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Abstract: Let (X,T) = {X,,Tn; n = 0,1,2,---} be a Semi-
Markov process. Suppose N;(k) is the step number at which the
Markov chain X visits the state j for kth time, and Tj(k) =
Tw,(x) is the time of the kth visit to the state ;. We study the
Uj(k,t) = N](k)l[Tj(k)St] which is the step number for the kth

visit prior to time t. We derive recursive formula for ¢ (k,t) =

PAU, (k,t) = n} = P[U, (k,t) = n|Xo = i], and E[U, (k, )| Xo
i]. A relation between the generating functions of the sequences

{qz (kat)}n:1,2,...; k=12,..,n;, {QZ(l,t)}n=1,2,... and {anj(lat)}n:1727,,,

is also presented.
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1 Introduction

The time of the first visit of a given state plays fundamental role in the
general theory of Markov and Semi-Markov processes and their appli-
cations, Karlin and Taylor(1975), Cinlar (1975). It seems that the time
of the kth visit has not yet been treated adequately. The work of the
authors on the subject for Markov chains provides some highlights and
applications. There is also a recent paper in Markov chains, W. Stadje
(1999), concerning the joint distributions of the number of visits. In this
work we concentrate on the step number and the time of the kth visit
within the transient time ¢, when the underlying model is a semi-Markov

process. Let
Kj(n) = > 1i3(Xm)
m=1

is the number of visits to the state 3 by Markov chain X during the first
n transitions. Then N;(k) = min{n : K;(n) = k} is the step number
at which X visits the state j for k& times. Also assume T;(k) = T,
is the time of kth visit to state j by the Semi-Markov process. Then
U;(k,t) = N;(k)1,r)<s records the step number for the kth visit prior

to time t. In this article we present a recursive formula in k& and n for
g (k,t) = P(Nj(k) = n, Tj(k) <t[Xo = 1) = P[N;(k) = n, T, <t[Xo = 1],

and

aij(k,t) = BIU;(k,1)| Xo = 1] = Y n(k. 1),
n=k

the mean of the step number for the kth visit of state j in [0, ¢]. We apply
our recursive formulas for qu(k, t) to specify the generating functions of
the sequence {qi(k,t)}n=1,2,. £=12,.  in terms of the generating func-

tions of the sequences {¢};(1,%)}n=12, . and {g35(1,2)}n=12,.-
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2 Recursive Formulas

Let (X,T)={X,,T,; n=0,1,2,---} be a Markov renewal process
with state space § = {0,1,2,...}. Also let {Y,, ¢ > 0} denote the
associated semi-Markov process. The semi-Markov matrix is denoted
by P(t) =I| pis(t) [l i.7 € S where py(t) = P(Xops = 1. Dot — T, <
t|1X, =1). Also let p;; = lim,_ , p;;(¢). It is assumed that Cinlar (1975),
that p;; = lim,_ . p;;(¢). It is assumed that

P{Xn+1 :jan+1 _Tn < t|X07"' 7Xn7T07"' 7Tn}

= P{Xn+1 = jan+1 - T, < t|Xn}v (2'1)

forall n € {0,1,2,---},j € S,t € Ry =[0,00), and

b0 = Y [ paldsipi i o), (22)
kes 0

where pi(t) = P(X,, = j,T, <t|Xo =1i), 1,j €8, t>0. Note that
pi(t) =0, @ # j, pi;(t) =1, t > 0. We define N; = N;(1) to be the step
number of the first passage to the state j, hence Ty, is the first passage
time to the state j. The joint probability ¢ (1,t) = Pi(N; = n, T, < 1)
is the probability of the first visit of state j at the nth transition within
the time interval [0, ] given X = 4, precisely ¢5(1,1) = P(X, = j, X, #
Jyv=12,--,n—1, T, <t|X, = i). Note that ¢} = lim;_.. ¢}(1,?) is
the probability that at nth step number the state j7 will be first visited
from the initial state ¢ in the Markov chain {X, }. Also for every i,j € S,
we note that ¢;;(1,¢) = 0, ¢;;(1,1) = p;;(t). Let us present the following

informative formulas.

