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RINGS WITH ALL FINITELY GENERATED MODULES
RETRACTABLE

A. HAGHANY, O.A.S. KARAMZADEH AND M.R. VEDADI∗

Communicated by Saeid Azam

Abstract. Several characterizations of a ring R is given for which
any non-zero finitely generated module M is retractable in the sense
that HomR(M, N) is non-zero whenever N is a non-zero submodule
of M . Such rings are called finite retractable. It is shown that
any ring being Morita equivalent to a commutative ring is finite
retractable. Also, if the commutative ring is semi-Artinian then
any non-zero module is retractable. The class of finite retractable
rings is shown to be closed under Morita equivalence and finite
direct products. Moreover, for a finite retractable ring R which is a
right order in a ring Q, it is shown that Q is also finite retractable.

1. Introduction

The term retractable was first used by Khuri [10] for a module M with
the property that Hom(M,N) 6= 0 whenever N is a non-zero submod-
ule in M . Retractable modules have been a subject of interest as they
are among the essential ingredients in the general study of the endo-
morphism rings. Often retractability condition combined with another
condition such as nonsingularity, or a weak form of projectivity on a
module, are enough to characterize the endomorphism ring of the mod-
ule. For examples of such achievements, see [3], [8], [11], [12]. In [5],
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Faith has vastly studied right CFPF rings. A ring R is a right CFPF ring
if for all proper two sided ideals I of R, any finitely generated faithful
R/I-module is a generator in Mod-R/I. For such a ring, all finitely gen-
erated right modules are retractable. More recently, finitely generated
retractable modules over left Noetherian right FBN rings have been char-
acterized by Smith [13]. The purpose of this article is to investigate rings
whose non-zero finitely generated modules are all retractable. Such a
ring will be called (right) finite retractable. We show that all rings which
are Morita equivalent to commutative rings, in particular commutative
rings, are finite retractable. In fact, being a finite retractable ring will
be shown to be a Morita invariant property. Several characterizations
of finite retractable rings will then be given; see Theorem 2.6. Finally,
we show that the class C of finite retractable rings is also closed under
homomorphic images, and finite direct product. Moreover, the finite
retractability of a ring R passes over to a ring Q when R is a right order
in Q; see Theorem 3.3.

2. Finite retractable rings

Throughout the paper, rings will have a non-zero identity element and
modules will be unitary. Unless stated otherwise, modules will be right
modules. We follow [4] and [7] for the terms not defined here, and for the
basic results on module and ring theory that are relevant to this work.
We begin by recording a result (with a routine proof) that determines
the retractability of a factor module M/N when M is quasi-projective.

Lemma 2.1. Let M be a quasi-projective right R-module and N ≤ MR.
(M/N)R is retractable if and only if for all submodules L that properly
contain N , the set AL := {f ∈ EndR(M) | f(N) ⊆ N , f(M) ⊆ L and
f(M) 6⊆ N} is non-empty.

Proposition 2.2. Let I be a proper right ideal in a ring R. The the
following statements are equivalent.
(i) The cyclic right R-module R/I is retractable.
(ii) For any right ideal J , either J ⊆ I or there exists x ∈ J \ I such
that xI ⊆ I.

Proof. (i)⇒(ii). If J ⊆ I, and we are through. Hence, let a ∈ J \ I,
then consider a non-zero homomorphism f : R/I → (aR + I)/I with
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f(1 + I) = ar + I for some r ∈ R. We now have xI ⊆ I, where x = ar.
(ii)⇒(i). Apply Lemma 2.1 to M = R, N = I and use the fact that ev-
ery element of End(RR) is a left multiplication map by some x ∈ R. �

Recall that a subset I of a ring R is said to be left T-nilpotent if for
any sequence a1, a2, ... in I, there exists an n such that a1...an = 0.
The next Lemma states an interesting property of left T-nilpotent right
ideals that immediately yields the following Corollary.

Lemma 2.3. Let I be a left T-nilpotent right ideal in a ring R. For any
right ideal J of R, either J ⊆ I or there exists x ∈ J \ I with xI ⊆ I.

