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ITERATIVE METHODS FOR FINDING NEAREST
COMMON FIXED POINTS OF A COUNTABLE FAMILY
OF QUASI-LIPSCHITZIAN MAPPINGS
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ABSTRACT. We prove a strong convergence result for a sequence
generated by Halpern’s type iteration for approximating a common
fixed point of a countable family of quasi-Lipschitzian mappings in a
real Hilbert space. Consequently, we apply our results to the prob-
lem of finding a common fixed point of asymptotically nonexpan-
sive mappings, an equilibrium problem, and a variational inequality
problem for continuous monotone mappings.

1. Introduction

Let C' be a nonempty closed convex subset of a real Hilbert space H.
A mapping T : C' — C is said to be Lipschitzian if there exists a positive
constant L such that

[Tz —Ty| < Ll|z —y|| for all z,y € C.

In this case, T is also said to be L-Lipschitzian. We denote by F(T") the
set of fixed points of T. A mapping T is said to be quasi-Lipschitzian if
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F(T) # @ and there exists a positive constant L such that
Tz —y|| < L||lx —y|| forallz e C andy e F(T).
In this case we also say that T is quasi-L-Lipschitzian.

Remark 1.1. It follows directly from the definitions above that:
(i) If T is L-Lipschitzian with F(T) # &, then T is quasi-L-Lipschit-
zian.
(i1) If T is quasi-Li-Lipschitzian and Ly < L, then T is quasi-La-
Lipschitzian.
(iii) T is (quasi-) 1-Lipschitzian if and only if T is (quasi-) nonex-
pansive.

Throughout the paper, we deal with quasi-L-Lipschitzian mappings
where L > 1. There are many methods for approximating fixed points
of mappings. In 1953, Mann [12] introduced the iteration as follows: a
sequence {x,} defined by

(1.1) Tpt1 = oy + (1 —ap)Tx, forallneN,

where z; € C and {a,} is a sequence in [0,1]. Mann iteration has
been extensively investigated for nonexpansive mappings. One of the
fundamental convergence results is proved by Reich [24]. Recently, the
present authors [16, 17, 18, 19, 20, 21] extended the iteration (1.1) to
obtain weak and strong convergence theorems for a countable family
of (quasi-) L,-Lipschitzian mappings {71, } with some appropriate addi-
tional conditions by the following iteration:

Tnt1 = & + (1 — ap) Tz, for alln e N,

where 21 € C and {«,,} is a sequence in [0, 1]. In an infinite-dimensional
Hilbert space, strong convergence of Mann iteration is not generally
guaranteed [5]. Some attempts to construct an iteration method so that
strong convergence is guaranteed have recently been made [3, 8, 10, 13,
14, 15, 27, 28, 29, 30]. Halpern [8] introduced the following iterative
scheme for approximating a fixed point of T’

(1.2) Tpt1 = ap® + (1 —ay)Tz, foralneN,

where z,x; € C and {a,} is a sequence in [0, 1]. This iteration process
is called Halpern’s type iteration. Strong convergence of this type iter-
ative sequence was also studied by Wittmann [28]. In 1996, Bauschke
[1] extended the iteration (1.2) to obtain strong convergence theorems
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for a finite family of nonexpansive mappings {Tz}lj\il by the following
iteration:

(1.3) Tpy1 = an® + (1 — o) Tymod NyTn for all n € N,

where z,z1 € C, {a,} is a sequence in [0,1] and mod N takes values
in {1,2,...,N}. Recently, O’'Hara et al. [22] extended the iteration
(1.3) to obtain strong convergence theorems for a countable family of
nonexpansive mappings.

In this paper, we establish strong convergence theorem for finding
common fixed points of a countable family of quasi-L,-Lipschitzian map-
pings in a real Hilbert space. As a consequence, several convergence the-
orems for quasi-nonexpansive mappings and asymptotically nonexpan-
sive mappings are deduced. Finally, we apply our results to equilibrium
problems and variational inequality problems for continuous monotone
mappings.

2. Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||.
Then

lz +yl? = 21 + llyl|* + 2z, )
and
(2.1) A+ @ =Nyl = Al + (1= Nyl = A1 = N)]lz - y]?
for all z,y € H and A € [0,1]. In particular,
(22) 2+ yll* < 2] + 2{y, & + y)

for all x,y € H. We write z,, — x (z, — x, resp.) if {x,} converges
strongly (weakly, resp.) to x. It is also known that H satisfies:

e The Opial’s condition [23], that is, for any sequence {z, } with
T, — xz, the inequality

liminf ||z, — x| < liminf ||z, — y||
n—oo n—oo

holds for every y € H with y # «.
o If {x,} is a sequence in H such that x,, — z, it follows that

(2.3) limsup ||z, — y||* = limsup ||z, — z||* + ||z —y||* for ally € H.
n—oo n—oo
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Let C be a nonempty closed convex subset of H. Then, for any x € H,
there exists a unique nearest point in C, denoted by Pox, such that

|z — Pex|| <[z —y| forallyeC.

Such a mapping Po is called the metric projection of H onto C'. We

know that Pg is nonexpansive. Furthermore, for x € H and z € C,
z=PFPexr ifandonlyif (x—z2z—y)>0 foralyeCdC.

Lemma 2.1 ([29], Lemma 2.1). Let {an} be a sequence of nonnegative
real numbers. Suppose that

ant1 < (1 — an)an + anfy  for alln € N,

where {ay,} is a sequence in (0,1) with Y 2 an = 00 and {Bn} is a
sequence of real numbers with limsup,, . By < 0. Then lim, o a, = 0.

To deal with a family of mappings, the following conditions are in-
troduced: Let K be a subset of a Banach space, let {T},} be a family of
mappings of K into itself with (2, F(T,) # @. {T,,} is said to satisfy

(a) the ZLC-condition [31] if for each bounded sequence {z,} in
K, there exists a family of nonexpansive mapping of K into
itself T such that |12, — T'(Thzn)|| — 0 for all T € T and
N2, F(T,) = F(?) # @, where F(%) is the set of all common
fixed points of all mappings in ¥;

(b) the H-condition [9] if for each bounded sequence {z,} in K,

[e o]
nlingo |znt1 — Tnznl| =0 = ww{z} C ﬂl F(Ty),
n—=

where wy,{z,} denotes the set of all weak subsequential limits of
{zn}.
Recall that a mapping T is demi-closed at y, if x, — ¢ and Tz, — y,
then Tz = y.

Lemma 2.2 ([7], Theorem 10.3). Let K be a nonempty closed convex
subset of a reflexive Banach space which satisfies Opial’s condition and
let T be a nonexpansive mapping of K into itself. Then I —T is demi-
closed at zero.

Lemma 2.3. Let K be a nonempty closed subset of a reflexive Banach
space which satisfies Opial’s condition and let {T,,} be a family of map-
pings of K into itself which satisfies the ZLC-condition. Then {T,}
satisfies the H-condition.
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Proof. Let {z,} be a bounded sequence in K such that
nlggo [2n+1 — Tn2nll = 0.

Since {7} satisfies the ZLC-condition, there exists a family of nonex-
pansive mapping of K into itself T such that ||Ty,z, — T (Ty2y)| — 0 for
all T € T and (2, F(T5,) = F(%) # @. Then

lzna1 — Tznya|
< lznt1 = Tzall + Tz — T(Tnzn)|| + [ T(Tozn) — Tz |
< 2lznt1 — Tozall + | Tnzn — T(Tozn)| — 0,

for all T € . By Lemma 2.2, [ — T is demi-closed at zero. So, we
get wy{zn} C F(T) for all T € T. This implies that {7),} satisfies the
H-condition. O

Lemma 2.4. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let {T,} be a family of quasi-L,-Lipschitzian mappings of C
into itself with L, — 1 and (\,— F(T,,) # @ (that is, for every n € N,
xeCandu€eF, ||Thx —ul < Ly|lz—ul| holds). If {T,} satisfies the
H-condition, then (., F(T},) is closed and convez.

