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NUMERICAL SOLUTION OF SPECIAL CLASS OF
SYSTEMS OF NON-LINEAR VOLTERRA
INTEGRO-DIFFERENTIAL EQUATIONS BY A SIMPLE
HIGH ACCURACY METHOD

A. KHANT*, M. MOHSENI MOGHADAM AND S. SHAHMORAD

Communicated by Mohammad Asadzadeh

ABSTRACT. We study a simple new method to find a numerical so-
lution for the special class of Systems of Non-linear Volterra integro-
differential Equations (SNVE). To this end, we will present our
method based on matrix form of SNVE. The corresponding un-
known coefficients of our method is determined using computational
aspects of matrices. Finally, accuracy of the method is verified by
presentation of some numerical computations.

1. Introduction

The SNVE arise from mathematical modeling of many scientific phe-
nomena. Non-linear phenomena such as population and polymer rhe-
ology [2,3], that appear in many applications in scientific fields, can be
modeled by non-linear Volterra integro-differential equations. Analyt-
ically, solving these problems are difficult, and so we want to present
a simple high accuracy method for the numerical solution of an spe-
cial class of these non-linear problems. Recently, the operational Tau
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method and Adomian decomposition method were developed to solve the
non-linear Volterra integro-differential equations [4,5]. These methods
lead to solving systems of non-linear algebraic equations. Our method
here is a simple operational approach using the Adomian decomposition
method, which leads to a system of linear algebraic equations and is
solved simply. This method also leads to an algorithm with a remark-
able simplicity. It must be mentioned that the Adomian decomposition
method play an important role here, since using this method we convert
the non-linear terms in SNVE to the polynomials in terms of indepen-
dent variables and then use the operational Tau method to convert the
SNVE to the system of algebraic equations.

2. System of non-linear Volterra integro-differential equations

Consider the following non-linear system of Volterra integro-differential
equations,

) -1 _
Z;:l 9 (x)yj(m])(x) + Gi(:v,yl,yl’, s 7y£m1 )a s 7y7‘7y7‘/7 L) y,ng 1))

)
—meFi(x,tyuyl’,.--,yfml oo Yy M)t = £ (),

(2.1)

whit the initial conditions,
y D) =dij, j=0,1,...,mi—1,i=12...7 (2.2)
Here, we assume that g, (z) and f,(z) for 4,5 = 1,2,...,r are polyno-

mials; otherwise, they can be approximated by polynomials to any de-
gree of accuracy (by Taylor series or any other suitable approximation).

We denote by Gi(m,yl,yl’,...,yfml_l),...,yr,yr’,...,yﬁmr*l)) and

(ml)

F(z,t,y,y, s ..y ,...,yr,yT’,...,yﬁmr)), for i« = 1,2,...,r, the
non-linear terms of SNVE. We suppose that y, (z) is a polynomial ap-
proximation of degree n for y,(z). Then, one can write,

_ n k _
9 (z) = Zk:o Giix" = 8;; X
file) =" fiyd =£; X
Yin(2) = 320 aja? = aX, (2.3)
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where gm = [gijmgijp cee agijnaoa . -]7 iz = [fimfip e fmvov .. -}a a; =
[, 0515---5a,,0,...], and X = [1,2,2%,...]7. Without loss of gener-
ality, we have taken all polynomials of the same degree n, because if
g,;(%), f,(z) and y,, (x) are respectively of different degrees n 0 ", and

in?

f
n, , then we can set n = max{ngij TR O

3. Converting SNVE to a system of algebraic equations

The effect of differentiation or shifting on the coefficients
P, = [Py:Py: + +P,,0,0, -] of a polynomialp, (z) = p X is the same
as that of post-multiplication of P, by either the matrix n or the matrix
w defined by:

01 0 0 0
0 1 0 10
= 0 1 and p=]02 0
0 00 3 0

Lemma 3.1. Let p, (x) be a polynomial of the form,

n
p.(z)=) pa'=p X
=0

Then,
i) £ —p "X, k=0,1,2,---
1) dxkpn(x)_Enn £ — Yy b 4y .
Proof. The proof follows immediately by induction. il

Lemma 3.2. Let p(z) = p X and q(x)

=q X with p = [py, p,,...| and
a=1[%:a,---]. Then, p(x)q(z) = pg(p)X.

