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THE nc-SUPPLEMENTED SUBGROUPS OF FINITE
GROUPS'

S. GUO, S. LIU* AND S
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ABSTRACT. A subgroup H/1s sald to be J¢-supplemented in a group
G if there exists a subgr such that HK <G and H N
K is contained in H¢g, tli§ core of H in G. We characterize the
supersolubility of fi Tou 1th that every maximal subgroup
of the Sylow subgro _supplemented in G.

1. Introduction

oup.
if there exists a
1 proved that a

p H is said to be complemented in
such that G = HK and H N_K =

soluble if and only if every Sylow is complemented [7].
RaPfadan in [13] proved that if G/H {SN\gumersoluble and all maximal
subgroups of the Sylow subgroup e normal in G, then G is

supersoluble. A subgroup H is c™Myormal in G if there exists a normal
subgroup N of G such that ;% and H N N is contained in Hg,
9

the core of H in G (see [1Z)" iously c—normality is weaker than
normality. A subgr aid to be c—supplemented in a group G if
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there exists a subgroup K such that HK = G and H N K is contained
in Hg, the core of H in G (see [3]). The notion of c-supplementation
is a generalization of the notions of complement and c-normality. Li et
al. in [12] defined the following concept: A subgroup H is said to be
nc-supplemented in a group G if there exists a subgroup K < G such
that HK <G and H N K is contained in Hg, the core of H in G.

In this note, we give some generalization of su bility based on
the concept of nc-supplementation.

We will prove the following theorem:

Theorem 1.1. Suppose that G is a grgd rmal subgroup H
such that G/H is supersoluble. If everglmaxim group of every Sylow
subgroup of H is nc-supplemented 4 en G%1s supersoluble.

A class of finite group § is sgfd to'be a fgFmation if every epimorphic
image of an F-group is an §-grdup and {f G/N1 N Ny belongs to § when:

ever G/N; and G/N3 belogg to fofmation § is said to be saturate
G/®(G) € § (see [14, p. 277])nThe

if a finite group G € § w J
class of supersoluble group i¥a safurated formation (see [14, 9.4.5]). et
i denote the clas @» supepsoluble groups.

Let § Be a saturated formation containi®g 4. Quppose
ith a normal subgroup H such that G/hfe §. If

efinitions and notations are standz&gle refer to [11]

2, Prelimim%,
In this section, we give sofi¥g and some lemmas.
Definition 2.1. ([3]) A_s w—111is said to be c—supplemented in

group G if there exiss asulgroup K such that HK = G and H N K s

contained in Coreg( hen we say that K is a c—supplement of H
n G.

Definition 2.2. ([12]) Let G be a group and H a subgroup of G. Then
H is said to be nc—supplemented in G if there is a subgroup K of G such

that HK <G and HN K < Hg. We say that K is a nc—supplement of
H inG.
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Remark 2.3. If H is a mazimal subgroup of G, then an nc-supplement
of H in G is a c-supplement of H in G.

Proof. If H is nc-supplemented in G, then there exists a subgroup K
such that HK <1G and H N K < Hg. The maximality of H implies that
HK = G or HK = H. In the former case, H is c-supplemented in G.
In the latter case, H < G and so H is also c-supplemented in G. O

Remark 2.4. Being nc-supplement is weake supplementation

and normality.

nc-supplemented is a generalized enyed. In general, nc-

supplementation does not imply c- on. For example (see

[12, Example 3|), let G = A4 and (34), (13)(24), (14)(23)}.

Let C = {(1),(12)(34)} and #F= (24)}. Then B=CH <G
and C is nc—supplemented in G byt not c-supplemented in G since

Cq = 1 and G has no subgroig of orfler 6.

