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ABSTRACT. In this paper, we consider a general integral operator
Gn(z). The main object of the present paper is to study some prop-
erties of this integral operator on the classes S* (), K(a), M(B),
N(8) and KD(u, B).
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1. Introduction

Let A denote the class of functions of the form
oo
f(Z) =z + Zanzn7
n=2

which are analytic in the open unit disk
U={zeC:|z| <1}
and satisfy the following normalization condition
fO)=f(0)-1=0.
We denote by S the subclass of A consisting of functions f which are

univalent in U.
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A function f € A is a starlike function by the order a, 0 < o < 1 if f
satisfies the inequality

Re (?&i?) >a, z€U.

We denote the class of functions f € A satisfying the above condition
by S*(a).

A function f € A is a convex function by the order ,0 < o < 1 if f
satisfies the inequality

z2f"(z
Re< ]{’((z)) —i—l) >a, z€U.
We denote the class of functions f € A satisfying the above condition
by K(a).

Let N () be the subclass of A consisting of the functions f which satisfy
the inequality

Re (Zj:;’(s) + 1) <p, zelUp>1.

This class was studied by Owa and Srivastava [8].
Let M(f) be the subclass of A consisting of the functions f which satisfy

the inequality
/
Re (Zf (Z)) <B, zelU;p>1.
f(2)
This class was studied by Porwal and Dixit [12].
A function f is said to be in the class KD(u, 8), if it satisfies the following
inequality

(e

for some p > 0 and 0 < § < 1. This class was studied in [13].

For f;, g € Aand a; > 0, v; > 0,7 =1,2,...,n, we define the integral
operator G (z) by

(1.2) Gn(z) = /OZ f[ <fi§t)>ai (gi(t))7" dt.
=1

Remark 1.1. This integral operator is a generalization of the integral
operator defined by Pescar in [10]. Forn =1, g = f, from (1.2), we
obtain the integral operator defined by Pescar.

+ 8
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Remark 1.2. Note that the integral operator Gy (z) generalizes the fol-
lowing operators introduced and studied by several authors:
(1) If gi(z) = fl(2), i = 1,2, ...,n, we obtain the integral operator

i) = [t (2 oy (22)

introduced and studied by Frasin [6] (see also [5, 4]).
(2) For v; =0, i=1,2,...,n, we obtain the integral operator

Fo(z) = /0 (flt(t)>m <f"t(t)>an dt

introduced and studied by D. Breaz and N. Breaz [2].
(8) For a; =0, i =1,2,...,n, we obtain the integral operator

Fypyoy, (2) = /Oz(gg(t))%...(g;(t))%dt

introduced and studied by Breaz et. al. [3].
(4) Form =1, v1 = 0, a1 = «a and fi = f, we obtain the integral

operator
Rer= [ (1)

studied in [7]. In particular, for a = 1, we obtain Alexander integral

operator
Zf(t
I(z) = / Mdt.

o ¢
introduced in [1].
(5) Forn=1,a1 =0,v =~ and g1 = g, we obtain the integral operator

Gal2) = [ ()

0

studied in [9] (see also [11]).

2. MAIN RESULTS

Theorem 2.1. Let «y, v; be positive real numbers, i = 1,2,...,n. If
fi € M(Bi), Bi > 1 and g; € N(\;), \i > 1,1 = 1,2,....n, then the
integral operator Gp(z) defined in (1.2) is in the class N'(u), where

p=1+ Z[ai (Bi = 1) + i (N = 1)].
=1
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Proof. We calculate the derivatives of the first and second order of Gy, (2).
From (1.2), we have:

oo =11 (22" )

and =

o £ (427 (F5 ) o (44" o)
7 i
) w1 ((42) " o).

By a calculation, we obtain that

S () g

The relation (2.1) is equivalent to

(2.2) ng(f)) +1= z} <ozl- (zfl((zz)) - 1) + 7 Zj,i(zz))) +1.

%

We calculate the real part of both terms of (2.2) and obtain

o (%5 1) = Z (ome) a2 )
- fi(z) (

:; <aR 8 — a; + viRe <zgg§;))+1>—%>+1.

Since f; € M(B;), Bi > 1L and g; € N(\;), \i > 1,4 = 1,2,....,n, we
obtain

2Gl(2) &
Re(G%(z) +1> < Z(azﬁz_az +/Y’LA7,_’)/2)+1

<1+Zal i +’72()‘_]—)]

Hence G, (z) € N(p), where pp=1+>"" ([ (Bi — 1)+ (A —1)]. O

Setting n = 1 in Theorem 2.1, we obtain the following
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Corollary 2.2. Let o, 7y be positive real numbers. If f € M(B), B> 1
and g € N(A), A > 1, then the integral operator

G(z) = /OZ (@)a (4'(t))" dt

is in the class N (u), where =1+ a (B —1)+~v(A—1).