Proposition 2.1. The following relations are satisfied.

n t
pi(t) = Z /0 g (1,ds)pi7™(t —s), n>0, (2.3)
m=0
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0= X [0 = . w1 (2a)
qi;(1,1) Z/ pir(ds) qk] 1,t—s), n>1,t>0. (2.5)
k#j

Proof. For (2.3) apply (2.2) to note that
pu(t) = P(X,=j,T, <t|Xe=1)

= ZP n=5Xn=4X,#jv=1--,m—1,
Tn—Tm—|—Tm§t|X0:i)

- Zn:/OtP(Xm:j,Xv#j,v:1,---,m—1,Tm:ds|X0:i)
n];E}(n:j,Tn—Tm§t—5|Xm:j,Xv;éj,vzl,---,m—l,
Xy =i,T, = s)

= Z/ m=0XeEjv=1,--,m—1,T, =ds|X,=1)

Xo=4T,—Tn <t—s|X, =7J)

= Z/O qi; (1,ds)pi7™(t — s).
m=1

If i = 7, then pX(t) = 1,¢%(1,¢) = 0, giving (2.4). for (2.5) we observe
that

qu(l,t) = P(N;=n,T,<t)

= Z/ (N; =n,T, <t,X, =k, T\ = ds)

kes

- Z/ N, = n, Ty < 11Xy = k, Ty = ds)

kes

P(X, =k, T = ds| X, = 1)
- Z/ Pe(Nj == 1,1,y <t = s)pu(ds)

k#j

:Z/pzkds%w 7_)'

k#j
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The proof is complete. m

Similar to (2.3),

pi(t Z/ qi; (k, ds)pi ™ (t — s). (2.7)

Let us present our first recursive formula.

Proposition 2.2. Suppose qj;(k,t) is given by (2.6), then for every
t>0andn > 1,

gk + 1) = Z/%] (k,ds)g’H ™1t —s), 0<k<n, (2.8)

and also

n+l-—%

g (k4 1,1) Z / g (1, ds)g (k= 5), 0 <k <n. (2.9)

Proof. We note that

fZZ+1(k—|-1,t) = P(Nj(k+1)=n+1,T,4, <)

= Z/ Ni(k+1)=n+1,N;(k)=m,T, = ds,

n t
Y / PN, (k) = m, Ty, = ds)P(Nyj(k +1) = n + 1,
m=k 0

Tn+1 — Tm S t— 8|N](k‘) = mva = dg)

n t
_ Z/O PN, (k) = m, Ty = ds)P(N; = 0+ m — 1,
m=k

Tn+m—1 S t— 5)

nooa
= Z/o qi; (k, ds) qZ"’m '(1,t - s),
m=k
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arriving at (2.8). m

Suppose V*(t) is the number of visits of state j from state i by

nth transition in the time interval [0,¢], thus V}* (1) = Y "¢y ix,=j, o<t

Iix,=j, 1<) =

where

0 otherwise.
Note that E;[V*(t)] = Yp_, pj;(t). Therefore pfs(t) = E[V](1)] —
E[VP~H ()] sand lim, . B[V (1)] = Ypl,pk(t) = R(i,j,t), where
R(i,7,t) is the Markov renewal function of the semi-Markov process

Y;.

Lemma 2.1. The following relations are satisfied.

pi(t) = B[V ()] = BV (1), (2.10)

BV ] =3 g k1), (2.11)

k=1m=k
R(i,j,t) = > ais(k,1). (2.12)
n=1k=1

Proof. The (2.10) is immediate, (2.12) is followed from (2.11). For
(2.11),

EIVP0) = 3 POT(0 2 8

= > P(Tn,m <1, N;(k) < n)

k=1

= Z Z P(Ny; (k) = m, Ty, < 1)

k=1m=k

= Zn: Zn: qi; (k. 1).

k=1m=k

Proof is complete. m



The kth visit in semi-Markov processes 71

Let us present the second recursive formula concerning the mean of
the step number for the kth visit.

