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ABSTRACT. We introduce the concept of r-distance on a Menger
probabilistic metric space. Furthermore we prove some fixed point
theorems in a complete Menger probabilistic metric space general-
izing some famous fixed point theorems.

1. Introduction and preliminaries

Menger introduced the notion of a probabilistic metric space in 1942
and since then the theory of probabilistic metric spaces has developed in
many directions [12]. The idea of Menger was to use distribution func-
tions instead of nonnegative real numbers as values of the metric. The
notion of a probabilistic metric space corresponds to situations when
we do not know exactly the distance between two points, but we know
probabilities of possible values of the distance. A probabilistic general-
ization of metric spaces appears to have interest in the investigation of
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physical quantities and physiological thresholds. It is also of fundamen-
tal importance in probabilistic functional analysis. Probabilistic normed
spaces were introduced by Serstnev [14] in 1962 by means of a definition
that was closely modelled on the theory of (classical) normed spaces,
and used to study the problem of best approximation in statistics. In
the sequel, we shall adopt the usual terminologies, notations and con-
ventions of the theory of probabilistic normed spaces, as in [1-5, 8, 9,
11, 12].

Throughout this paper, the space of all probability distribution func-
tions (briefly, d.f.s) is denoted by AT = {F : RU {—oc0, +00} — [0,1] :
F' is left-continuous and non-decreasing on R, F'(0) = 0 and F(4o00) =
1} and the subset D™ C A%t is the set D™ = {F € AT : |7 F(400) = 1}.
Here, [~ f(x) denotes the left limit of the function f at the point x and is
defined to be I~ f(z) = lim,_,,~ f(t). The space AT is partially ordered
by the usual point-wise ordering of functions, i.e., F' < G if and only if
F(t) < G(t) for all, t in R. The maximal element for A™ in this order

is the d.f. given by:
olt) = 0, ift <0,
TN 1, it > o.

Definition 1.1. [12] A mapping 7" : [0, 1] %[0, 1] — [0, 1] is a continuous
t—norm if T satisfies the following conditions:
(a) T is commutative and associative;
(b) T is continuous;
(¢) T(a,1) = a, for all a € [0, 1];
(d) T'(a,b) < T(c,d), whenever a < ¢ and ¢ < d, and a,b,c,d € [0, 1].
Two typical examples of continuous t—norms are T'(a,b) = ab and
T(a,b) = min(a,b).
Now, t-norms are recursively defined by 7! = T and

Tn(xh to ,I‘n+1) = T(Tn_l(xla T 7$Tl>7xn+1)?

forn > 2, z; € [0,1], and i € {1,2,...,n + 1}. The t-norm T is HadZzié
type I if for given € €]0, 1], there is § €]0,1[ (which may depend on m)
such that

(1.1) 71 —0,...1—=0)>1—¢, meN.

We assume that, here, all t-norms are Hadzi¢ type 1.
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Definition 1.2. [12] A mapping S : [0, 1]x[0, 1] — [0, 1] is a continuous
s—norm if S satisfies the following conditions:

(a) S is associative and commutative;

(b) S is continuous;
(¢) S(a,0) = a, for all a € [0,1];
(d) S(a,b) < S(e,d), whenever a < ¢ and b < d, for all a,b,c,d €
[0, 1].

Two typical examples of continuous s—norms are S(a,b) = min(a +
b,1) and S(a,b) = max(a,b).

Definition 1.3. A Menger probabilistic metric space (briefly, Menger
PM-space) is a triplet (X, F,T), where X is a nonempty set, T is a
continuous t—norm, and F is a mapping from X x X into DT such
that if F, , denotes the value of F at the pair (x,y), then the following
conditions hold, for all z,y, z in X:
(PM1) Fiy(t)
(PM2) F, ()
(PM3) F 2(t+s)

eo(t), for all ¢t > 0, if and only if x = y;

Fya(t);
> T(Fpy(t), Fy:(s)), forallz,y,z € X and t,s > 0.