Proof. Tt follows directly from [19, Lemma 2.8]. O

3. Strong Convergence Theorems

In this section, using the Halpern’s type iteration we obtain a strong
convergence theorem for a countable family of quasi-Lipschitzian map-

pings.

Theorem 3.1. Let C' be a nonempty closed convexr subset of a real
Hilbert space H. Let {T,} be a family of quasi-Ly,-Lipschitzian mappings
of C into itself with L,, > 1 and F := (72, F(T},,) # @ (that is, for every
neN,ze€C andu€F, |Thx —u|| < Lyl — ul| holds). Assume that
{an} is a sequence in (0, 1] which satisfies the following conditions:

(C1) limy—yo0 iy = 0;

(C2) > 0ty an = oo

(L) limy, 0o L2=L = 0.

Qn

Let {x,,} be a sequence in C defined as follows: xz,x; € C' and
(3.1) Tpt1 = o + (1 — an)Thx,  for alln € N.
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If{T,} satisfies the H-condition, then the sequence {x,} converges strongly
to Ppx, where Pg is the projection of H onto F.

Proof. Let u € F. Since lim,,_,oc £2=% = 0, there exists N € N such that

Qn

Ln=l % for all n > N. Choose a constant M > 0 so that

Qn

M
lzn —ull <M and [z - ul| < =

We proceed by induction to show that ||z, —u| < M for all n > N.
Assume that ||z —u|| < M for some k > N. From the iteration process
(3.1), we estimate as follows:
251 — ull < aplle —ull + (1 — o) | Thaw — ul|

< ol —ull + (1 — agp) Li[|zr — uf

= agllz —ull + (1 = ap) (L = Dllzg — ull + (1 = ap) |z, — o]

M M
< ap + (1- Oék)ak? + (1 —ap)M

M M
Sak?+ak?+(1*ak)M:M.

This implies that the sequence {z,,} is bounded and hence so is {T},x,, }.
So, from a,, — 0, we get

”anrl - Tnxn|| = O‘on - Tnxn” — 0.
Since {7}, } satisfies the H-condition, w,{z,} C F. We next show

(3.2) limsup(x — z,x, — z) <0,

n—oo

where z := Ppx. To this end, we choose a subsequence {n;} of {n} such
that

limsup(z — z, 2, —2) = lim (z — 2,2, —2) and =z, ~weF.
n—o0 1—00

So, we get

lm(z —z,2,, —2) = (x — z,w—2) <O0.
1— 00
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Now (3.2) is proved. Finally we prove that z,, — z. From (2.2), we have
[Znr1 = 2* = lan(z — 2) + (1 = an) (Tnan — 2)|I?

< (1= )2 | Ty, — 2|12 + 20 (2 — 2, 20y 1 — 2)

< (1= an)?L2||zn — 2|12 + 200 (z — 2, 2041 — 2)

oLy — 1

= (1_an)2”xn_ZH2+an(1 —ap) Hxn—z|]2

n
+ 20 (r — 2, Tp41 — 2)
L, —

n

1
< (1_an)||$n_z”2+an (Ln"‘l)Hxn_zHQ

+ 20n(x — 2, Tpt1 — 2).
Setting
L,—1

n

Bn = (Ln+1)“xn_ZHQ"'Q@_Z’xn—I—I_Z>7

we get

|Znt1 — Z”Z < (1 —an)zn — Z||2 + anfBn.

Since lim,_o LZ;1 = 0 by (3.2), limsup,,_,o, Bn < 0. By Lemma 2.1,
we conclude that x, — z. This completes the proof. O

Remark 3.2. For a given family of quasi-L,-Lipschitzian mappings,

we can always find a sequence {ay} in (0,1] such that the conditions

(C1), (C2) and (L) are satisfied. In fact, if L, — 1, we can set oy, =
1 Lp—1+VL,1

max | 5, S

Setting L, = 1 in Theorem 3.1, we have the following.