Lemma 2.5. ([12, Le If H is nc—supplemented in th%
there exists a sub C Xf G such that HNC = Hg and HC' <

5]) Let G be a group. Then
and H is nc—supplemented {n H is

Lemma 2.6.

d N < H, then H is nc—supplegpented n G if and

N #AG and (IN|,|H|) = 1. If H is pe— lemented in G,
is nc—supplemented in G/N.

ynma 2.7. ([16, 2.16]) Let § be a formse ontaim'ng U and let G
be & group with a normal subgroup H suc /H €5. If H is cyclic,
then G € §.

3. Main re e1r applications

In this section, give @roofs of the main theorems.
The proof of rem 1.1

Proof. Suppose that G 19a counter-example of minimal order. We have:
Step 1. Every proper subgroup M of G containing H is supersoluble
and G is soluble.
Since H < M, it follows that M/H is a proper subgroup of G/H.
Since G/H is supersoluble, it follows that M /H is supersoluble. Thus
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M satisfies the hypotheses of the theorem, and by the minimality of G,
M is supersoluble. In particular, H is supersoluble and so G is soluble
by [4].

Step 2. ®(G) < H and (G) = 1.

Since the class of supersoluble group is a saturated formation by [14,
9.4.5], it is easy to get the result.

In the following, let L be a minimal normal suhyef
in H. Then, by Step 1 and [10, Lemma 8. 6, p.
abelian p-group for some prime divisor p of

Step 3. G/L is supersoluble and L iggheyuniqug”minimal normal
subgroup of G which is contained in H,

First, we check that (G/L, H/L) AMNsfies th§/hypothesis as (G, H).
L =H. Then G = G/L.

Case a. If p = ¢, we assum@ that I) < P, then P = Q > L. Let P
be a maximal subgroup . thesis P; is nc-supplemented in
G, and by Lemma 2.6, P; plemented in G. The minimaligy of

G implies that G iss

p. of G contained
an elementary

e another minimal normal subgro G contained in
is supersoluble by Step 3. Since @Y RN G/RxG/L,

rom [1, Theorem 3] that, G/R is Sypersoluble. On the
hand, RNL < Landso RNL=1o0 %& L by the minimality
of L.ZIn the former case, G/1 = G is supegoMble, a contradiction. In
the latter, L is unique.

Step 4. L=F(H)=Cg &

Since L is an elementary aldg @ al subgroup of G, L < H. So
by [11, 6.5.4], F(H), thaFit# béroup of H contains every minimal
normal subgroup of B, By @eorem 1.9.17] and Step 2, F(H) is the
direct product of min1 ormal subgroups of G contained in H. Then
L = F(H) by Step 3. G is soluble by Step 1, F(H) < Cy(L) =

Cy(F(H)) < F(H) by [19, Lemma 2.3].
Step 5. L is a Sylow subgroup of H.
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Let ¢ be the largest prime divisor of |H| and let @ be a Sylow g¢-
subgroup of H. Since H/L is supersoluble, it follows, by [9, VI-9.1(c)],
that LQ/L is characteristic in G/L and so LEQ < G. Thus we have:

Case a. If p=¢, then L < P = Q <G. Therefore, by Step 1 and [4,
Hilfssatz C|, L = @ is a Sylow subgroup of H.

Case b. If p < g, then L < P and PQ = PLQ is a subgroup of
(. Since every maximal subgroup of all Sylow gfBBagups of PQ is nc-
supplemented in PQ by Lemma 2.2(1), PQ #§
the theorem. Then we have:

Subcase a. If PQ < G, then, by Stofl,
Q < PQ by [9, VI-9.1]. Hence LQ =
[19, Lemma 2.3], a contradiction.