Definition 1.4. A Menger probabilistic normed space (briefly, Menger
PN-space) is a triple (X, u, T'), where X is a vector space, T' is a continu-
ous t-—norm, and y is a mapping from X into D such that the following
conditions hold, for all z,y in X:

(PN1) pz(t) = eo(t), for all ¢ > 0, if and only if z = 0;
(PN2) paz(t) = ,ux(ﬁ), for o # 0;
(PN3) pigty(t +8) > T(pz(t), py(s)), for all x,y,z € X and t,s > 0.

Definition 1.5. Let (X, F,T) be a Menger PM-space.

(1) A sequence {z,}, in X is said to be convergent to z in X if
for every ¢ > 0 and A > 0, there exists positive integer IV such that
F,, 2(€) >1— )\, whenever n > N.

(2) A sequence {x,, },, in X is called Cauchy sequence if for every e > 0
and A > 0, there exists positive integer N such that F), (€) >1—\,
whenever n,m > N.

(3) A Menger PM-space (X, F,T) is said to be complete if and only
if every Cauchy sequence in X is convergent to a point in X.

n,Tm
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Definition 1.6. Let (X, F,T) be a Menger PM space. For each p in X
and A > 0, the strong A — neighborhood of p is the set,

Ny(A) = {qge X :F,q(\)>1—-2A},

and the strong neighborhood system for X is the union Upev N, where
N, ={Np(N\) : A > 0}.

The strong neighborhood system for X determines a Hausdorff topol-
ogy for X.

Theorem 1.7. [8, 13] If (X, F,T) is a PM-space and {p,} and {q,} are
sequences such that p, — p and ¢, — q, thenlim,_.o0 F},, 4. () = Fp4(1).

Remark 1.8. In certain situations we assume the following. Suppose
for every p €]0, 1] there exists a A €]0, 1] (which does not depend on n)
with

(1.2) T Y1 —A\.,1—X)>1—pu, for each n € {1,2,...}.

2. R—distance

Recently, Kada, et al. [7] introduced the concept of w—distance on
a metric space and proved some fixed point theorems. Here, using the
concept of w—distance, we define the concept of r-distance on a Menger
PM-space.

Definition 2.1. Let (X, F,T) be a Menger PM-space. Then, the func-
tion f : X?x[0,00] — [0, 1] is called an r-distance on X if the followings
are satisfied:
(r1) foz(t+5) > T(foy(t), fy2(5)), for all z,y,z € X and t,s > 0;
(r2) for any x € X and t > 0, f,, : X x[0,00] — [0, 1] is continuous;
(r3) for any € > 0, there exists § > 0 such that f, (¢) > 1—0 and
foy(s) >1 =0 1imply Fpy(t+s)>1—e¢.

Let us give some examples of r-distances.

Example 2.2. Let (X,F,T) be a Menger PM-space. Then, f = F is
an r-distance on X.
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Proof. Properties (rl) and (r2) are obvious. We show (r3). Let € > 0
be given and choose § > 0 such that
T(1-6,1-06)>1—c¢.
Then, for F, ;(t) > 1— 6 and F, ,(s) > 1 — 6, we have,
Foy(t+s) = T(Feu(t), Fzy(s))
> T(1-61-0)>1—c¢.
O

Example 2.3. Let (X, F,T) be a Menger PM-space. Then, the function
f:X?x[0,00) — [0,1] defined by fy,(t) =1 —c for every z,y € X
and t > 0 is an r-distance on X, where ¢ €]0, 1].

Proof. Properties (rl) and (r2) are obvious. To show (r3), for any
e >0, put § = 1—¢/2. Then, we have, that f,,(t) > 1 —¢/2 and
foy(s )>1—c/2 imply xy(t—l—s)>1—5 O

Example 2.4. Let (X, u, T') be a Menger PN-space. Then, the function
f:X%x[0,00) — [0,1] defined by fy,(t+s) = T(ps(t), py(s)) for every
x,y € X and t,s > 0 is an r-distance on X.

