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STABLE EXPONENTIALLY HARMONIC MAPS
BETWEEN FINSLER MANIFOLDS

J. LI

Communicated by Jost-Hinrich Eschenburg

ABSTRACT. We derive the first and second variation formulas for
exponentially harmonic maps between Finsler manifolds, and prove
that there is no non-degenerate stable exponentially harmonic map
between a compact convex hypersurface of the Euclidean space and
any compact Finsler manifold.

1. Introduction

Let M be an n-dimensional smooth manifold and 7 : TM — M be the
natural projection from the tangent bundle. Let (z,Y") be a point of T'M
with x € M, Y € T, M and let (2%, Y?) be the local coordinates on T'M
with Y = Y? 8(21' . A Finsler metric on M is a function F' : TM — [0, +00)
satisfying the following properties:

(i) Regularity: F(x,Y) is smooth in T'M\0.
(ii) Positive homogeneity: F(x,\Y) = AF(z,Y), for A > 0.

(iii) Strong convexity: The fundamental quadratic form g = g;jdz’ ®

2 2

Let ¢ : M — M be a non-degenerate smooth map between Finsler
manifolds; i.e., ker(d¢) = 0. Harmonic maps between Finsler manifolds

dz? is positive definite, where gij =
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are defined as the critical points of energy functionals. They are impor-
tant in both classical and modern differential geometry. The first and
second variation formulas of non-degenerate harmonic maps between
Finsler manifolds was given in [4] and [8]. As for stability of harmonic
maps between Finsler manifolds, He and Shen [4] proved that there is no
non-degenerate stable harmonic map between a Riemannian unit sphere
S™(n > 2) and any compact Finsler manifold.

For the exponentially harmonic maps, Eells and Lemaire [2] intro-
duced the definition of exponentially harmonic maps between Riemann-
ian manifolds; i.e., exponentially harmonic maps between Riemannian
manifolds are defined as the critical points of exponential energy func-
tional. Stability of exponentially harmonic maps between Riemannian
manifolds was discussed in [6] and [7]. On the other hand, Riemannian
manifold is a special case of Finsler manifold. A natural question is how
to generalize exponentially harmonic maps from the Riemannian case to
the Finsler case.

Here, we are concerned with an exponentially harmonic map between
Finsler manifolds. These are critical points of the exponential energy
functional; cf. (3.2). We derive the first and second variation formulas
for exponentially harmonic maps between Finsler manifolds (see Lemma
3.4 and Theorem 4.1) which generalize results of [7] from the Riemannian
case to the Finsler case, and we prove the following result.

Theorem 1.1. Let M™ be a compact convex hypersurface of the Eu-
clidean space E™L, with its principal curvatures sorted as 0 < A\ <

- < A, satisfying A, < Z;L;ll Aj. There is no non-degenerate sta-
ble exponentially harmonic map ¢ between M™ and any compact Finsler
manifold with |d¢|? < éminlgign{/\i(zyzl Aj—2X\i)}.

Corollary 1.2. There is no non-degenerate stable exponentially har-
monic map ¢ between a Riemannian unit sphere S™ and any compact
Finsler manifold with |d¢*> < n — 2.

Remark 1.3. This result generalizes Theorem 1 of [7] from the Rie-
mannian case to the Finsler case.
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2. Preliminaries

We shall use the following convention for index ranges unless otherwise
stated:
1<dg,--<n; 1<, 83,---<m; 1<a,b,---<n-—1.

Let (M, F) be an n-dimensional Finsler manifold. F' inherits the
Hilbert form and Cartan tensor as follows:

oF 09ij 1
8YZ dl’ A A”kd.%' X dl'] & d.%' A'ijlc = F%,gzj = [5F2]Yiyj.

It is well known that there exists uniquely the Chern connection V
on 7*TM with V5 8 = w0 and w! = kadx satisfying

i Ox7
5Y’f

F

where 0Y? = dY* + N]’-dxj, N;» = fy;kYk Azk'ystYsYt and 'y . are the

formal Christoffel symbols of the second kind for g;;.

On the other hand, by [1], Ve, = %%, where e, = Y?iaii, so (2.1)
is equivalent to:

wn

(21> dgzg gzkw gjkw 2Azjk

(22)  X(U, V)= (VxUV)+ (UVxV)+2C(U,V,Vx(Fey)),

where A;j, = FCyj, and X, U,V € I'(n*TM).
The curvature 2-forms of the Chern connection V are:

: . A 1
(2.3) wh — w]? Nwp = Q% = §R’~kldxk A dat + —P;kldxk ASYE.