Corollary 3.3. Let C' be a nonempty closed convexr subset of a real
Hilbert space H. Let {T,} be a family of quasi-nonexpansive mappings
of C into itself with ¥ := (", F(Ty,) # @ (that is, for every n € N,
x e Candu e F, ||Thr —ul <|z—ul holds). If {T,} satisfies the
H-condition, then the sequence {x,} defined by (3.1), where {ay,} is a
sequence in (0, 1] satisfying (C1) and (C2), converges strongly to Ppzx.

Remark 3.4. Corollary 3.3 extends and improves Theorem 2.1 of [31]
in the following ways:
(i) Since every nonexpansive mapping with a nonempty fixed point
set is quasi-nonexpansive, Corollary 3.3 is applicable for a wider
class of mappings.
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(ii) The ZLC-condition is weakened and replaced by the H-condition
(see Lemma 2.3).

4. Applications

In this section, we show that the H-condition studied in the previous
section is satisfies by various classes of mappings.

4.1. Convergence theorems for asymptotically nonexpansive map-
pings. Let C be a subset of a real Hilbert space H. A mapping T : C' —
C is said to be asymptotically nonexpansive if there exists a sequence
{ky} of real numbers such that k, € [1,00), k, — 1, and

|T"x — T"y|| < ky|lz —y| forall z,y € C and n € N.

The class of asymptotically nonexpansive mappings was introduced by
Goebel and Kirk [6] as a natural generalization of the class of nonex-
pansive mappings. They proved that if C' is nonempty bounded closed
and convex, and T is an asymptotically nonexpansive self-mapping of
C, then T has a fixed point.

Lemma 4.1 ([11], Lemma 2.2). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let S and T be two commutative
asymptotically nonexpansive mappings of C into itself with asymptot-
ical coefficients {sn} and {t,}, respectively. For any x € C and n € N,
put Rpx = erfw > o Eiﬂ-:k S'TIiz. Then for each r > 0, there
holds

lim limsup sup ||Ryz — SY(Rnz)| =0

=0 n—oo zeCNB,
and
lim limsup sup [[Ryz — Tj(RnfU)H =0,

J7® n—oo 2eCNB-

where B, = {x € H : ||z| < r}.
From Lemma 4.1, we have the following result.

Lemma 4.2. Let C, S, T, R, be the same as Lemma 4.1. Assume that
F(S)NF(T) # @. Then {R,} is a family of L,-Lipschitzian mappings
of C into itself and satisfies the H-condition, where

2 n
b= g 2 2o M

k=0i+j=k
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Proof. Tt is easy to see that { R, } is a family of L,-Lipschitzian mappings
of C into itself. Moreover, by Lemma 4.1, we have (2, F(R,) = F(S)N
F(T) # @. Next, we prove that {R,,} satisfies the H-condition. Let {z,}
be a bounded sequence in C' such that lim, o ||2n+1 — Rnzn|| = 0 and
z € wy{zn}. Then, there exists a subsequence {ny} of {n} such that
Zng+1 — 2z and Ry, z,, — z. Since {z,} is bounded, let » > 0 be such
that {z,} C CN B,. Then

Hznk+1 - SZZH < Hznk-H - RnkznkH + HRnkznk - SZ(Rnkznk)H
+ [1S* (R 2ny) = S zmgr1 | + 1 2011 — 572

< (1 + Si)Han-‘rl - RnkznkH + sup HRnkx - SZ(R’%‘T)H
zeCNB,

+ sillzn+1 — 2.
It follows from lim; ., s; = 1 and Lemma 4.1 that

(4.1) lim sup lim sup ||z, +1 — S*2|| < limsup ||zn, +1 — 2||-
1—00 k—oo k—o0

From (2.3) and (2.1), we have

; 2
. 9 Sz — z
limsup || zp, 41 — 2||° +
k—o0 2
i 2

. S'z+z
= limsup ||zn,+1 —

k—o0 2

. 1 ; 1 1,
—timsup ( 5lncen = ST+ glomn — 3l - 315% ~ 517

k—o0
1 ; 1 1,
< g limsup [|zn, 41 — 8'2|* + S limsup [|zn, 41 — 2] = Z[|S%2 — 2|

and hence

1S%2 — 2||* < limsup ||z, +1 — S°2||* — limsup || zn, +1 — 2|
k—o0 k—o0

This together with (4.1) gives
lim ||S'z — z|| = 0.
1—00

Since S is uniformly continuous, Sz = z and then z € F(S). Similarly,
we can get z € F(T'). Hence z € F(S)NF(T) = (., F(R,). This implies
that {R,} satisfies the H-condition. This completes the proof. O