Proof. Let x,y,z € X and t, s > 0. Then, we have,

fop(t+5) = T(ua(t), p2(s))
> T(T(pa(t/2), 1y(t/2)), T(py(s/2), 12(s/2)))
= T(fx,y(t)vfy,z(s))'

Hence, (rl) holds. Also, (r2) is obvious. Let £ > 0 be given and choose
0 > 0 such that

T(1-61-6)>1-¢.
Then, for f,,(t) > 1—0 and f,,(s) > 1 —J, we have,

Foy(t+s) = po—y(t+5) = T(ua(t), py(s))
> T(T(pa(t/2), n2(t/2)), T 1y (5/2), p2(5/2)))
= T(fz,a:() fz,y( ))
> T(1—5,1— )

Hence, (r3) holds. O
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Example 2.5. Let (X, u, T') be a Menger PN-space. Then, the function
f X% x[0,00] — [0,1] defined by f,,(t) = ps(t) for every z,y € X
and t > 0 is an r-distance on X.

Proof. Let z,y,z € X and t,s > 0. Then, we have,

fx,z(t + 3) = Mz(t + S)
> T(py(t), p=(s))
= T(foy(t), fy:(s)).
Hence, (r1) holds. Also, (r2) is obvious. Let € > 0 be given and choose
0 > 0 such that
T(1-6,1-8)>1—c.
Then, for f,,(t) >1—06 and f,,(s) > 1 — 6, we have,

Foy(t+s) = po—y(t+5)
2 T(pa(t), py(s))
= T(fz,x(t)a fz,y(s))
> T(1-61-6)>1-c
Hence, (r3) holds. O

Example 2.6. Let (X, F,T) be a Menger PM-space and let A be a
continuous mapping from X into X. Then, the function f : X2 x
[0,00] — [0, 1] defined by

fx,y(t) = min(FA:r,y(t)a FAx,Ay(S))

for every xz,y € X and t,s > 0 is an r-distance on X.

Proof. Let z,y,2 € X and t,s > 0. If Fa, .(t) < Fay ay(t), then we
have,
f:v,z (t + 3) = FAm,z (t + 3) > T(FAm,Ay(t)7 FAy,z(S))
> T(min(Fag,y(t), Fag,ay(t)), min(Fay - (), Faz,ay(s))
= T(fx,y(t)a fy,z(s))'

With this inequality, we have,
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fx,z(t + 3) = FAx,Az(t + 3) > T(FAx,Ay(t)v FAy,Az(s))
> T(min(Fagzy(t), Faz,ay(t)), min(Fay z(s), Faz,ay(s))
= T(fw,y(t)v fy,z(s))'

Hence, (r1) holds. Since A is continuous, then (r2) is obvious . Let € > 0
be given and choose § > 0 such that

T(1—-61-68)>1—¢.

Then, from f, ;(t) > 1—46 and f, ,(s) > 1— 0, we have Fy, ,(t) >1—6
and FAz,y( s) > 1 — 0. Therefore,
zy(t +

$) 2 T(Fara(t), Fazy(s))
> T(1—-0,1-6)>1—c¢.

Hence, (r3) holds. O
Next, we discuss some properties of r-distance.

Lemma 2.7. Let (X, F,T) be a Menger PM-space and f be a r-distance
on it. Let {xzn} and {y,} be sequences in X, {a,} and {B,} be sequences
m [0,00) converging to zero, and x,y,z € X and t,s > 0. Then, the
followings hold:

(1) if fopy(t) > 1 —ay and fy, .(s) > 1 — By, for any n € N, then
y = z. In particular, if foy(t) =1 and fy.(s) =1, theny = z;

(2) if fonyn(t) > 1=y and fy, .(s) > 1— By, for any n € N, then
Fy, (t+s)—1;

(3) if frnam(t) > 1 —ay for any n,m € N with m > n, then {x,}
is a Cauchy sequence;

4) if fyz.(t) > 1 —ay for any n € N, then {x,} is a Cauchy
sequence.

Proof. We first prove (2). Let € > 0 be given. From the definition of
r-distance, there exists 6 > 0 such that f, ,(t) > 1—9 and f,, .(s) > 1-6
imply F, z(t—i—s) > 1—e. Choose ng € N such that o, < ¢ and 3,, < 0 for
every n > ng. Then, we have, for any n > ng, fz, 4, (t) > 1—ap >1-6
and fy,.(t) > 1— 8, > 1—90, and hence F, .(t +s) > 1 —e. This
implies that {y,} converges to z. It follows from (2) that (1) holds. We
prove (3). Let € > 0 be given. As in the proof of (1), choose § > 0 and