J g F

Take a g-orthonormal frame {e; = uZ P 0.1 with e, = }; g7+ for each

fibre of 7T M and {w'} its dual coframe. The collection {w’,w?} forms
an orthonormal basis for T*(T'M\{0}) with respect to the Sasakitype
metric g;;dr! ® dv? + g;;6Y" ® §Y7. The pull-back of the Sasaki metric
from TM\{0} to SM is a Riemannian metric,

(2.4) G = gijdr’ @ da? + Spwl @ L.
Then, we have the following result.
Lemma 2.1. [4] For ¢ = ;' € T(w *T*M), we have
d“)NL/} Z wz\z + Z wanba — e{‘”p)ei + Z wanba-

a,b
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where “|” denotes the horizontal covariant differentials with respect to the

; H_,7 06 _ 7 d k_0 ;
Chern connection, e;' = u; 505 = u; (527 —NJ 5y%) denotes the horizontal

part of e; and Py = Pyj,.

3. The first variation formula

Let ¢ : M™ — M be anon-degenerate smooth map. The exponential
energy density of ¢ is the function e(¢) : SM — R defined by

(31) e(6)(r,Y) = exp(3d6?),

) = f‘a% and

where [dg|2 = ¢Y(z,Y)¢00]G,5(@.Y) . do(
Y =Y o
We define the exponential energy functional E(¢) by

1
e(¢)dVsar,
Cn—l /SM (¢) M

where dVgy = Qdr A dx,dx = dxz' A --- A dz™ and C,_; denotes the
volume of the unit Euclidean sphere sn—t, N
Let V be the pullback Chern connection on 7*(¢~'TM) and € be

the curvature form of the pullback connection V. We have the following
result, from (2.2) and d¢(Fe,) = Fe,,

(3-2) E(¢) =

Lemma 3.1.

X(dgU,d¢V) = (Vx(dgU),dgV) + (doU, V x (dgV))
+25(dq§U, doV,(Vx(dpFe,)).

Let © be the curvature form of the pullback connection V. We have
the following result.

Lemma 3.2.
Sa o F_q o F_q s
where Ry = Ry ,dT" ® dz° and Py = Py dT7 @ dz°.

We call ¢ a exponentially harmonic map if it is a critical point of
exponential energy functional. Let ¢; be a smooth variation of ¢ with
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¢o = ¢ and ¢¢lonr = Plonr- {P¢} induces a vector field V' along ¢ by

ooy o O

V== g

Vliem = 0.

Lemma 3.3.

= 0 1
Do (NVendo exp(5]dél*)dges)dVsa
- JSM !

=L { Sl o, (¥, ol ) d)er)

F20xp(3 0P )T (6 der, ¥ o Fen)
+ 5 ep(diaa 2 4ot s Puat Vs

Proof. Let ¢ = exp(%]dqﬁ?)(dqﬁ%, dée;)w'. From Lemma 2.1, we obtain:

divg= (V Hd%t,exp( |dol? )d¢ez> (A5, (Vo exp(3]dg[?)do)e;)
(35)  t2exp(3ldoP)OldoS, dbes, (Vo) Fer)
+Za,bexp<%’d¢‘ ><d¢3t7d¢eb> aab-

By integrating (3.5), we get the result. O
Similarly, let ) = exp( |dp|?)C (doe;, dd)el, )F w™, which is a global
section on T*(S,M). By Paan =0, we also have the following result.

Lemma 3.4.

1 — ~ d
S [ expl O dber, does, Vg SV

g

~ 1 o
- _Z/SM {(VFS{;I eXp(§|d¢‘2))C(d¢)e“d¢e“ dt

+exp(51d|?) (V pers C) (does, de;, %)
+2exp(}[d9[2)C(V g dies, des, 57) pdVar.
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It follows from Lemma 3.3 and Lemma 3.4 that

d
750

= &= Z/ exp( yd¢>| ){(Vadqﬁel,dqﬁeZ)
+C(ddes, doei, ¥ o dp(Fen)) bdVens
1

do
= d
o < ot T)dVsnr,

where,

r= (Vo exp(g o) o)
+3 0 {2exp(%|dq§\2) (Car des, V ndpFe,)ea
(3.7) +(€Feg exp(}de[?))C (dde;, ddei, ea)en
+exp([doP )(V perrC) (dbes, ddber a)ea

+2exp( |do|*)C (VFeHdﬁf)eudCbez»@a) a}

+ Za,b GXp( ’d¢| )<6Oz7 d¢eb>eocpaab'
From (3.6), we get immediately the following.