Proposition 2.3. Let a;;(k,t) = 377, ngl(k,t) be the mean of the
step number for the kth wvisit of state j from the initial state © within

[0,1], then for every t > 0,

asj(k+1,1) = g (k, ) % ags (L)) +g55(1, )+ ag (k, (1), k> 1, (2.13)

where q;;(k,t) = > 2, qii(k,t), k > 1, is the probability that the kth
visit occurs prior to the time t.

Proof. We apply the recursive formula (2.8) to note that

oQ

a;(k+1,t) = Z(n + 1)g" T (k+1,1)

n=k

= Zn—l—l Z/qw (k,ds)gF="(1,1 — s)
_ / S5 (04 1= m)g (k) (11— )

n=k m=k

+ /Zquwkdsq]”]“ m(1,t - s)

- / Zq?;(k,ds 2 (n+1-m)gtm (Lt - )
+ / quw (k. ds) Z%”fl "Lt s)

_ /(J[n;qﬁ(k,ds)][;lqb(lt
SR SN,

= /Ot%j(kads)ajj(lvt—s)-l-/t a;;(k,ds)g;;(1,t—s)
= qi(k, ) xag; (L, )(0) + q55(1, ) * a; (k, (1),
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giving the result. m

Note that by conditioning on (X, 7}),
aij(k,t) = E[U;(k,1)]
3
= 3 [+ Bkt = $)pads)
0

I#j

N /Otu T B [U5(k — 1.1 — s)]]ps(ds)

= p(t)+ Z/Ot aj (k,t = s)palds)

1]
1

+ / ajj(k —1,t — s)py(ds), (2.14)
0]

where p;(t) = 37, pi;(t). The (2.14) does not provide a renewal equation
to speecify a;;(k,t). In order to apply the renewal theory, we compromise

tolet a;;(k+1,¢) =2 a;;(k,t), for large k. In this case (2.14) provides that
f=g4Fef (2.15)
where F(t) = ¢;;(1,t), f(t) = a;;(k, 1), and ¢(t) = a;;(1,.) % q;;(k,.)(t).
Therefore a;;(k,t) = g(k,t)+g(k,.)* R;;(t), where R;;(t) = 3=, ¢75(1,1).
As ¢(t) is not integrable, the Key Renewal Theorem does not apply. The
limiting value of a;;(k,t),t — oo, can be evaluated directly, namely,
Ei[N; (k)] = ai;(k)
= limt_,ooaij(k, t)
= limy o B[N (k) iz 0y <a1)
E—1
= a;(1)+ ;

¥

where {p;;}, and {7;}, are the transition probabilities and stationary
distribution of the embedded Markov chain {X,}, see [3] for the deriva-

tion given above.
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In the following we provide two examples where the distribution of

U;(k,t) can be evaluated directly or by the derived formulas.

Example 2.1. Suppose (X, T') has the transition-sojourn time prob-

ability matrix of the form

then
. . (1 —e M)k n=2k
t t
Goo( k1) (k1) 0 n # 2k
where
Goo(1,1) Z(Zoo (1,1) —At)27
and, mo(t) = Yo, ngiy(1,1) = 2(1 — e=*)? such that goo(1,00) = 1,
mo(oo) = 27 also aOO(kvt) = Zzo:k nqgo(k,t) = qugg(kvt) = (
e~ M)2k

aoo(k,00) = 2k, and qoo(k,t) = > o, qiy(k, 1) = (1—e™ )% ook, 00) =
1,

therefore
g (k+1,t) = Z/ 4ok, ds)gp (1t — s)

= /Z (k,ds)qps' =™ (1,1 — s)

(Zoo(k ds)‘]oo( —s)

(
\

— e MR = 2k 41,

(1
= @M k+1,0) =
qoo ("’7) {0 n#?k—l—l.