104 Saadati, O’Regan, Vaezpour and Kim

ng € N. Then, for any n,m > ng + 1,
Fongsn(®) 21— g 21— and fo, 0 (8) 21— apy 2 13,

and hence F,, .. (t+s) > 1 —¢e. This implies that {z,} is a Cauchy
sequence. ]

Lemma 2.8. Let f : X? x [0,00] — [0,1] be an r-distance on X. If
we define Ey ;: X? — RT U {0} by

Exf(x,y) =inf{t > 0: fy ,(t) > 1 = A},

for each X €]0,1] and z,y € X, then we have the followings:
(1) For any p €]0,1], there exists X €]0, 1[ such that

E, t(x1,2) < By f(z1,22) + Ex f(x2,23) + - - + E) f(2p—1, Tk),

for any x1, ...,z € X;

(2) For any sequence {x,} in X, we have, fy, »(t) — 1 if and only
if Exf(xp,x) — 0. Also, the sequence {x,} is Cauchy w.r.t. f
if and only if it is Cauchy with E) 5.

Proof. The proof is the same as in Lemma 1.6 of [10]. O

Remark 2.9. If (1.2) holds, then the X in Lemma 2.8(1) does not de-
pend on k (see [10]).

3. Common fixed point theorems with r—distance

Now, we are in a position to prove some fixed point theorems in
complete Menger PM-spaces.

Theorem 3.1. Let (X, F,T) be a complete Menger PM-space, f be an
r-distance on it and A be a mapping from X into itself. Suppose that
there ezists k €]0,1[ such that

fA:v,A2$(t) > fx,Ax(t/k)u
for every x € X, t > 0 and that

SUDAT (foy(8), fona(8)) i 3 € X} < 1,
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for every y € X with y # Ay.
Then, we have:

(a) If (1.1) holds and there exists a u € X with
E¢(u, Au) = sup{E, f(u, Au) : v €]0,1[} < o0,

then there exists z € X such that z = Az.
(b) If (1.2) holds, then there exists z € X such that z = Az. More-
over, if v = Av and f € DT, then f,., = eo.

Proof. (a). Let u € X be such that E¢(u, Au) < co. Define:
U, = A"u for any n € N.

Then, we have, for any n € N,

t t
fun,un+1 (t) > funfhun(é) > 2 fu,m(ﬁ)

Therefore,
Ex f(un,uny1) = inf{t >0: fu, u,i(t) > 1= A}
t
< inf{t>0: fuul(k—n) >1-—A}

= k”E)\,f(u,ul).
Thus, for m > n and X €]0, 1] there exists v €]0, 1] such that
E)\,f(una um) < E%f(un, unJrl) +-+ Ef(uTTL717 um)
k,n

S ﬁEr%f(u, U]_)
There exists ng € N such that for every n > ng we have E) ;(up, Up) —
0. By lemmas 2.7 and 2.8, {u,} is a Cauchy sequence. Therefore, by
Lemma 2.8(2), there exist n; € N and a sequence {d,,} convergent to 0
such that for n > max{ng,n1} we have,

fuTL7U/7n (t) Z 1 - 571

Since X is complete, then {u,} converges to some point z € X. Hence,
by (r2), we have,

fun,z = llm funyum Z 1 - 5”’
m—0o0

and
fun,un+1 Z 1 - 571
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Assume z # Az. Then, by the hypothesis, we have,

1 sup{?'(fz,=(t), fr,42(t)) : € X}

>
> sup{T (fun,2(t), fupunsi (t)) :n € N}
> sup{T(1—-9,,1—9,):neN}=1.

This is a contradiction. Therefore, we have z = Az.

(b). The argument is as in case (a) except in this case we make use
of Remark 2.9.

Now, if v = Av and f € DT, then we have,

Foa®) = Fanaze®) 2 Foao(3) = fou(7)

Continuing this process, we have,

t
vol(t) = foul57).
Fon®) = Foal757)
Also, we have f,, = €o. O

Corollary 3.2. Let (X,F,T) be a complete Menger PM-space, f be
an r-distance on it and A be a continuous mapping from X into itself.
Suppose there exists k €]0, 1] such that

an:,A2;t(t) > fx,Ax(t/k)a

for every x € X, t > 0. Then, we have:

(a) If (1.1) holds and u € X with Er(u, Au) < oo, then there exists
z € X such that z = Az.
(b) If (1.2) holds, then there exists z € X such that z = Az.