Applying Theorem 3.1 and Lemma 4.2, we have the following result.
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Theorem 4.3. Let C' be a nonempty closed convexr subset of a real
Hilbert space H. Let S and T be two commutative asymptotically non-
expansive mappings of C into itself with asymptotical coefficients {sy}
and {tn}, respectively. Assume that F = F(S) N F(T) # @. Let
L, = m D k=0 2isjt Sit; and let {z,} be a sequence in C' de-
fined as follows: x©,x1 € C and

2 n y
4.2 = 1- —_—— ST
(4.2) Tpy1 = an® + ( an) (n+1)(n+2) kz Z In
=01i+j=k
for all n € N, where {ay} is a sequence in (0, 1] satisfying (C1), (C2)
and (L). Then the sequence {x,} converges strongly to Prx.

Setting L,, = 1 in Theorem 4.3, we have the following.

Corollary 4.4 ([25], Theorem 1). Let C be a nonempty closed convex
subset of a real Hilbert space H. Let S and T be two commutative non-
expansive mappings of C into itself with F := F(S)NF(T) # @. Then
the sequence {x,} defined by (4.2), where {an} is a sequence in (0, 1]
satisfying (C1) and (C2), converges strongly to Ppx.

4.2. Some applications for the equilibrium problem. Let C be a
nonempty closed convex subset of a real Hilbert space H. Let f be a
bifunction of C' x C' into R, where R is the set of real numbers. The
equilibrium problem for f: C' x C' — R is to find x € C such that

(4.3) f(z,y) >0 forallyeC.

Numerous problems in physics, optimization, and economics reduce to
find a solution of (4.3). The set of solutions of (4.3) is denoted by EP(f).
In 2005, Combettes and Hirstoaga [4] introduced an iterative scheme for
finding the best approximation to the initial data when EP(f) is not
empty.

For solving the equilibrium problem, let us assume that the bifunction
f satisfies the following conditions which are generally assumed (see [2]):

(A1) f(z,z) =0 for all z € C,
(A2) f is monotone, i.e., f(z,y)+ f(y,z) <0 for any =,y € C;
(A3) f is upper-hemicontinuous, i.e., for each z,y,z € C,

limsup f(tz + (1 — t)z,y) < f(z,y);
t—0t

(A4) f(x,-) is convex and lower semicontinuous for each z € C.

By [2, Corollary 1] and [4, Lemma 2.12], we have the following lemma.
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Lemma 4.5. Let C be a nonempty closed convex subset of a real Hilbert
space H, let f be a bifunction from C x C into R satisfying (A1)-(A4)
and let r > 0 and x € H. Then there exists a unique z* € C' such that

1
f(x*,y)qt;(yf:c*,x*f@zo for ally € C.

Let T, be a mapping of H into C defined by T, (x) = x* for all x € H.
Then, the following hold:

(i) T, is firmly nonexpansive, i.e., for any x,y € H,
Tz = Toyl® < |l = ylI* = |(Trx — ) — (Ty — y)II%;

(i) F(T:) = EP(f);
(iii) EP(f) is closed and convex.

We present a convergence theorem for an equilibrium problem with
a new control parameter which is complementary to Song and Zheng’s
result [26, Corollary 5.3].

Lemma 4.6. Let C be a nonempty closed convex subset of a real Hilbert
space H. Let f be a bifunction from C x C into R satisfying (A1)-(A4)
and EP(f) # @. If {rn} is a sequence in (0,00) satisfying lim,_,oc 7 =
oo, then {T,. } is a family of firmly nonexpansive mappings of H into C
with (N, F(T,,) = EP(f) and satisfies the H-condition.