Hence
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aoo(k +1,8) = /Ot[qoo(k, dsymo(t — s) + agy(k, ds)geo( 1, £ — 5)]
= 20k 4 1)(1 — e M)2k+D),

Also

ago(k + 1,00) = ago(1,00) + kmg(oo) = 24 2k = 2(k + 1),
and EoNo(k‘) = aoo(k,oo) = Qk,all(k,t) = Qk‘(l — 6—At)2k7E1N1(k) =
ai1(k,00) = 2k. Finally

. (1 —e M=l =2k -1,

n 1) =

o1 (k1) 0 n# 2k — 1,

where agy(k,t) = (2k — 1)(1 — e=*)% =1k > 1.
Example 2.2. Suppose

o= M) i
) = S0

,7>1=0,1,2,...,where A\(1)t — Aq, as t — oo.

Then for k£ > 1, we have

e—kk(t)t n=k
k1) =
qu( ? ) 0 n#k

and

n t
G+ = Y syt )
m=k “0

+ n
= [ 3 ekt (L = )
O =k

1

_ /e—kk(t—s)x(t—s)d(e—k(s)s)
0

= GO,



The kth visit in semi-Markov processes 75
hence

m;(t) = a;(1,1) anu (1,1) = e gii(k, 1) Zq“ (k,t) = e~ ®r0Y
and a;;(k,t) = 300 ngl(k,t) = ke™# 1t therefore

aalk+1,0) = /Ot[qﬁ(k,t)mi(t o)+ asi(k, ds)gi(1, 1 — 5)]

(k + 1) /t e—kk(t—s)x(t—s)d(e—ks)

0
= (k4 1)e” DAL
Also for j = 7+ 1 implies that

A(1)te POk 4 (1 — k)e 7]
(1 _ e—A(t)t)Z '

ai]'(k‘, t) =

3 The Generating Functions

Suppose F;;(s,a),Qq;(s, o), and Gy (r, s, ), are the generating functions
of the sequences

{53 Aah (L, ) b nzo,..., 10, and {gf5(k, 1)}, respectively define as fol-

lows:

Pi(s,a)= Z/O pi(Dexp{—at}s"dt, |s| <1, a >0, (3.1)

Qij(s,a) = Z/ exp{—at}s"q;(dt), |s| <1, a >0, (3.2)
n=0 0
and

Gij(r, s, a) ZZ/O rkskexp{—at}qu(k,dt), ls| <1, |r] <1, a>0.
n=1k=1
(3.3)

Theorem 3.1. The genarating functions satisfy the following rela-

tion.

Py

ij

i (s, a)P;(s,a if v #£ 7,
(Sa):{m )Pij(s,a)  ifi# ] )

1 . . _ .
al=Qui(s )] ifi=J.
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Proof. For ¢ # j,

QulssaPi(ssa) = (O [ eapanag @y [ ptwenpl-au)sdu

SO [ eart-ator waganmg s

n=0 m=0

i(i /OOO /Oy exp{—ay}q (dt)p;7 " (y — t)dy)s"

n=0 m=0

i /0°° cep{=ay}( Zn_: /Oy g7 (dt)pf ™ (y = 1)s" dy

> /0 exp{—ay}p}(y)s"dy
n=0

= Py(s, ).

For 7 = j since p(t) = 1,¢%(t) = 0 we obtain that
Qii(s,a)Py(s,a) = Z/O exp{—ay}p;(y)s"dy
n=1

= Z/O ewp{—ay}pﬁ(y)S"dy—/o exp{—ay}dy
n=0

= Pj(s,a)—1/a.