Moreover, if v= Av and f € DT, then f,., = eo.

Proof. (a). Assume that there exists y € X with y # Ay and
sup{T (fr,y(t), fr,42(t)) :z € X} = 1.

Then, there exists {x,} such that

nll)l’glo T(fmn:y<t)7 fxn,A:L’n (t)) =1.
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Since fg, 4(t) — 1 and f;, Az, (t) — 1, then by Lemma 2.7, we have
{Az,} converging to y. We also have,

fontin® 2 T(frnaea(3): fanaze, (5)
> T(fmn,Axn(%)vfmn,Axn(%))

_>1’

and hence {A%zx,} converges to y. Since A is continuous, then we have,

n—oo

Ay = A(lim Az,) = lim A%z, =y.
n—oo
This is a contradiction. Hence, if y # Ay, then
sUp{T (fzy(t), fr,42(t)) rx € X} < 1.

Thus, we have the desired result from Theorem 3.1.
(b). The argument is as in case (a) except in this case we make use
of Remark 2.9. O

Theorem 3.3. Let (X, F,T) be a complete Menger PM-space and A be
a mapping from X into itself. Suppose that there exists § €]0,1[ such
that

(3.1) Faoay(t) > S<Fx,Az<;>7 Fa(5)

for every x,y € X andt > 0.

(a) If (1.1) holds and there exists a uw € X with Ep(u, Au) < oo,
then A has a unique fixed point.
(b) If (1.2) holds then A has a unique fized point.

Proof. (a). Let z € X. From the inequality (3.1), we have,

FAZ,A2:B(t) > S(Fm,AI(;)a FAw,Azm(;))v

and hence,

t
Fag a2,(t) > Fa:,A:v(B)-

Since the probabilistic metric F'is an r-distance, assume that there exists
y € X with y # Ay and

sup{T(Fyy(t), Fy az(t)) :z € X} = 1.
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Then, there exists {z,} such that
lim T(F$n7y<t)7 FxnyAwn (t)) =1
n—oo

Since Fy, 4(t) — 1 and Fy, a,(t) — 1, then by Lemma 2.7, we
have {Ax,} converging to y. On the other hand, since A satisfies the
condition (3.1), then we have,

t t

FAacn,Ay(t) > S(an,Aa:n(B)va,Ay(B)) I 17

as n — o0, i.e., y = Ay. This is a contradiction. Hence, if y # Ay,
then

sup{T (Fyy(t), Fpa2(t)) :x € X} < 1.

By Theorem 3.1, there exists z € X such that z = Az. Since F € DT,
then the uniqueness is trivial. This completes the proof for (a).

(b). The argument is as in case (a) except in this case we make use
of Remark 2.9. O

Definition 3.4. [6] We say that the r-distance f has property (C'), if
it satisfies the following condition:

foy(t)=C', forall ¢ >0, implies C' =1.

Theorem 3.5. Let (X, F,T) be a complete Menger PM-space, f be an
r-distance on it and A, B : X — X be maps that satisfy the following
conditions:

(a) B(X) € A(X);

(b) A and B are continuous;

(C) fB(oc),B(y)(t) > fA(x),A(y)(%): fO’I“ allz,ye X, t>0and 0 < k <
1.

Assume that for each x € X,
Ef(A(2), B@)) + Ey(A(2), 2) + Ef(B(x), 2) + Ey(B(2), B(B(x))) < ,
for all z € X with B(z) # B(B(z)), where,

E¢(w,u) = sup{E, s(w,u) : v € (0,1)}.

Also, suppose if {xn} is a sequence in X with lim, .~ A(xz,) =y € X,
then for every p €]0, 1, we have,

Bup(Alw).y) < m B p(Alea). Alzy)).
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In addition,
(i) If (1.1) holds and there exists a xo € X with

E¢(A(xo), B(wo)) = sup{Ey s (A(x0), B(zo)) : v € (0,1)} < o0,
and
Ef(B(x0), B(B(x0))) = sup{Ey ¢ (B(x0), B(B(z0))) : v € (0,1)} < o0,

then A and B have a common fized point provided that A and B com-
mute.