Proof. See [6].
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Using lemmas 3.1 and 3.2, one can write,

9ij ('r)y](mj)(x) = G (w)ﬁjnmjé
= gjnm]g” (:u')éa 1,j=12...
where,
[ gijO gijl gijQ gijB U gij,n 0
0 Gijo 9ij1 YGije Gijn—1 Yiin
95 =10 0 Gijo  Y9jn Gijmn—2 YGijm
and
[0 0 0 0
0 0 0 0
mlo 0 0
1 = .
T o 0
0 0 (ijT2)' 0
i+3)!
0 0 0o iy

gij,n

(3.1)
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thus,
0" g, (1) =
i 0 0 0 0 0 ]
0 0 0 0 0
m;lg;o m;lg, s m;!g,s m;lg,., 0
0 (mle!rD! 150 <mj1J!r1)! ij1 (mjuH)!gij,n—l <mj1J!r1)! ijn
0 0 <m];!r2)!gijo <m]é!+2>! ijm—2 (mgg)! ijn—1

Using the Adomian decomposition method (See [1]), one can simplify
the non-linear terms of (2.1) as follows.
Setting

Ci(e) = Gi(w, 1, @),y (2), - 0" V@), (@), (@),

we have,

Ly (),

R > . ) © (j+m, —1)! .
Gi(z) :Gi(x,ZaljmJ,Zjaljxj,...,Z%;alﬁm Lt
j=0 j=0 j=0 J:
(oo} .
. ; (G+m, —1)! ,
ZG/T] 7Z]arj$]a---a %lar,prmrflxj)
i=0 =0 I
Y (3.2)
=A%X, i=12...n
G G, G; .
where, A% = [A4,", A]",...] with
G, 1, dF = ;= i . (j+m, —1)! j
Ak = H{ﬁGi(xvzaljxjvz]a1jx]v 72 ]; 17+m1—1x]’ 9
j=0 j=0 j=0

ar',j+7n7‘71$j)}w20

&) + m
D anja’ Zﬂw Z 8
j=0
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(k)
_G (0), i=1,2,...,r, k=0,1,2,...,
k!
whichdependonam,au,...,al,k+ml_1,...,aro,aﬂ,...,anﬂmqﬂ_l,fork::
0,1,---.
Using this method for the non-linear term under integral sign, we have,
~ / (my) ’
F,L(l',t) = E('x?taylaylv"'ayl ! 7"'7yr7yr7"'7y£mr))
(3.3)
— o 0o AFi gk -
= ijo Do Attt =12,
where,
F; 1 §itk / (my)
Ay = W{WF(x,t,yl,yl,...,yl Yo,
YorWor - 0" N = (0.0)
Itk
—"1(0,0 . .
_ azf@t!’;( =12, i k=01,2....
which depend on a,,,a,,,... Y X TR AP for j,k =

0,1,2,..., and s = max{j, k}. '
Now, if we replace y,(z) by y,, () = Z?:o a,;z7 in (3.3), then we have,

(ml)

fgﬂ(x,t,yl,y;, T ,...,yr,y:,...,ygmr))dt:

F;
= s Z;’ZO PO Ajkazjtkdt

F; ,.j+k+1
= 2 A (34)
= ijl jlq;J
— AF’L;?

~ F; AF; AF; . AF; AF; ; AFZ _
where, A™" = [Ag", Ay",.. ] with Ay’ =0 and A" =37/ =052 for
i=1,....,rand j=1,2,---.
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Therefore, by (3.1), (3.2) and (3.4) the matrix form of (2.1) can be
written as:

r
S anmig, (WX +A%X — A"
j=1

o
o4

2

[p<

, 1=1,2,...,7

which yields:
T
Zgjnmjgij(:u)""_AGi _AFiﬂZLW i=12,...,m, (3.5)
j=1

since X is a base vector. Now, the unknown coefficients can be deter-
mined by (2.2) and (3.5). Note that we use (2.2) to write,