Subcase b. Assume that = G and L < P in the case

Q 4 G. Since LN Ng(Q) = is gharacteristic in H = PQ = G,
it follows that G = [L]|Ng(Q be a Sylow p-subgroup of Ng(
Then LP, is a Sylow p- . Choose a maximal subgroup
of LP2 with P2 S P1
L = Py, which gow
is nc-supplemep

WNis Ypersoluble and so
nd # Q < Cg(L) < L by

~—

en there exists a subgroup ]
< Pig = 1. Hence if K is

emma 2.3], K < Cg(L) < L, a
t K is not a g-group. Since |K

p of G. By Step 1, PiQ" is supgrs
Q* < PLQ*. Thus LQ* = L x Q" < Cpg(L) < L
icti ¢ have PPK = G. Now
ag) a normal p-complement Q4
which is also a Sylow ¢-s bgrou & G. By [8, Theorem 4.2.2], there
exists a g € LP, = P such W , Q. Since P; < P, we have G =
PK=(PK)Y=P e ’ 9 = 1. Since K9 = K has a normal
p-complement and 9 , it follows that K9 < Ng(Q). Since
P=LP,=PLP —Pl(LPQﬂKg) lfpl(LpzﬁKg)SPQ,
then LP, < PPy < contradlct10n. So P{(LP, N KY9) & P; and
P, must be a proper stbgroup of P3 = (Ps, LP, N K9), where Ps is
a subgroup of a Sylow p-subgroup P. Thus P, and K¢ are contained
in Ng(Q) and so P3 is a p-subgroup of G containing a proper Sylow
p-subgroup P, of N¢(Q), a contradiction.
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Thus L is a Sylow subgroup of H.

Step 6. |L| = p.

Let L1 be a maximal subgroup of L. Then, by hypothesis, L; is nc-
supplemented in G and so, by Lemma 2.5, there exists a subgroup K
of G such that L1 K <G and L1 N K < L1g. By Step 3, WK > L,
and so L = LN (L1K) = L1(L N K). It follows that LN K = L or

LN K < L. In the first case, it is easy to get L N . In the second
case, LiNK < Ly < L,andso LiINK =L1NK K < L. Since
LiNK <G and L <G, it follows that L(Lq L(LiNnK) =

K > L by the

7, G is\supersoluble, a contradiction.
Remark 3.1. The conditi heorem 1.1 “ G/H 1is superso e%
cannot be replaced 1s soluble 7. Let G = A4 x Cs, mhgre
is the alternati gree 4 and C5 is a cyclic group & ogr .
uble. Obuviously, Cs satisfies the ' but
Theorem 3.3]) Let G be a finite ggoup an¥l let N be

a no grgup of G such that G /N is supersoluple. Xf every mazimal

eery Sylow subgroup of N is c—sup‘%n in G, then G

llary 3.3. ([17, Theorem 1.1]) Let Gibe 1te group. Suppose Py

is c-normal in G for every Sylow subgagup N, of G and every mazximal
b

subgroup Py of P. Then G is supersglu
Corollary 3.4. ([2, Theore% be a finite solvable group. Then

G is supersoluble if and only is supersoluble and all maximal
subgroups of every Syldw oup of F(H) are normal in G.

Corollary 3.5. ([15,\fheéorem 1]) Let G be a finite group such that
all mazimal subgroups o low subgroups are normal in G. Then G is
supersoluble.

Corollary 3.6. ([13, Theorem 3.5]) Assume that G/H is supersolvable
and oll maximal subgroups of the Sylow subgroups of H are normal in
G. Then G is supersolvable.
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The proof of the theorem 1.2

Proof. Assume that the theorem is false. And suppose that G is a
counter-example of minimal order. By Lemma 2.6, we have that ev-
ery maximal subgroup of the Sylow subgroups of H is nc-supplemented
in H and so G is soluble. Then by [12, Theore H is soluble. We
consider the following two cases:

Case 1. H is a p-group for some prime >

Step 1. Let N be the §-residual subgr . Qn N =Cy(N) =

Let M be a nontrivial normal su
subgroup of M H with M < B.
B|=|MH : M(HNB)| = |H,

is B. Thus B/M is nc-supp in G/M by Lemma 2.6(2).
minimal choice of G im hat G/M € §. Since N is the F-residu
subgroup of G, it follows dpAt MG) = 1 and N is an elementar lia,

subgroup of G is ¥ saturated formation. Obvioug
Let F(H) be g subgroup of H. Then N = E

a saturateggormat1®., Then F(H) < Cy(N) < N si ’
Thus N N) ="F(H) is a minimal normal nontriviall pgsubgroup

nd let B be a maximal
N B). Since p = |MH :

is’a Sylow p-subgroup of G.
at H is not a Sylow p-subgroup G is soluble. It
m [5, Theorem 3.5, p. 229], that &e ists a Hall {p, ¢}-
equal to p, and that

O 1 he Sylow p-subgroup of
G and H < G. Since G/H is supe 'HQ/H is supersoluble . If
HQ < G, then HQ is supersolubl 1Is NQ. Then NN@ =1, and
NQ@ = N x@Q since N <IN Qd™Q §gupersoluble. By [5, Theorem 1.3,
p. 218], @ < Cg(N) < Niction. So H is a Sylow p-subgroup
of G.

Step 3. |N| =

Let H; be a maxifal subgroup of H. Then N < H;. Otherwise,
N = H; < G, it follows Yfrom [17, Theorem 1.1], that G € §. H; is nc-
supplemented in G by hypothesis and so there exists a subgroup K of G
such that H1 K <G and HiN K < Hyig. Thus we have that HHiNK =1
or Hi N K = N. If the former, H1K > H or HHK = Hy and so K > H
or H; > K, which contradicts H1 N K = 1.
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Hence N < K and N is a Sylow p-subgroup of K. If N is not a
Sylow p-subgroup of K, then there is a Sylow p-subgroup Px of G with
N < Pg,and so Hi Py = H or Hi Pk = Hy. In the former case, Px = H
and so H1NK = HiNH = Hy <G. It follows, from [13, Theorem 3.5],
that G is supersoluble, a contradiction. In the latter, N < Px < H;
and so N = HHNK = Hi N Px = Pg > N, another contradiction.
Thus N is a normal Sylow p-subgroup of K. By & K < G and so
HK < G. Since HK/H is supersoluble and eve

pal choice of G
et @ be a Sylow
. Thus @ is normal

that, HK is supersoluble and so K is su
g-subgroup of K, where ¢ is the larges

in K, and NQ = N x Q. This mean Ck(
Hence there does not exist non-tri magimal subgroup of H, that is,
H is a Sylow p-subgroup of G ¢f order p. NWamely, |H| = |N| = p.

Step 4. The final contradicfon.
By Step 3, H is a cycliggubg y Lemma 2.7, G € §, a contra
diction.

2.6(1), the m
supplementodWN

(H/P) = G/H € §. By the minimdligy\of G, G/P € §.
by Case 1, a contradiction.

inimal counter-example does not exjst.
is completes the proof. @ ]

Remark 3.7. The condition of The @ “8L 7 cannot be replaced
by “ N7, where N is the class O@i potent groups. Let G = Sj
the symmetric group of degr hoh G is supersoluble, but G not
nilpotent.

Corollary 3.8. ([1&% g/?]) Let § be a saturated formation con-
taining . Suppose tha s a group with a soluble normal subgroup H
such that G/H € §. If alPmazimal subgroups of all Sylow subgroups of
F(H) are c-normal in G, then G € §.

Corollary 3.9. ([19, Theorem 3.1]) Let § be a saturated formation con-
taining Y. Suppose that G is a group with a normal subgroup H such
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that G/H € §. If all mazimal subgroups of all Sylow subgroups of F*(H)
are c-normal in G, then G € §.

Corollary 3.10. ([20, Theorem 1.2]) Let § be a saturated formation
containing . Suppose that G is a group G with a normal subgroup H
such that G/H € §. If all mazimal subgroups of all Sylow subgroups of
F*(H) are c-supplemented in G, then G € §.
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