Theorem 3.5. ¢ is exponentially harmonic map if and only if
/ <Vv7 T>dVSM = 07
SM

for any vector V€ T'(¢1TM).

Remark 3.6. Theorem 3.5 generalizes the result of [6] from the Rie-
mannian case to the Finsler case.

4. The second variation formula

First, from Lemma 3.2 , we obtain immediately,
\Y 2 \% {{dd) 5% fIV P dqb
41— _R(dge;, do— 0 )dg o
+£P(do g, Veidiren)io - FP(ddes, Vo G)do gy,
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where R = Ry, 5% ® d7’ ® d77 @ dz° and P = Py, 52 @ d7’ @
dT®dT°. B ‘
On putting ¢ = exp(%|d¢|2)<vag dgb%, dge;)w", we obtain from Lemma
t
2.1,

divgh = Zexp Lo (¥ Hvad¢ oo doe;)

(V o dd)dt, (V i eXp( |do|? )d¢)ei>
+2Zexp |d¢y )]C (Vad¢ dqﬁez, cndoFe,)

+ Za,b eXp(i‘d(M )(v 9 dqsata d¢€b> aab-
It can be seen from (4.2) that

(4.2)

1 = s .0
;/SM exp(§’d¢|2)<vef](v%d¢a)’d¢€i>dVSM
~ o ~ 1
- _/SM{;Wid‘bat’(Veﬁ exp(§]d¢\2)d¢)ei>
1 =S 0 ~
+2 Z exp(*!d¢|2)C(V@d¢—t7 doe;, VefldﬁbF@n)

+Zexp SA) (T 06 does) P YV

7

And similarly, we have
/S exp (5 0 C(doer, dbes, VsV o dor )iV
B
= —7 {(VFeHeXP(*’dW )C(de, dpe;, V 2 ¢a)
SMl
+ exp(5|dof? )(VFGHC')(dqbez,dqﬁez, o do
+2€Xp( |d$2)T(V penddes, dbe;, V ad $2) }dVSM.
It follows from (4.3) and (4.4) that
1 -~ 9
/ {exp<f\d¢|2><vea<vgd¢—>,d¢ei>
SM a
(4.5) +eXp( 1do|2)C (d(bez,d(ﬁez,VFeHVad(ﬁ )}dVgM
0
= _/SM< d(p%d(ﬁaa >dVSM-

(4.4)
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On the other hand, we need the following lemma.

Lemma 4.1.
exp(3|d¢|*)(V 60)(d¢6ud¢€uVFen dt)
= exp(3ldg|?)(V ¢HC)(d¢>ez,d¢>ez,vFen 2)
+exp(3]dg|*)C (d¢>6ud¢€uVFen & Vre, 5);

903,
oyoes

where C = C,,d7% ® d7° @ d¥' @ d7°, Cg,, =

Proof. By ag =Y %‘;Z , we obtain:
(4.6)
(vgé)(dgbela dgbe’h vFen )

- V ﬁé(d(b@i, d¢€i, VFen E) @(d(bez, d(Z)eZ" %Fen C(li(f’ Y’L ove o )

dxt Oz
and
(4.7)
(6d¢H6)(d¢ei, doe;, Ve, %)
= Ve gg, (dge;, ddei, Vpe, 2) — Cdpe;, dpe;, Ve, %2, 72).
On the other hand, we also have
(4.8) C(de;, doe;, ﬁFen A vFae{} 2) ,
— Cldder, dgei, Ve, 22, YiOV2 04 yoNT 2y
By (4.6) — (4.8), the result follows. O

Lemma 4.2.

[ el G (Fedo docdVen

0
- = j {epod(ﬁ, ><vH<vgd¢—> doe:)
n—1 JSM
+2exp(31do IOV, doy, ddes, Ve, dt)}dvsmuﬁ%

_ 1 1 o= dp = do
(4.9) o9 = Cnl/ exp(§|d¢| )<V€ZHE,V dt>dVSM,
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and

¢, 200
S dt’ dt’
(4.10) +exp($ldof2) £ (P (82, (3. db)en) 2 e

(319l %< (dei, eHCflf)Zf,dtﬁei)}dVSM.