dij . :
aij:fzf7 221727"'17a>]:0717"'7mi_17
and determine other coefficients by forward substituting from the fol-

lowing systems,

ml!glloa’l,ml + m, !9120a2,m2 + o+ m'r!glr()ar,mr = hlo

m1!9210a1,m1 + my, !9220 a2,m2 + o+ mr!g2'r0ar,mr = h20
| | . —

ml 'grloal,ml + m2 'gr20 a2,m2 + + mr!gr'r()a’r,mr - h'rO

where,
A G G .
hy=1Ffo+A) —Ay =fio—A4y , i=1,...,7,
. 2 F; .
since Ay' =0, fori=1,...,7.
We continue this substituting process to determine the remaining un-
knowns,

(m1+j)! (m2+j)! (m +])' _
T 910% TG Y1200y T T T G100y = h,;
(m, +4)! (my+i)! (m,.+3)! _
7! 210%1,my 45 T g 9220%2,my+ oot Tj! 9200 imptj = h2j
(my +4)! (my+9)! (m, +)! _
T 9r10%,my 45 TG Gr200amyss T T G0 Gy = B
where,
r j—1 |
F; G; (m, + s)!
hy =F; + 43 — A" — E :2 : ol Jikigrr—sTemy +s0
k=1 s=0 )
fori=1,...,r, j=1,2,...,m, where m =n —min{m,,m,,...,m_}.

The last system terminates determining the unknowns.
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Remark 3.3. Note that, this method failed to solve (2.1)-(2.2), when-
ever all coefficients of g,.(z), for i,j =1,2,...,r, were zero at x = 0.

4. Numerical examples

The following examples are given to clarify accuracy of the proposed
method. Note that all results were obtained using programs in the Maple
8 software environment.

Example 1:

(z +22)y1(z) + 2y2(2) + [3 (v1(t) — ya(t))dt = 22 — 222 + 223 + 2t
1 (2) — 2yua(w) — [ (Qaya (1) + 20p())dt = —2? — 220, 0<z < 1.
The exact solution is given by y;(x) = 22, y2(x) = 2. For the numeri-
cal results with n = 2, see Table 1.

Example 2:

(cos’x = 2)y1(x) + (v — L)ya(2)—

Jo e (n1(t) — ya(1)) + 8sin(t — z)y1 ()y3(t)}dt = —e ™7,

egxygx) — 4xcos(x)y2(x)
(

Jo e (ya(t) + 2(t)) + 4(t + @)y (D)y2(t) }dt = =32 — Lsin(2z),
0<x< g

The exact solution is given by y1(z) = sin(x), ya(z) = cos(z). For the
numerical results with n = 5,10, 15, see Table 2.

Example 3:

{ —e%y, () + ay2(x) — o €ty (D)ye(t)dt = ze™?,
vy (@) +y2(2) + o () +y2(t)dt =1,  4(0)=1, 0<z<3.

The exact solution is given by yi1(x) = cos(x),y2(x) = e~ . For the
numerical results with n = 5,10, 15, see Table 3.
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Example 4:

21 () — (2 + Dyp() — yo(a)e? @)+
y1(H)ya(t)

Jo {cos(2t)e 2 — yy(x)}dt = —(sin(x) + cos(x)),
y1 (@) = yo(2) — vy (@)y2(z)—

x 3y1(t)y3(t) 1
Jo ot 4= @y

y1(0) =0, 41(0) =1, 12(0) =1, 0 <z < T.

The exact solution is given by y;(z) = sin(x), ya2(x) = cos(z). For
the numerical results with n = 5,10, 15, see Table 4.

Example 5:

( 2y, () + (14 32%)yy () + 2y} (2) — vy (2)y2(z) — yo (2)—
fox{’?y%(t) yQ(I)}dt =62> —1+e ™",

v (@) s (@) — ya(ar) — TR0 g 6 e

Yo ()
L 51(0) =1;(0) =0, yz()—y()— Y (0) =1, 0<az<1.