Theorem 2.3. Let oy, v; be positive real numbers, i = 1,2,....n. We
suppose that the functions f; are starlike functions by order a%, that is

fi € 8*(3) and gi € KD(pi, i), i >0, 0 < N < 1,6 =1,2,...,n. If

n

Dl +v(1=X)]-n<1,

=1

then the integral operator Gy (z) defined by (1.2) is in the class K(9),
where

S=14n+> [1i(i—1)—ai
=1

Proof. Following the same steps as in Theorem 2.1, we obtain
2Gh(2) _ x < <2f’( z) ) G ))
am ~ 2\ Y
_ Zf’ 290z ))
23 Z( N

The relation (2.3) is equivalent to

SGUE) | N (2R wle)
G (2) “‘;< T T >“'

Taking the real part of the above expression, we obtain
2Gy(2) ) - < z2fi(2) zg; (2 )>
Re 41 = a;Re—“—= — a; + v;Re—=* +
( G (2) 2 (Re i 4(2)

»” S () e () e

—_
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But f; € S*(+ -), so Re HOBN a% and since g; € KD(ui, A;), for p; >0
29i (2)

fi(2)
and 0 < )\ <1 i=1,2,...,n, from (2.4), we get
+)\>—%)
9;(2)
gz ‘ Z,YZ)\_l

=G (2) 1
R6<G§L(z) 1>>1+Z(O" a—al—}—y,(m

=1 L
>1+n—zaz+2%uz

> (0, we obtain

297 (2)
9;(2)

o (2Gn(2) R U < S
R<G§L(z)+1>>1+ dai+d w(i—1)

Since ; 4

1=1 =1
(2.5) > 1+TL+Z[%' (N — 1) — a4l
=1

Using the hypothesis > ;[a; +7; (1 — A)] —n < 1 in (2.5), we obtain
that the integral operator G, (z) is in the class K(¢6), where

6:1+n+2[%()\i—1)—a¢].
=1

Setting n = 1 in Theorem 2.3, we obtain the following

Corollary 2.4. Let o,y be positive real numbers. We suppose that the
function f is a starlike function of order é, that is f € S*(é) and the
function g € KD(pu, A), p>0,0< A< 1. If

a+y(1-X) <2,

then the integral operator

G(z) = /OZ (@)a (4'(t))" dt

is in the class K(9), where
d=24+~v(A-1)—



1439 Laura Stanciu and Daniel Breaz

Acknowledgments

This work was partially supported by the strategic project POSDRU
107/1.5/S/77265, inside POSDRU Romania 2007-2013 co-financed by
the European Social Fund-Investing in People.

REFERENCES

[1] W. Alexander, Functions which map the interior of the unit circle upon simple
regions, Ann. Math. 17 (1915), no. 1, 15-22.

[2] D. Breaz and N. Breaz, Two integral operators, Studia Univ. Babes-Bolyai Math.
47 (2002), no. 3, 13-19.

[3] D. Breaz, S. Owa and N. Breaz, A new integral univalent operator, Acta Univ.
Apulensis Math. Inform. 16 (2008) 11-16.

[4] B. A. Frasin, Univalence criteria for general integral operator, Math. Commun.
16 (2011), no. 1, 115-124.

[5] B. A. Frasin, Order of convexity and univalency of general integral operator, J.
Franklin Inst. 348 (2011), no. 6, 1013-1019.

[6] B. A. Frasin, New general integral operator, Comput. Math. Appl. 62 (2011), no.
11, 4272-4276.

[7] S.S. Miller, P. T. Mocanu and M. O. Reade, Starlike integral operators, Pacific
J. Math. 79 (1978), no. 1, 157-168.

[8] S. Owa and H. M. Srivastava, Some generalized convolution properties associated
with certain subclasses of analytic functions, JIPAM. J. Inequal. Pure Appl.
Math. 3 (2002), no. 3, 13 pages.

[9] N.Pascuand V. Pescar, On the integral operators of Kim-Merkes and Pfaltzgraff,
Mathematica 32(55) (1990), no. 2 185-192.

[10] V. Pescar, The univalence and the convexity properties for a new integral oper-
ator, Stud. Univ. Babeg-Bolyai Math. 56(2011), no. 4, 65-69.

[11] J. A. Pfaltzgraff, Univalence of the integral of f’(z)*, Bull. London Math. Soc.
7 (1975), no. 3, 254-256.

[12] S. Porwal and K. K. Dixit, An application of certain convolution operator in-
volving hypergeometric functions, J. Rajasthan Acad. Phys. Sci. 9 (2010), no. 2,
173-186.

[13] S. Shams, S. R. Kulkarni and J. M. Jahangiri, Classes of uniformly starlike and
convex functions, Int. J. Math. Math. Sci. 2004 (2004), no. 53-56, 2959-2961.

(Laura Stanciu) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITESTI, TARGUL
DIN VALE STR., No. 1, 110040, PITESTI, ROMANIA
E-mail address: laura_stanciu_30@yahoo.com

(Daniel Breaz) DEPARTMENT OF MATHEMATICS, "1 DECEMBRIE 1918” UNIVER-
SITY OF ALBA IuLiA, STR. N. IorRGA, 510000, No. 11-13, ALBA IULIA, ROMANIA
E-mail address: dbreaz@uab.ro



	1.  Introduction
	2. Main results
	References