[1]
|

, doe;)

Proof. By (4.1), we have
(4.11)

1
o [ el oy doeidVens

M
1 0
- & /Z Mepodm >{<v@v Hd<z>f dpe;)

+(Vn oG, V o dée;) +20(V Hdgbg‘t,dqse,,vadquen)}dVSM
1
o /SMeXp( |do| ){< Hvad¢ - doe;)

—(R(ddes, d%%)d%t,dqbe» £(P @%t, (Ve,dd)en)dd gy, die:)
—L(P(dge;, eHdt>d¢§i,d¢el> +(Vondo g, Ve do )
+20(V do G, dbes, Ve, %) FaViar,

I
_|_

which completes the proof. O

Lemma 4.3.

1 Lo L e does. does. T p. 20
o [ explyldo) G Cldoes does, Tre, D laVens

M
_ 1 1 - | = N @
= o /:M eXp( |d| ){C(d@“dqﬁez,vpenvfi dt)

—90(V %2, doei, V e, %) fdVsM +Z5 + s,

where,
= Leyo 9 o, 99
== o SM{4e§p<2\d¢r O g deis Ve, )
(4.12) +exp($1d[?)(V 4z, C) (does, ddes, Ve, %)
+€Xp(%| ¢’ ) (d¢el7d¢e’b7vF6n dtvvFen dt)}dVSM7
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do. d
=5 = { - explGldoPiC(does, does, TldoFe n,£>£>

é(dﬁf)eu dd)ela ( at (vFendd))en) )
Cldge;, de;, P(d$F e,V on %) d¢’) faviar.

1 1 d — ~ d
%) —[C(doe;, dpe;, Ve, g)]dVSM

)d
d
= o | el {(¥ O)dser,doer, Tre, L)
n—1JSM
C(V g dpes, dde, Ve, ) + Cldoes, dpes, V o Ve, %) bdVarr
_ 1 , e T 00
- = 1/5Mexp(\d¢| ){(VaC’)(dqﬁe,,d(ﬁeZ,Vpen dt)
+20(V H dt ) d¢eu vFen at ) + C(d¢6u d¢6u vFenv 3 dt )
_C(d¢el7 d¢627 (d¢F€n7 d¢8t)d¢ at)
FC(dd)el, doe;, (d¢8t’ (vFend¢)en)d¢at)
—LC(dges, dei, PdpFen, Vo 5)do 5) bdVenr.

B! \

The proof follows from (4.14) and Lemma 4.1. O
So, we get from (4.5), Lemma 4.2 and Lemma 4.3,

2 1 d
BEO) = G5 [ el |d¢\2>{< o does)
+C(dde;, doe;, VFen g }dVSM
1
= o [ el { (s 5 doey

4.15 2
(419) +O(dbes, doei, Vr, %)) -

Chn_ /Mexp( |dd| ){ (Veldgb d¢6i)

di[ (d¢ezvd¢ezquen ar )]}dVSM
= EZ1+Z2+E53+ 24+ 55 + S,
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where,
E1 = ﬁ fSM eXp(%|d¢|2)
(4.16) ~ B N 2
{<veH V, dbe;) + C(does, dpe:, V FenV)} AVsar,
and
(4.17) __ 1 ¥ odel rav.
' =0T G Jsu do 5 APy TIOVSM:

From (4.15), we get the second variation formula as follows.

Theorem 4.4. Let ¢ : M"™ — M~ be a non-degenerate smooth map.
Let ¢¢ be a smooth wvariation of ¢ with ¢g = ¢ and V = %]tzo.
Then, the second wvariation of the exponentially energy functional for

o 1s:

d? o
I(V,V) = @E(@)!t:o =21 +Z2+ 23+ 4+ 5+ g,
where,
=1 = ﬁ Jsur eXP(%’d¢‘2)
(4.18) _ _ ~ 2
{(VonV, does) +Cldoes, dei, Ve, V) } Vo,
1 ~ ~
(4.19) By = / exp(=|do*)(V a2V, V 2 V)dVsur,
Cn—l SM 2 (3 i

(1]
|

/ 4exp \dqb] ( HV d¢617vF6nv)
(4.20) + exp(3]dg|? )(VVH C)(doe;, dpei, Ve, V)
(3ldo

+exp | ) (d¢€i7 d¢eia %Fen‘/a %Fen V)}dVSM,

== g [ { - exn(GlaoR) (Redoer, V)V.doe)
(421) iy p(3ld6) & (P(V. (Ve,dd)en)V, doe;)
— exp(ld82) & (Pdoes, Vs VIV, doe) bV,
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(4.22)
- ! T TP
== g L, { -Gl IC e, doc. Ridsre, v)V)
+exp(5|dg[2) EC (deei, dei, P(V, (Vrpe,d)en)V)
— exp(3]do|?) EC(dge;, doe;, P(d6Fen, VegVIV) fdVinr,
= o _ 1 -
(4.23) —6 — Cn—l /SM<VV‘/, T>dVSM.