(ii) If (1.2) holds, then A and B have a common fized point provided
that A and B commute.

Moreover, if f has property (C'), f(.) is non-decreasing and B(v) =
B(B(v)), for allv € X, then fp) pw)(t) =1.

Proof. (i). We claim that for every z € X,

inf{Ey(A(x), B(x)) + Ef(A(x),2) + Ey(B(x), 2)

+E;(B(x), B(B(x)))} >0,

for every z € X with B(z) # B(B(z)). For the moment, suppose
that the claim is true. Let xo in X with Ef(A(z), B(zg)) < oo and
E¢(B(x0), B(B(z0))) < co. By (a), we can find x1 such that A(z;) =
B(xp). By induction, we can define a sequence {x,, },, such that A(z,) =
B(zp,—1). By induction again,

fA@n),B@ns) () = fB@n_1),Ban) ()

t
fA(xn,l),A(mn)(E)

v

t
w2 fa@o),A@) ()

v

and therefore,

Ex j(A(zn), A(zni1)) < K"Ey £ (A(20), A(z1)),
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for n = 1,2,---, which implies that, for p > n and for any p €]0, 1],
there exists A €]0, 1 such that
By (A(zn), Alzp))
< By p(Alzp-1), Alzp)) + Ex p(A(zp-2), A(2p-1)) +
-+ By p(A(zn), A(Tni1))

p—1
< By(Alwo), A(m)) YK <

KB (Aw0). Ale).

Thus, {A(z,)} is a Cauchy sequence. Since X is complete, then there
exists y € X such that lim, . A(x,) = y. As a result, B(z,—1) =
A(zy,) tends to y, and so {B(A(zy))}n converges to B(y). However,
B(A(zy,)) = A(B(xy,)) by the commutativity of A and B, and so A(B(zy))

converges to A(y). Because limits are unique, A(y) = B(y), and so
A(A(y)) = A(B(y)). On the other hand, we have,

kn
— Er(Alzo), A(z1)).
So since this holds for all x4 €]0, 1, then we have,

By(A(za),v) < 1

By p(Alon),y) < lim By p(Alen), Alp)) < §

n

£ B (Alao), A(w).

Similarly, since B(z,) = A(zn+1), then we have,
kn—l—l

1-k

Ef(B(xn)ay) < Ef(A(xO)vA(xl))a

and

t
FB@a),BBE)E) 2 fa@n),aBE) ;)

t
fB(mn_l),B(B(;tn_Q)(%)

t
> fA(xn,l),A(g(mn,l))(ﬁ)
t
= fB(mn_Q),B(B(zn_z))(ﬁ)
t
> > fA(ml),B(A(xl))(ﬁ)7
which imply:
E, (B(xn), B(B(7n))) kK"E, ;(A(x1), B(A(z1)))
k" Ef(A(z1), B(A(21))),

IAN A
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and so,
Ep(B(n), B(B(xn))) < k" Ef(A(x1), B(A(21))-
Now, we show B(y) = B(B(y)). Suppose B(y) # B(B(y)). By the

claim above, we have,

0 < inf{Ef(A(x), B(x)) + Ef(A(z),y) + Ef(B(x),y) +
( )

)
< inf{Ef(A(l‘n ,B(l'n)) + Ef(A(xn)y y) + Ef(B(xn)7 y) +

IN

inf{k"E(A(zo), A(z1)) +
kn+1

1—k

= 0.
This is a contradiction. Therefore, B(y) = B(B(y)). Thus, B(y) =
B(B(y)) = A(B(y)), and so B(y) is a common fixed point of A and B.

Furthermore, if B(y) is a common fixed point of A and B and B(v) =
B(B(v)), for all v € X, then we have,

T kEf(A(xo),A(x1)) +

Ef(A(xo), A(1)) + K" By (A(21), B(A(21))) : n € N}

fBw)Bw»)®) = [B(BW)BBEW)®)
Fasyy),amw) (t/k)
= I, t/E).