Proof. If J ⊆ I, then we are done. Otherwise, let b ∈ J \ I. We are
to find x ∈ J \ I with xI ⊆ I. If bI ⊆ I, then we are through. If not,
then there is a1 ∈ I such that ba1 6∈ I. Again, if ba1I 6⊆ I, then there
exists a2 ∈ I such that ba1a2 6∈ I. If this process does not stop, then we
get a sequence a1, a2, ... in I with ba1 · · · ak 6∈ I, for all k. But this is
absurd, by the fact that I is left T-nilpotent. It follows that there is an
integer n such that a1 · · · an = x ∈ J \ I and xI ⊆ I. The proof is now
complete. �

Corollary 2.4. If I is a left T-nilpotent right ideal in the ring R, then
the right R-module R/I is retractable.

Proof. Use Proposition 2.2 and Lemma 2.3. �

We note that in the definition of the retractable modules, only cate-
gorical terms are used, and thus the next useful and evident result is in
order.

Proposition 2.5. Being retractable is a Morita invariant property.

In part (ii) of the next Theorem, we shall consider elements of the free
right R-module Rn as column matrices. Call MR essentially retractable
if HomR(M,N) 6= 0 for every essential submodule N of MR; see [14] for
more information about such modules.

Theorem 2.6. For a ring R, the following statements are equivalent.
(i) R is a finite retractable ring.
(ii) For any n ≥ 1 and x ∈ Rn \K, where K is a non-zero submodule
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of Rn
R, there are r1, ..., rn ∈ R such that xrj 6∈ K for some j and∑

i xriπi(y) ∈ K for all y ∈ K, where πi : Rn → R are natural projec-
tions.
(iii) For any n ≥ 1 and any right ideals I, J of S = Matn×n(R), either
J ⊆ I or there exists x ∈ J \ I such that xI ⊆ I.
(iv) All non-zero finitely generated R-modules are essentially retractable.
(v) HomR(M,X) = 0 ⇔ HomR(M, E(X)) = 0, for any finitely gener-
ated M and any X ∈ Mod-R.

Proof. (i) ⇒ (ii). Let n ≥ 1 and x ∈ Rn \ K, for some non-zero
K ≤ Rn

R. By our assumption, there is a non-zero R-homomorphism
f : Rn/K → (xR + K)/K. If e1, · · · , en are the standard basis of Rn,
let f(ei + K) = xri + K for i = 1, ...., n. Clearly, xrj 6∈ K, for some j.
It follows that

∑
i xriπi(y) ∈ K, for all y ∈ K.

(ii)⇒(i). Generally, if A ∈ Matn×n(R) and y ∈ Rn, then
∑

i Aeiπi(y) =
Ay. Suppose now that M is a finitely generated right R-module. We
can assume that M = Rn/K, for some integer n and right R-submodule
K of Rn. Let 0 6= L/K ≤ Rn/K and x ∈ L \K. Suppose that r1, ...., rn

are the elements corresponding to x. Form the n×n matrix A whose ith
column is xri. So, by our assumptions, left multiplication by A defines
a non-zero R-homomorphism from Rn/K to L/K.

Under the standard Morita equivalence of R with a matrix ring S =
Matn×n(R), n-generated right R-modules correspond to cyclic right S-
modules, and conversely. Thus (i)⇔(iii) is a consequence of propositions
2.5 and 2.2.
(i)⇒(iv). This is clear.
(iv)⇒(i). Let M be any non-zero finitely generated R-module and
0 6= N ≤ MR. Clearly, there exists a non-zero R-module homomor-
phism f : M → E(N). Now, since by our assumption, f(M) is essen-
tially retractable, HomR(f(M), N ∩ f(M)) is non-zero. It follows that
HomR(M,N) 6= 0. This proves (i).
(iv)⇒(v). Note that f(M) is essentially retractable for any non-zero f ∈
HomR(M, E(X)).
(v)⇒(iv). Let M be a non-zero finitely generated R-module and N ≤ess

M . Then, E(N) = E(M). Clearly, HomR(M, E(M)) 6= 0. Hence,
HomR(M,N) 6= 0 by (v). �

It is well known that if R is a commutative ring and x ∈ S =
Matn×n(R), then there exists s ∈ S such that xs = det(x)I(n×n) is a
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central element, and hence (xs)J ⊆ J , for any right ideal J of S. In the
following result, we show that commutative rings are finite retractable
and consequently, matrix rings over commutative rings satisfy the more
informative condition (iii) of Theorem 2.6.