Remark 4.5. Theorem 4.4 generalizes the results of [6] from the Rie-
mannian case to Finsler case.

5. Stability in the case source manifold is a convex
hypersurface

Let M™ be a compact Riemannian hypersurface in the Euclidean space
E™1. We choose a local field of orthonormal frames {e1,--- ,e,41} in
the Euclidean space E™*! such that {e1,--- ,e,} are tangent to M and
h?jﬂ = \id;j, where B = h%*lwi ® w! ® ey41 is the second fundamental
form of M in E"!. Let {Ay,---,An41} be the constant orthonormal
basis in E"*! and V) = (A, e;)e;, A =1,--- ,n+ 1. Then, a straight-
forward computation shows:

(51) Veiv)\ = U;H_l)‘ieh
where, v\ = (Ay,eu), p=1,--- ,n+1.

The second variation formula of the exponentially harmonic map ¢ :
M™ — M"™ can be written as:

> I(d¢Vy, dpVh) = E1 + Ep + E5 + Z4 + S5 +
A

where,

[1]

1 1 ~
- =|dg|? ad doe;
(5.2) 1 ;om /SMexp<2 O {(V oWy, doe:)

_ ~ 2
+C(de;, dde;, NV pe, dpVy )} dVerr,

1 1 ~ ~
(5.3) Ex=)_ o 1/ exp(§|d¢|2)<vezyd¢V,\,VequbVA}dVSM,
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(5.4)
By e /S y {4exp(31d0PT(T rdoVa, does, Ve, doVA)
+exp(51do1*) (V gy n C) (ddes, dpei, V pe, dpVy)
+exp( |dg|?)C (dgbez,d(bez,VpendéVA,Vpendth,\)}dVSM,
(5.5)
21 = M{—exp S |d6[?) (Rdoe:, doVa)dovy, doey)
+exp( rd¢>| EP(AGVa, (Ve,dd)en)dpVa, dees)
— exp(}1d9[) £ (P(des, Vg dgVA)doVa, doe:) Vs,
(5.6)

1
=-Ya [ { - explg ol Cager. dves. RidoFe, . dova)

dgVy) + exp(31dg|?) EC (dpe;, dpe;, P(dpVy, (V e, dd)en)ddVh)
— exp(31do[?) EC(dges, doe;, P(d$Fen, Vg doVa)doV:) bV,

(5.7) Eg = ZC / (Vg ddVa, T)dVsnr.

We have [3]
(5.8) o
(VxuVzdd)Y = —d¢R(X,Y)Z + (VyuVzd$)X
+(Vyd¢)(VxuZ) — (Vxdp)(VynZ)
+R(doX,doY )dpZ + ?P(quX, (Ve, d¢)Y)dpZ
L P(Y, (V. ) X)d67.
Set X =Z =V,Y =¢; in (5.8). We obtain:
(5.9)

~(Rdoes, doV)oV, does) + —(P(A6V, (T, d6)en)d6V, doe:)
(dbes, (V.,d6)V)d6V, dbey)

(P

<¢R(e,, V)V, doe:) + (Vyn Vvdg)e;, dge;)
—((V, HVvdcb)V doe;) — (Ve,dp)(VyuV), dde;)
+((

Vydo)(V errV), dgei).
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We need following lemma.

Lemma 5.1.

=, = ;le/ exp(%|d¢|2){—(dgbR(ei,VA)V)\,queﬁ

B ~SM
—(Ver{ (Vi dp)Vi}, doe;)
+H(Vyu [(Vyydo)ei], des) — (Vi dg) (Vyuer), d¢ei>}deM.

Proof. Using the fact V_» Vj = 0 and (5.1), we obtain:
ay'*

(5.10) Z %VAHV)\ = Z ﬁvAV,\ = va\vgﬂ)\iei =0,
A A A
(5.11) ) | )
Y (Viydd)(Ver Va)=)_(Viydg) (Ve Va) =) oi ™ Ai(Ve,dd)ei = 0,
A A A
(5.12) o B B B
Y (VerVindd)Va = 5 Ver{(Vigdd)Va} = (Viydo)(Von Va)
)\ ~ ~
= 2 Ver{(Vinde)Va},

(513) Y _(VyuVinddles = > Vyu{(Viyd)e} — (Viydg)(Vyue;).
A A
By (5.10) — (5.13), the result follows directly. O
Similarly, we also have the following result, by Vi #e, = 0.