The exact solution is given by y1(z) = 23, ya(x) = e®. For the nu-
merical results with n = 5,10, 15, see Table 5

Remark 4.1. Note that in the following tables, the notations Exacty;,
App.y; and Abs.Err.y;, for ¢ = 1,2, have been used for exact solution,
approximate solution obtained by our method and absolute error of ap-
proximate solution, respectively.

Table 1: Example 1
n| Ezxactyr  App.yr  Abs.Erras | Exactys  Appys  Abs.Err.ys
0.00 | 0.000000 0.000000 0 0.000000 0.000000 0
0.20 | 0.040000 0.040000 0.200000 0.200000
2 | 0.40 | 0.160000 0.160000 0.400000 0.400000
0.60 | 0.360000 0.360000 0.600000 0.600000
0.80 | 0.640000 0.640000 0.800000 0.800000
1.00 | 1.000000 1.000000 1.000000 1.000000

o O O oo
o O O oo
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Table 2: Example 2
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n

T

Exacty:

App.ya

Abs.Erran

FExactys

App.y2

Abs.Err.ys

0.00
0.31
0.63
0.94
1.26
1.57

0.000000
0.309017
0.587785
0.809017
0.951057
1.000000

0.000000
0.309017
0.587793
0.809146
0.952017
1.004525

0
5.98444e — 08
7.62868e — 06
1.29455e — 04
9.60607e — 04
4.52486e — 03

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

1.000000
0.951058
0.809102
0.588743
0.314335
0.019969

0
1.33291e — 06
8.48570e — 05
9.58118e — 04
5.31768e — 03
1.99690e — 02

10

0.00
0.31
0.63
0.94
1.26
1.57

0.000000
0.309017
0.587785
0.809017
0.951057
1.000000

0.000000
0.309017
0.587785
0.809017
0.951057
1.000004

0
7.36577e — 14
1.50565e — 10
1.29825e — 08
3.06032e — 07
3.54258e — 06

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

0
1.92853e — 15
7.88642¢ — 12
1.02047e — 09
3.20938e — 08
4.64766e — 07

15

0.00
0.31
0.63
0.94
1.26
1.57

0.000000
0.309017
0.587785
0.809017
0.951057
1.000000

0.000000
0.309017
0.587785
0.809017
0.951057
1.000000

0
7.94976e — 24
1.04109e — 18
1.02427e — 15
1.35987e — 13
6.02342e — 12

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

0
4.30168e — 22
2.81643e — 17
1.84697e — 14
1.83866e — 12
6.51336e — 11

Table 3: Example 3

n

T

Exacty:

App.ya

Abs.Erran

Exactys

App.y2

Abs.Err.ys

0.00
0.31
0.63
0.94
1.26
1.57

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

1.000000
0.951058
0.809102
0.588743
0.314335
0.019969

0
1.33291e — 06
8.48570e — 05
9.58118e — 04
5.31768e — 03
1.99690e — 02

1.000000
0.730403
0.533488
0.389661
0.284610
0.207880

1.000000
0.730401
0.533410
0.388805
0.279987
0.190917

0
1.27761e — 06
7.83491e — 05
8.56311e — 04
4.62252e — 03
1.69626e — 02

10

0.00
0.31
0.63
0.94
0.26
1.57

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

0
1.92853e — 15
7.88642¢ — 12
1.02047e — 09
3.20938e — 08
4.64766e — 07

1.000000
0.730403
0.533488
0.389661
0.284610
0.207880

1.000000
0.730403
0.533488
0.389661
0.284610
0.207883

0
7.18203e — 14
1.43408e — 10
1.21007e — 08
2.79636e — 07
3.17890e — 06

15

0.00
0.31
0.63
0.94
1.26
1.57

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

1.000000
0.951057
0.809017
0.587785
0.309017
0.000000

0
4.30168e — 22
2.81643e — 17
1.84697e — 14
1.83866e — 12
6.51336e — 11

1.000000
0.730403
0.533488
0.389661
0.284610
0.207880

1.000000
0.730403
0.533488
0.389661
0.284610
0.207880

0
4.22491e — 22
2.71935e — 17
1.75476e — 14
1.72048e — 12
6.00816e — 11
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Table 4: Example 4
n T Exactyr  App.y1 Abs.Erran Exactys  App.ys Abs.Err.ys
0.00 | 0.000000 0.000000 0 1.000000 1.000000 0
0.31 | 0.309017 0.309017 5.98444e — 08 | 0.951057 0.951058 1.33291e — 06
5 | 0.63 | 0.587785 0.587793 7.62868e — 06 | 0.809017 0.809102 8.48570e — 05
0.94 | 0.809017 0.809146 1.29455e — 04 | 0.587785 0.588743 9.58118e — 04
1.26 | 0.951057 0.952017 9.60607e — 04 | 0.309017 0.314335 5.31768e — 03
1.57 | 1.000000 1.004525 4.52486e — 03 | 0.000000 0.019969 1.99690e — 02
0.00 | 0.000000 0.000000 0 1.000000 1.000000 0
0.31 | 0.309017 0.309017 7.36577e — 14 | 0.951057 0.951057 1.92853e — 15
10 | 0.63 | 0.587785 0.587785 1.50565e¢ — 10 | 0.809017 0.809017 7.88642¢ — 12
0.94 | 0.809017 0.809017 1.29825e — 08 | 0.587785 0.587785 1.02047e — 09
1.26 | 0.951057 0.951057 3.06032e¢ — 07 | 0.309017 0.309017 3.20938e — 08
1.57 | 1.000000 1.000004 3.54258e — 06 | 0.000000 0.000000 4.64766e — 07
0.00 | 0.000000 0.000000 0 1.000000 1.000000 0
0.31 | 0.309017 0.309017 7.94976e — 24 | 0.951057 0.951057 4.30168e — 22
15| 0.63 | 0.587785 0.587785 1.04109e — 18 | 0.809017 0.809017 2.81643e — 17
0.94 | 0.809017 0.809017 1.02427e — 15 | 0.587785 0.587785 1.84697e — 14
1.26 | 0.951057 0.951057 1.35987e¢ — 13 | 0.309017 0.309017 1.83866e — 12
1.57 | 1.000000 1.000000 6.02342¢ — 12 | 0.000000 0.000000 6.51336e — 11
Table 5: Example 5
n T Ezacty, App.an Abs.Erra, | Exactys App.y2 Abs.Err.ys
0.00 | 0.000000 0.000000 0 1.000000 1.000000 0
0.20 | 0.008000 0.008000 0 1.221403 1.221403 9.14935e — 08
5 | 0.40 | 0.064000 0.064000 0 1.491825 1.491819 6.03097e — 06
0.60 | 0.216000 0.216000 0 1.822119 1.822048 7.08004e — 05
0.80 | 0.512000 0.512000 0 2.225541 2.225131 4.10262e — 04
1.00 | 1.000000 1.000000 0 2.718282 2.716667 1.61516e — 03
0.00 | 0.000000 0.000000 0 1.000000  1.000000 0
0.20 | 0.008000 0.008000 0 1.221403 1.221403 5.21752e — 16
10 | 0.40 | 0.064000 0.064000 0 1.491825 1.491825 1.08690e — 12
0.60 | 0.216000 0.216000 0 1.822119 1.822119 9.56518e — 11
0.80 | 0.512000 0.512000 0 2.225541 2.225541 2.30479e — 09
1.00 | 1.000000 1.000000 0 2.718282 2.718282 2.73127e — 08
0.00 | 0.000000 0.000000 0 1.000000 1.000000 0
0.20 | 0.008000 0.008000 0 1.221403 1.221403 3.16954e — 25
15 | 0.40 | 0.064000 0.064000 0 1.491825 1.491825 2.10217e — 20
0.60 | 0.216000 0.216000 0 1.822119 1.822119 1.39757e — 17
0.80 | 0.512000 0.512000 0 2.225541 2.225541 1.41155e — 15
1.00 | 1.000000 1.000000 0 2.718282 2.718282 5.0771le — 14
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5. Conclusion

We considered a practically important special class of systems of non-
linear Voltera integro-differential equations. We designed a remarkably
simple method which obtained a high accuracy in solving these prob-
lems. We verified this by solving several numerical examples (see tables
1,2, 3,4 and 5).
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