Theorem 2.7. If R is a ring Morita equivalent to a commutative ring,
then R is a finite retractable ring.

Proof. By Proposition 2.5, we can suppose that R is commutative. We
shall prove that the condition (v) of Theorem 2.6 holds. Let 0 6= f ∈
HomR(M, E(X)) when MR is finitely generated. Let q1R + ... + qnR =
Im f , for some n ≥ 1. Since Xn is an essential submodule of E(X)n,
then there is r ∈ R such that rqi ∈ X, for all i and rqj 6= 0, for some j.
Multiplication by r defines a non-zero R-homomorphism from Im f to
X. Consequently, HomR(M,X) 6= 0. �

A ring R is said to be right semi-Artinian if every non-zero right R-
module contains a simple R-submodule. In [6], it is proved that a ring
R is right semi-Artinian if and only if each essential submodule of an R-
module M is strongly essential in M (N is a strongly essential submodule
of MR if for any non-zero non-empty subset X ⊆ M , there exists r ∈ R
with 0 6= Xr ⊆ N). This interesting property of semi-Artinian rings
shows that adding the semi-Artinian hypothesis in Theorem 2.7, we
obtain all non-zero modules retractable.

Theorem 2.8. Over a ring Morita equivalent to a commutative semi-
Artinian ring R, every non-zero module is retractable.

Proof. It suffices to show that every non-zero R-module M is re-
tractable. Let 0 6= N ≤ MR. Then, clearly there exists a non-zero
R-module homomorphism f : M → E(N). Because N is a strongly
essential submodule of E(N), by [6, Theorem 4.5], there exists r ∈ R
such that 0 6= f(M)r ⊆ N . Thus, HomR(M,N) contains the non-zero
element g : M → N , where g(m) = f(m)r for all m ∈ M . �

Remark 2.9. Camillo and Fuller [2] have shown that commutative semi-
Artinian rings are Max-rings (i.e., every non-zero module has a maximal
submodule). We now observe that this property of commutative semi-
Artinian rings is an immediate consequence of Theorem 2.8.
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An R-module M is called finitely annihilated if there exist a positive
integer n and elements mi ∈ M (1 ≤ i ≤ n) such that A := annR(M) =
{r ∈ R | mir = 0 for all 1 ≤ i ≤ n}, or equivalently there exists an
embedding θ : R/A → M (n). It is well known that a ring R is right
Artinian if and only if every right R-module is finitely annihilated [1].
In the following result, we consider finitely annihilated modules over
finite retractable rings. Let M be an R-module, and denote the full
subcategory of Mod-R, whose objects are submodules of M−generated
modules by σ[MR].

Proposition 2.10. Let R be a finite retractable ring. If M is a finitely
annihilated R-module, then HomR(M,N) 6= 0, for any non-zero N ∈
σ[MR]

Proof. Let N be a non-zero submodule in σ[MR] and A := annR(M).
By the hypothesis, there exists an embedding θ : R/A → M (n), for
some n ≥ 1. Since NA = 0, then there exists an R-module homomor-
phism from R/A to N . It follows that HomR(M (n), E(N)) 6= 0. Now,
HomR(M,N) 6= 0, by Theorem 2.6(v).

It is known that a commutative nonsingular ring with finitely gener-
ated essential socle is a semisimple Artinian ring (in fact, a more general
result holds, namely, any semiprime ring with finitely generated essen-
tial right socle is semisimple; see also [9, Theorem 2.18] for a result even
much stronger than the latter one). In the following result, the afore-
mentioned fact is extended to the class of finite retractable nonsingular
rings which is larger than the class of commutative nonsingular rings by
Theorem 2.7.

Proposition 2.11. A ring R is semisimple Artinian if and only if it is
a right nonsingular finite retractable ring such that Soc(RR) is a finitely
generated essential right ideal.