Lemma 5.2.

_ 1
- z)\:Cn—l

—~Cl(ddes, does, Ve {(Vvadd)Va})
+C(ddes, dges, Vyu (Vv do) Fen)] }dVS A

/ exp(%ydw?){ — Cldgei, ddes, dpR(Fen, VA)VA)
SM
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Lemma 5.3.

X [ { eGP ) T (Frsdoyil. docy
A

+ exp(3|ds[)C(doer, ddes, V rep (Vi dd)Va)) fdVisns +Z
= 0.

Proof. Putting 1) = exp(3|dg|?)C(doe;, doe;, (VVAdgb)VA)
using Lemma 2.1 and VVHFw =0, we get:

divg = (Vpen exp(3|dg|*))C(dde;, dei, (Vv, dp)Va)
—l—exp( ’d¢| )(vFeHC)(d¢617d¢eza(VVAd(ﬁ)V/\)
+2exp(3]do|*)C (vFeHd¢el’d¢el7(VVAdgb)V)\)
+exp(3]dg|*)C (d(z)elad¢el>vFeH[(vV>\d¢)V/\])

By integrating (5.14), we obtain:
(5.15)

(5.14)

> /S y exp(%\dcbr?ﬁ(dgbei, dei, V pen [(Vv, dg) VA dVs s
A

_ = L PN Ao e (C
_ _;AM {(vfeg exp(5|de| ))C(dfe,,dqﬁez, (Vv de)Va)
+exp(51dp|*) (V per O) (ddes, die, (Vv dp)Va)
+2exp(3]do|)C (VFechez,dczsez,<vad¢)vA>}dv5M.
On the other hand, let ¢ = exp(%|d¢|2)<(§vAd¢)V>\, doe;)w'. We get:

divgy = exp(3|dd ) (Vo (Vv dg)Val, dges)
(5.16) H{(Viadd)Va, (Vo exp(3]do|*)dg)e:)
+2exp(5|do*) C((Vv, d)Va, doei, Vo dpFen).

It follows from (5.16) that
(5.17)

5 [ expl5la6) (T [TVl does) Vs
A

= X[ e (T, (T, xSl
A

+2C((Vy, dp) Vi, ddes, V nddFep) }dVSM.
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Because ¢ is an exponentially harmonic map, by (5.15) and (5.17),
we obtain immediately:

=3 [ exp(la0l){Clades, does Vs (T dd)V3)]
A
(Vs (V1 d@) VA, ddes) pdVisas + Eg
— Vi, doVy — Vo, doVy, 7)dV:
%:/SM< i doVa — Vigy, dpVy, T)dVsnm

= 0.

(5.18)

By the Gauss equation, we have

(5.19) > " C(dges, dpe;, dpR(Fen, Va)Va) = 0.
A

It follows from (5.19), Lemmas 5.1 — 5.3 that

E4+ 25+ 56

-y ! / exp(%|d¢>|2){—(d¢R(€iaV>\)V>\ad¢ei>
A

Cn1 SM
+H(Vyu[(Vvado)ed, dpei) — ((Vv,do)(Vymei), doe;)
+C(ddes, dges, Vyyn[(Vvy dg) Fey)] }dVS M

(5.20)

Lemma 5.4.

Z Cl : /SMGXP(;|d¢|2)<6VAH{(%V/\d¢)6i}’d¢6i>dVSM + EQ
A n—

- 01 R /SM { - Z(%VAH exp(%ldmz))((ﬁwdgb)ei,d¢ei>
" A

+exp(%|dq§1\2)<d¢ei, dope;) \?
= exp(gldo[*){de(Vynei), (Vv,do)e))
A

— Y5 2exp(3|d62)C (Vi do)es, does, VydoFen) fdVsar.
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Proof. Let ¢ = 3, ;. exp(%|d¢]2)<(€wd¢)ei,dqﬁeﬁviwj, where v} =
(A, ;). We have

divgy = Y {Vef{exp(l\dqb]%((%vxdtﬁ)ei,d(ﬁei)}vi

A
+esp(31a6P)(Trsdole docy)V, i (vhet)e; |
5.21) = 2 {Vu exp(5 o) (T, d)er, does)
+exp(3do) (Vyu {(Vy, dd)ei}  dbes)
+exp(5|doP) (Tvsdd)er, Vydoes)
+2exp(3]do ) C((Viy dd)es, does, VypdoFe,) }.