On the other hand, since f is non-decreasing, then we have,

IBw),Bwy)#) < fB),BRY) E/E).

v

Hence,

TBw),Bw) 1) = fB),BW) (/)

which implies fp(,) () (t) = C’, for every ¢t > 0. Thus, by property
(Cl), we have fB(y),B(y) (t) = 1.
Now, it remains to prove the claim. Assume that there exists y € X
with B(y) # B(B(y)) and
inf{E¢(A(z), B(z)) + Ef(A(x),y)+ Ep(B(z),y)
+E¢(B(x), B(B(z))): € X} =0.
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Then, there exists {z,} such that
Tim (B (A(w,). Bxa) + Ey(Alwn).y) + By(B(za).0)
+Ef(B(xn)7 B(B(l'n)))} =0.

By Lemma 2.8(2), fa(z,),B(z.)(t) — 1 and fa(g,),(t) — 1, and there-
fore by Lemma 2.7, we have,

(3.2) lim B(z,) =y.

Also, by Lemma 2.8(2), fp(z,)y(t) — 1 and fp,) B(B@.) () — 1,
and therefore by Lemma 2.7, we have,

(3.3) lim B(B(z,)) =yv.

n—oo

By (3.2), (3.3) and the continuity of B we have,
B(y) = B(lim B(xy,)) = lim B(B(zy,)) = y.

Therefore, B(y) = B(B(y)), which is a contradiction. Hence, if B(y) #
B(B(y)), then
inf{Ef(A(z), B(z)) + Ef(A(x),y) + Ef(B(x),y)
+ E¢(B(z),B(B(x))): z€ X} >0.

(7). The argument is as in case (i) except in this case we use Remark
2.9. O

If we work with the usual distance function we can get a more gen-
eral result improving Theorem 2.3 in [10] (we do not need to assume
Sl ™(t) < oo, for t > 0).

Definition 3.6. Let f and g be maps from a Menger PM-space (X, F,T)

into itself. The maps f and g are said to be weakly commuting if
Ff9$7gfﬂi(t) > fo,gm(t)a

for each z in X and t > 0.

For the remainder of the paper, let ® be the set of all onto and strictly
increasing functions,

¢ :[0,00) — [0, 00),

which satisfy lim,, . ¢"(t) = 0, for ¢ > 0. Here, ¢"(¢) denotes the n-th
iterative function of ¢(¢).
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Remark 3.7. First notice that if ¢ € ®, then ¢(t) < t, for t > 0. To
see this, suppose there exists tg > 0 with t9 < ¢(tp). Then, since ¢ is
nondecreasing, we have tg < ¢"(tg), for each n € {1,2,...}, which is a
contradiction. Note also that ¢(0) = 0.

Lemma 3.8. [10] Suppose a Menger PM-space (X, F,T) satisfies the
following condition:

Fpy(t)=C, forall t>0.
Then, we have C = gy(t) and x = y.

Theorem 3.9. Let (X,F,T) be a complete Menger PM-space and f
and g be weakly commuting self-mappings of X satisfying the following
conditions:

(a) f(X) <€ g(X);

(b) f or g is continuous;
(€) Frg py(P(t)) > Fya gy, (t), where ¢ € .

(i) If (1.1) holds and there exists xo € X with
EF(g.TO, f.’L'()) = Sup{E’Y,F(g‘r07 fxO) 1Y€ (07 1)} < 00,

then f and g have a unique common fized point.
(11) If (1.2) holds, then f and g have a unique common fized point.

Proof. (i). Choose ¢y € X with Er(gxo, frg) < co. Choose z; € X
with fxg = gx1. In general, choose x,41 such that fx, = gz,11. Now,
Ff:cn,fxn+1(¢n+l(t)) 2 ngn,g:tn+1(¢n(t)) = fonq,farn((lsn(t)) e
Fyazg,g2. (1)-

Note that for each A € (0,1) (see Lemma 1.9. of [10]),

EA,F(fxm fxn—i-l) = inf{¢n+1(t) >0: Ffzn,fxn+1 <¢n+1 (t)) >1- )‘}

< inf{o" () > 0: Fyup puo(t) > 1 — A}
< @"TH(Anf{t > 0 Fypp a0 (1) > 1= A})
= ¢""(E\ r(gvo, f20))
< ¢"*(Er(gro, fx0))-