The proof is complete. m

Theorem 3.2. Let the generating function of sequence {7 (k,t)}n=12 . k=1,2..n

be

Gij(r,s,a) = i

n=1k=1

n

/ rfstexp{—at}ql(k, dt), [s| <1, |r] <1, a>0.
0

(3.5)

Then
Gii(rv S, Oé) = 1 icilé)(]?(j’)a) . (36)
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Proof. Takea, =3 ;_, [;° exp{—at}q)(k, t)r*dt, b, = [;° exp{—at}q};(dt),

hence

n—1

Cp, = § ambn—m
m=1
n—1 m

= Z_: Z_: /000 exp{—at}qf;(k,t)rkdt(/ooo q]ﬂj—m(du))

n—1 n

= Z_: Z_: /000 /000 exp{—a(t + u)}q; (K, dt)rquj_m(du)

n—1n-1

ooy
= XX [ [ cort-auyrtadygy (s - d)
k=1m=k 70 0
n—1 .oco n—1 y
= Z/ Tk(Z/ gij (K, dy)gji ™ (y — dt)exp{—ay}
k=170 m=k 0
n—1 o)
= X [ rremp{-aybay e+ 1dy)
k=1

1 n—1 o0
= - Z/ rf*teap{—ay}ql(k + 1, dy).
r k=1 0
Therefore

Gij(rys,0)Qi(s,a) = Y cns”
n=1

oo n—1

= XS [ en{—aydah+ 1, dy)
Tn:l k=179
1 = - - m n

= S [ meant-ay}ay(m.dy)
Tn:lm:Z 0

- %i[i /Ooo rexp{—ay}q(m, dy)

n=1 m=1

— 7‘/000 exp{—ay}q;(dy)]
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1 %] n )
= ;ZZ/O rexp{—ay}q;(m, dy)

n=1m=1

_ i / " exp{—ay}q? (dy)

1
= ;Gij(rvsva)_Qij(Sva)v

giving the result. m

Let P(a) = ||P;(a)||, where Pyi(a) = [;° exp(—at)p;(dt). It is ob-
served that P*(a) = (P(a))”, Cinlar(1975). Now since Pj;(s,a) =
Yoo fo exp(—at)phi(dt)s™, |s| < 1, a > 0, we observe that in matrix
notation we have P(s,a) = ||P;(s,a)|| = >, _,(sP(a))".

Note that P(1,a) = > _,(P(a))* = R,, as is given in Cinlar 1975.

n=0

Proposition 3.1. If S is finite, then P(s,a) = (I — sP(a))™t, and

if § is not finite, then P(s, «) is minimal solution of equation

(I —sP(a))M =1, M > 0.

Proof. Since P(s,a) = 3.2 ,(sP(a))”, hence we have P(s,a) =
I + sP(a)P(s,a), or P(s,a)[l — sP(a)] = I, so that P(s,a) = (I —
sP(a))™'m

Example 3.1. To apply Proposition 3.1, let

6(1—e™?)  4(1—e5)
S(l—e ) 5(1—e ) |’

no- |

Then

a+4 a+4

3 2
P(a) — [ oz-2|—5 oz-2|—5 ] \
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and P(s,«) = (I — sP(a))~", provides that

(a+5)(at42s) 2s(a+5)
a+5-3s)(a+4—2s)—4s2 a+5-3s)(a+4—2s)—4s2
P(s,a) = ( 2)5((oz+4) ) ( (oz+4))((oz+5—35))

(o+5—3s)(o+4—25)—4s2 (o+5—3s)(o+4—25)—4s2

Hence it follows from (3.4) that

(a=1)(a+4)—2s5a 2s(a+5)
ala+4—2s a+4)(a+5—3s
Qs,a) = (25(Q+4) ) ((oz—l))((oz+5)—35)oz )

(a+5)(a+4—2s) aa+5-3s)

and from (3.6) that
rla=1)(a+4)=2rso 2rsa(a+5)
o ala+4—2s)—r(a—1)(a44)+2rsa a+d)[a(a+b5—3s)—r(a—1)(a+5)+3ars]
G(T7 S Oé) - ( )2ar(s(oz+)4() ) ( et r(oz—l)zoz+(5)—32'(soz )
(a+5)[a(a4+4—2s)—r(a—1)(a+4)+2ars] a(a+5-—3s)—r(a—1)(a+5)+3rsa
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