Integrating (5.21), yields:

Z / 6VH{ Vvado)e;}, dbe;)dVsas
(5.22) - Z / (Vymr exp( ‘d¢|2))<(%wd¢)€i, doe;)
+ eXp(i ’d(b‘ )< VV/\d(b)e’Lv VVAHd¢ei>
+2 eXp(% ‘d¢|2)6((6\/}\d¢)ei, d(ﬁei, 6V/\H d¢F€n) }dVSM.

On the other hand, we also have
(5. 23)

5

— [epGlaoP) {(Todo) A, (Tesdi) Vi) + (does, doei) 2

/exp —|d¢|?) VV)\H (doe;), (6VAd¢)€i)>

<d¢<vVAHei>,<vad¢>ei>> (des, dpei) X3 | dVsns.

The result follows by (5.22) and (5.23). O
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Applying Lemma 5.4 to (5.20), we get:

S +1E4+55+56 .
= =) exp(=|dg|?)(dpR(e;, Vi) Vy, doe;
— /A 2 expl 46l (doR(es Vi) Vas docs)

+exp(gldof?) dber, doe)\? — 3 (T exp(31dof?)

_ A
(5.24) (Tvydojes doe

+Zexp Lo (dgei, des, Vi [(Vv,do) Fey))
—Z2exp §|dq§\ )C ((ﬁvAdqﬁ)ei,d(bei,6VAHd¢Fen)}dVSM.

Let ¢ = exp( |dp|?)C (doe;, doe;, (VVAdqb)Fen)v . We obtain:
divgyp
= (Vi exp(3ldo|*))Cldper, ddes, (Vy,do) Fen)
(5.25) +exp(5do? )(VVHC)(d¢el)d¢elv(vVAdgb)Fen)
+2exp(3]do)*)C (VVHd¢ezvd¢ela(VVAd¢)F6n)
+exp(z|dg|*)C (dcf)eud¢6quH[(vad¢)F6n])

Integrating (5.25), implies:
(5.26)

o [ exp(3ldoPIC s does, Ty (v, dé) FeadVaar
n—1 JSM

_ _ZC / {(Fy exp(G|d62)C(des, doer, (Vv db) Fex)
+exp( |d[?)(Vyn C) (ddei, dpes, (Vvydo) Fey,)
+2exp(4]dg[?)T (vvﬂdqﬁez,dm,(vvxdqb)Fen)}dVSM-

On the other hand, by (5.1), we get:
(5.27)

™ expl51d0P) (V) (does, dder, (Vvs.do) Fen)
A

= 3 expl ) (VO (dbes, des, Ve, (d0V3) — db(V e, V3)
A

= 3 exp(3|d9) Ty O does, dbes, T, (d511)),
A

Li
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and

2 exp(3]do|*)C (Vde¢€z,d¢€z>(VVAdCb)F@n)
= QGXP( |d¢| ) (VVHd¢ez7d¢ezy(vFend¢)VA)

Substituting (5.27) and (5.28) into (5.26), we get:
(5.29)

ch /SMexp( do|*)C (d¢€l;d¢ez,VvH[(vVAdgb)Fen])dVSM

(5.28)

= - Z c_ / { VVAH exp(§|d¢|2))6(d¢ei, doe;, (%deqf))Fen)

+exp( |dob| )(VVHC)(dm,d¢e,~,6F6n(d¢vA))
+2exp(3|dg|*)C (Vde¢€ud¢€z,(VFend¢)VA)}dVSM-

It is easy to see that

1 — = ~
> 2exp(5|do")C((Vv,do)er, dgei, VyuddFen)
A

(5.30) S 2exp(5 o OU(Vvy do)e, does, (Vydd) Fex)
A

= 3 2005 0OV, (d6VA), dbes, Ve, (d6VA).
A

Substituting (5.20) and (5.30) into (5.24), we get:
(5.31)
521+ E4 + E5 + EG
_ 1
- Ch-1 /SM { B XA:@XP(2|d¢! )<dqf)R(e“ V)\)VA, dgbel>

+exp(%]d¢\2)<dqiei,d¢ei)/\?
=D (Vyu exp(5ldo){(Vv,do)es, does)
A

S (Fyp expl 1)) Clddes, does, (Fv,do) Fe)

A
— >, exp(d yd¢\ ) (Vi C)(dges, ddei, (V e, dd) V)
_Z4exp Laspye ((VVAdQS)eZ-,d(;Sei,VVAquZ)Fen)}dVSM.

