5)
Asin (3.9),Q=S, A=P;, j=1,...,0 By (4.3)-(4.5), we get
1Py = AD7Y| < MIA-Y,
[£2/2(1 — £)2/24(P; = AD)7Y| < MIA| "2 (A € S, [A| > ¢), which
proves Theorem 2.1.
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