Proof. We note that (2, F(7},,) = EP(f) # @. Let {z,} be a bounded
sequence in H such that lim, ,« ||2n+1 — T, 2n|| = 0 and 2z € wy{z,}.
For each n € N, let y, = T, 2,. Then z,,41 — z and y,, — z for some
subsequence {n;} of {n}. We note that {z, — y,} is bounded. Since
lim,, o0 7 = 00, We have
(4.4) .

Tn
Notice that

1
f(yn,y) + 7<y—yn,yn —2p) >0 forallyeC.

n

So, from (A2), we have

<y_yn7 ynr_ Zn> > fly,yn) forallye C.

n

In particular,

<y — Yns» y"T_Z"> > f(y,yn;) forallyeC.
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This together with (4.4), (A4) and y,, — z gives
0> f(y,z) forallyecC.
Then, for t € (0,1] and y € C,
0=f(ty+ (1 —t)z,ty+ (1 —t)2)
<tfty+ (A =t)z,y)+ (A=) f(ty+ (1 —1)z,2)
<tf(ty+ (1 —1)zy)
hence
fty+ (1 —1)z,y) 2 0.
Letting ¢t — 07 and using (A3), we get
f(z,y) >0 forallyeC
and hence z € EP(f) = (,2, F(T,). This implies that {7}, } satisfies
the H-condition. This completes the proof. O

Using Corollary 3.3, we have the following theorem.

Theorem 4.7. Let C' be a nonempty closed convexr subset of a real
Hilbert space H. Let f be a bifunction from C x C into R satisfying
(A1)-(A4) and EP(f) # @. Let {x,} be a sequence in C defined as
follows: z,xz1 € H and

Tnt1 = anx + (1 — )Ty, @y foralln € N,
where {an, } is a sequence in (0, 1] satisfying (C1) and (C2), and {r,} is a
sequence in (0,00) with limy,_,oo 7, = 00. Then {x,} converges strongly
to PEP(f)J:

4.3. Some applications for the variational inequality problem.
Let H be a real Hilbert space and let C' be a nonempty closed convex
subset of H. Let A : C — H be a mapping. The classical variational
inequality problem is to find x € C' such that

(Az,y—z) >0 forallyeC.
The set of solutions of classical variational inequality problem is denoted
by VIP(C, A).
The following lemma were also given in Nilsrakoo and Saejung [16].
Lemma 4.8 ([16], Lemmas 19, 20). Let C' be a nonempty closed con-

vex subset of a real Hilbert space H. Let A be a continuous monotone
mapping of C' into H, that is,

(Az — Ay,x —y) >0 for all xz,y € C.
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Define f : C x C — R as follows
f(z,y) = (Az,y —x)  forallx,y € C.

Then, the following hold:
(i) f satisfies (A1)-(A4) and VIP(C,A) = EP(f);
(ii) forc e H,ue C andr >0,

1
f(u,y)—l—;(y—u,u—@zO forallye C < u= Po(x—rAu).

Using Theorem 4.7 and Lemma 4.8, we have the following theorem.

Theorem 4.9. Let C' be a nonempty closed convexr subset of a real
Hilbert space H. Let A be a continuous monotone mapping of C into H
such that VIP(C, A) # @. Let {zn} and {u,} be sequences generated by
x,x1 € C and

U = Po(xn — rpAuy)
Tpt1 = anx + (1 — ay)u,  for allm € N,

where {au, } is a sequence in (0, 1] satisfying (C1) and (C2), and {r,} is a
sequence in (0,00) with lim,_ m, = 00. Then {x,} converges strongly
to PVIP(C,A)x'

5. Conclusion

We propose the Halpern’s type iteration to obtain a strong conver-
gence theorem for a common fixed point of a countable family of certain
quasi-Lipschitzian mappings in a real Hilbert space. We assume that the
family of mappings satisfies the H-condition introduced by Hirstoaga in
[9]. This is not restrictive because there are many examples satisfying
the H-condition. Applications for equilibrium problems and variational
inequality problems are also discussed.
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