It can be seen from Lemma 4.1 that
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(5.32)

Li

S exp( 6 ) (V1 O)dbes, der, Ve, (d6V3))
A
= S { p(51d0) (T o1 C) (does, dber, Ve, doVA)
A

+exp( |dp|*)C (d(bel,ddxaz,Vpend¢>V)\,Vpendd>V)\)}

which together with (5.31), (5.4) yields:

(5.33)

Putting e; = ul 2

(5.34)

L2
Cos /SM { - Z/\:exp(2|d¢’ WdpR(e;, Va)Vy, doe;)

+exp(g o) (doer, dben X2 — (Vo exp(z]do])
(Vvado)ei, dpes) '
3 (T exp(z [d0[2)Cdoer, dbes, (v, d) Fe) Vi
A
: = 3 x5 o) ddR(ei, Vo) Vi, de;)
f Z;; (és]dwj?) éi@-, d¢ei2> A
- ;exp<§|d¢\2>[<<wd¢>ei +do(Vyres). doe)

+C(does, dpei, V re, (dSVADI(Vv; d)ei, de;)
+C(dges, dbes, V pe, (ddVA))] }dvs M.

o)

i 5.7+ we have

D (dd(Vyues), dpe;)
;gkl (Aa oXF >gmgtj %gxz <d¢825 ) d¢%>

Bt s 99, Oginh _ Ogni
> { + axl anZ }< ¢ s? ¢

QJ

g™ (A, " oxkd ébct)
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Substituting (5.34) into (5.33), we obtain:

Ho+E34+ 24+ 55+ E6

= o |- Zen(Glaor)aon(e. vivi. doe)
" A
(5.35) +exp(glde|*) (dge;, dbe;) N

=3 o) ((T e, doe)
A

+C(de;, ddei, V pe, (Vi) }deM.

On the other hand, we also have

(5.36)

I
M

o [ epl3laoP){(Fuido)Vs + a7, 13). does
+C(dges, doe;, Vyn (dpFen)) }QdVS "
1 1 Z
= Y [ el {(Tede)vi,docs)
AT

SM

+C(dges, dges, Vyn (dpFen)) }2dV5M

1 1
[ (o) does, does)NedVsar
Cn—l SM 2

It is easy to see from (5.35) and (5.36) that
(5.37)
Zf I(dpVy, dpVy) ,
= — exp(=]de|?) (\ ) (ddes. doe;
o /SM{ exp(5 |dg| )(Azzk:Ak A2)(dpe;, dpe;)

+ exp(}1d6[?) (doe:, dei) A? + exp(}|do|?) (does, de;)*A? [V
! 2 Lo 2 2,2
= oo /SM'CM)' exp(ldof){ 2 =% 30w +1dd 22 v,

_l’_

From (5.37), we get immediately the following result.

Theorem 5.5. Let M™ be a compact convex hypersurface of the Eu-
clidean space E™TY, with its principal curvatures sorted as 0 < A\ <
<o < Ay, satisfying Ap, < Z;:ll Aj. There is no non-degenerate stable
exponentially harmonic map ¢ from M™ to any Finsler manifold with

|dg|? < émmlgign{&(zgzl i —2X)}
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6. Stability in the case target manifold is a convex
hypersurface

When the target manifold is M", let {€5} and {e;} be the orthonormal
frame of M and M™. The second variation formula of the exponentially

harmonic map ¢ : M~ — M"™ can be written as:
(6.1)

> I(Vy, V)
A

= o [ { Rl P(Te, A, e ) — (R(doa, VA)V, dd)]
n—1 JSM _
+ exp(3[do ) (Ve, Vi, dda)? Vg
1 2 1 2 2 . 242 .
< g [ laofexp(zlas){ (2 = D )+ A0 Vi

So, we obtain immediately the following result.

Theorem 6.1. Let M™ be a compact convex hypersurface of the Eu-
clidean space E™T1, with its principal curvatures sorted as 0 < A\; <
s <Ay, satisfying Ap < Z;‘;ll Aj. There is no non-degenerate stable
exponentially harmonic map from a compact Finsler manifold M to M™
with |d§[)|2 < éminlggn{)\i(zg’zl )‘j — 2)\1)}

Combining Theorem 5.5 and Theorem 6.1 completes the proof of The-
orem 1.1.
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