Thus, Ex r(f2n, foni1) < ¢"TH(Er(gz0, f20)), for each A € (0,1), and
S0,
Ep(fan, fro1) < ¢" TN Ep(gxo, fro)).
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Let € > 0. Choose n € {1,2,...} so that Ep(fxy, frnt1) < € — ¢(€). For
A € (0,1), there exists p € (0,1) with

Exrp(fan, font2) < Eur(fon, foni1) + Eur(fonst, foag2)
< Equ(fmm fanrl) + ¢(EH7F(f$m fanrl))
< Ep(frn, foni) + O(EF(fon, fTni1))
< e—¢(e) + (e — o(e))
< e

We can do this argument for each A € (0, 1), and so,

Ep(fxy, frni2) <e.
For A € (0,1), there exists p € (0,1) with
EM,F(fxna frni1) + Equ(fmn—i-l? JZny3)
EMF(fmnv fxn-kl) + Qb(E#,F(f‘Tna f$n+2))
Er(fen, foni1) + $(Er(fon, frnie))
€ —d(e) +d(e) =€
Note here that we used the fact that Fiy,  rz..5(0(t) = Fozpiy,genis(t) =
fon,fa:n+2 (t) so EA,F(fxn+1a fang3) < ¢(EM7F(fxna fZni2)). Thus,

Ep(fon, frnes) <e.

Exp(frn, tny3)

(VAN VAN VARSI VAN

By induction,
Er(fan, fenir) <efor ke {1,2,..}.

Thus, {fx,}n is Cauchy and by the completeness of X | {fx,}, con-
verges to say z in X. Also {gz,}, converges to z. Let us now sup-
pose that the mapping f is continuous. Then, lim, ffz, = fz and
lim,, fgx,, = fz. Furthermore, since f and g are weakly commuting, we
have,

ngxn,gfxn (t) > fon,gmn (t)

Let n — oo in the above inequality and get lim,, g fx,, = fz, by continu-
ity of F. We now prove z = fz. Suppose z # fz. By (c), for any ¢t > 0,
we have,

fon’ffmn (¢k+1(t)) Z Fgmnagfﬂfn (¢k(t))7 k S N.

Let n — oo in the above inequality and get

Frpz(¢M1 (1) 2 Fep26"(1)).
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Also, we have,
F,p:(08(1) 2 o pa(¢" (1)),
and

Fz,fz(¢(t)) 2 Fz,fz(t)-
As a result, we have,
F. (0" (1) = Fo p(1).
On the other hand, we have (see Remark 3.7),

F, (0" (1) < Fopa(t).
Then, F, ¢.(t) = C, and by Lemma 3.8, z = fz. Since f(X) C g(X),
then we can find z; in X such that z = fz = gz;. Now,
Ff g1 () 2 Fypa,ga (671 (2)).
Taking the limit as n — oo, we get,

Fpopa0(t) > Fpagsy (Cb_l(t)) = eo(t)
which implies fz = fz1, i.e., 2 = fz = fz1 = gz1. Also, for any t > 0,
since f and g are weakly commuting, we have,
Firog:(t) = Frgz g2 (t) 2 Fpay g2, (1) = e0(t),

which again implies fz = gz. Thus z, is a common fixed point of f and
g.

Now, to prove uniqueness, suppose 2’ # z is another common fixed
point of f and g. Then, for any £ > 0 and n € N, we have,

Fz,z’(¢n+1(t)) = Ffz,fz/(¢n+1(t)) > ng,gz’(¢n(t)) = Fz,z’(¢n(t))-
Also, we have,
F,(6"(1) = Fy (0" (1)),
and
Fz,z’(d)(t)) > FZ,Z’(t)'

As a result, we have,

Fz,z/(¢n+1(t)) > FZ,Z/ (t)
On the other hand, we have,

Fz,z’ (t) < FZ,Z’(¢N+1(t))'

Then, F, ,/(t) = C, and by Lemma 3.8, z = 2/, which is contradiction.
Therefore, z is the unique common fixed point of f and g.
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(ii). The argument is as in case (i) except in this case we make use
of Remark 1.11 in [10]. O

(1]
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