Proof. (⇒). This is clear.
(⇐). Let S be a minimal right ideal in R and 0 6= x ∈ E, where E is
the injective hull of SR. Then, by our assumption xR is a retractable
R-module and hance there exists a non-zero f : xR → S. If Kerf is non-
zero, then it must be an essential submodule of xR. It follows that SR is
singular, contradiction. Hence, x ∈ Soc(ER) = S. Consequently, every
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minimal right ideal of R is injective. This shows that R = Soc(RR), as
desired. �

Remark 2.12. In contrast to Theorem 2.8 and considering the previous
result, we observe that there are right Artinian right non-singular rings

which are not finite retractable. On such example is
[

Q Q
0 Q

]
; see the

discussion in Examples 3.1. This ring shows also that the commutativity
is an indispensable condition for the validity of theorems 2.7 and 2.8.

3. Ring extensions of finite retractable rings

Throughout this section, C denotes the class of of all finite retractable
rings. It is easily seen that C is closed under homomorphic images and
by Propositions 2.5 it is closed under Morita equivalence.

The following shows that a formal triangular matrix ring never be-
longs to C unless it is a direct sum of suitable rings.

Example 3.1. Suppose that A and B are rings and AMB is a non-zero

bimodule. Let R =
[

A M
0 B

]
and e =

[
1 0
0 0

]
. Then, I =

[
0 M
0 0

]
lies in eR∩`.annR(e). Now, if f ∈ HomR(eR, I), then f(eR) = f(e)eR ⊆
IeR = 0. It follows that R is never a finite retractable ring.

Let R1 and R2 be rings and T = R1 ⊕R2. It is well known that any
T -module M has the form M1 ⊕M2, for some Ri-modules Mi(i = 1, 2).
Hence, whenever each Mi(i = 1, 2), is a retractable Ri-module, then
M = M1 ⊕M2 is a retractable T -module. Moreover, since C is closed
under homomorphic images, then we have the following result.

Proposition 3.2. Let Ri (1 ≤ i ≤ n) be rings. Then, Πn
i=1Ri ∈ C if

and only if Ri ∈ C, for all i = 1, · · · , n.

Next, we consider certain extensions of a ring in C.

Theorem 3.3. If a ring R ∈ C and R is a right order in a ring Q, then
Q ∈ C.
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Proof. We shall show that Q satisfies condition (iii) of Theorem 2.6.
Thus, assume that n ≥ 1 and I, J are two right ideals of S = Matn×n(Q).
We may assume that J 6⊆ I. Let T = Matn×n(R) and note that S is
trivially a right quotient ring of T , with respect to the set D = {A ∈
T | A is a diagonal matrix over the set of regular elements of R}. Clearly,
J 6⊆ I implies that (J∩T ) 6⊆ (I∩T ). Now, since R satisfies condition (iii)
of Theorem 2.6, then there exists x ∈ (J ∩ T ) \ (I ∩ T ) with x(I ∩ T ) ⊆
(I ∩ T ). But I = (I ∩ T )S, and hence x ∈ J \ I with xI ⊆ I, as
desired. �

Proposition 3.4. Let R ⊆ T be rings such that RT is free. If T ∈ C,
then R ∈ C.

Proof. Let T ∈ C and MR be a non-zero finitely generated R-module.
Then, M ⊗R T is a finitely generated T -module which has a non-zero
submodule isomorphic to N ⊗R T . Thus, by the finite retractable con-
dition on T we have:

0 6= HomT (M ⊗R T,N ⊗R T ) ' HomR(M,HomT (T,N ⊗R T ))

' HomR(M,N ⊗R T ).
On the other hand, T being free over R, there exists a set A with

RT ' R(A). Hence, the following holds:

HomR(M,N ⊗R T ) ↪→
∏

A HomR(M,N ⊗R R) '
∏

A HomR(M,N).

Consequently, HomR(M,N) 6= 0. If follows that R ∈ C. �

We remark that for T = R[x, α, δ], where α is a ring homomorphism
and δ is an α-derivation on R, clearly RT is free. The diligent readers
may then be interested in the following project.

Project: Let R be a finite retractable ring. Investigate the finite
retractability of the ring R[x, α, δ].
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