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ABSTRACT. In this paper, the maximal dissipative extensions of a
symmetric singular 1D discrete Hamiltonian operator with maxi-
mal deficiency indices (2,2) (in limit-circle cases at 4oo) and
acting in the Hilbert space (3(Z;C?) (Z := {0,41,+2,...}) are
considered. We deal with two classes of dissipative operators
with separated boundary conditions both at —oo and co. For
each of these cases, we establish a self-adjoint dilation of the
dissipative operator and construct the incoming and outgoing
spectral representations. Then, it becomes possible to deter-
mine the scattering function (matrix) of the dilation. Further,
a functional model of the dissipative operator and its charac-
teristic function in terms of the Weyl function of a self-adjoint
operator are constructed. Finally, we show that the system of
root vectors of the dissipative operators are complete in the
Hilbert space £5(Z; C?).
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1. Introduction

In the Hilbert space, one of the useful tools to investigate the abstract
and applied theories is the functional model theory connected with dis-
sipative or contractive operators. To construct the functional models for
dissipative (contractive) operators, one can use the well known theory
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of Sz. Nagy-Foiag [9] which is related to the spectral decompositions for
self-adjoint (unitary) operators and Lax-Phillips scattering theory [8].
In this theory, characteristic function plays the main role by carrying
the complete information on the spectral properties of the dissipative
operator. The dissipative operator becomes the model in the incoming
spectral representation of the dilation. The characteristic function can
be factored, which gives some information about the completeness of
the system of eigenvectors and associated (or root) vectors. This theory
has been used for dissipative discrete singular Hamiltonian and Dirac
operators in [1]-[4].

In this paper, the minimal symmetric one dimensional (1D) discrete
Hamiltonian operator which acts in the Hilbert space ¢4(Z; E), where
E := C?, is considered with maximal deficiency indices (2,2). The de-
ficiency indices (2,2) is known as Weyl’s limit-circle cases at +oo. The
boundary conditions at +o0o will allow us to construct a space of bound-
ary values of minimal symmetric operator and describe all maximal
dissipative, maximal accumulative, self-adjoint and other extensions of
such a symmetric operator. Two classes of maximal dissipative opera-
tors generated with separated boundary conditions, called ‘dissipative
at —oo’ and ‘dissipative at 0o’ are investigated. In each of these cases we
construct a self-adjoint dilation and its incoming and outgoing spectral
representations. With these representations we determine the scatter-
ing function (matrix) of a dilation according to the scheme of Lax and
Phillips [8]. We also construct a functional model of the dissipative
operator and construct its characteristic function in terms of the Weyl
function of a self-adjoint operator with the help of the incoming spectral
representation. Finally, based on the results obtained regarding the the-
ory of the characteristic function we prove theorems on completeness of
the system of eigenvectors and associated vectors of dissipative discrete
Hamiltonian operators.

2. Preliminaries

We consider the one dimensional (1D) discrete Hamiltonian system
on the whole line
(2.1)

2 2 1 1 2
= ()Nl ) )

bku,(:) — ak_lu,illl + qku,(f) = )\(dku,(j) + Tku,(f))
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where ) is a complex spectral parameter, u(!) = {ug)} and u® = {ugf)}

k € Z) are the sequences of complex numbers uY and u(2), a # 0, by
k k

0, ag, bx, Pk, Gk, Ck, di, i € R 1= (—00,00) and Q, := ( ¢ di ) >0

di T
(keZ).
Clearly (2.1) can be regarded as a discrete analog (for ar = £1, k € Z)
of differential Hamiltonian (or Dirac-type) system given by
du(t)
dt

(2.2) J + Q(t)u(t) = A\2t)u(t), t € R,

where

_ ( p(t) k() _ [ e )

0= (4 & ) o= )

Q(t) > 0 for almost all ¢ € R, and the entries of the (2 x 2) matrices Q(t)

and Q(t) are real-valued, Lebesgue measurable and locally integrable
functions on R (see, for example, [5]).

Let [u,v] denote the sequence of complex numbers with components

[u, v] defined by
(2.2) [, ol = ax(u 52, — w5 (k € 2)

for two arbitrary vector-valued sequences

e e
wi={ug}:= toy ¢ andov:={v} = tyy ( (kE€Z)
u v

k k

To introduce the Hilbert space H := (4(Z; E) (2 := {4}, k € Z)
consisting of all the vector-valued sequences u = {ui} (k € Z) with
Y ore oo (Qpug,up)p < 400, we consider the inner product (u,v) =
Y re o (Qpug, vi) p. Denote by Liu (respectively Lu) the vector-valued
sequence with components (Liu)y, (respectively (Lu)y, := Q. '(Liu)g) (k €
Z). We consider the set D, consisting of all the vectors u € H such
that Lu € H. The mazimal operator Tiax on Dyay is defined by the
equality Tinaxu = Lu.

For m, k € Z and k < m, we have the Green’s formula

m
(2.3) D l((Law)j,v0) e = (uy, (L1v);)B] = [u, 0], = [w, 0], -
j=k
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It is clear from the Green’s formula (2.3) that for two arbitrary vec-
tors u,v € Dpax the limits [u,v] = limy o [u,v],, and [u,v]__ =
limy,_, oo [u, V], exist and are finite. Therefore, passing to the limit as

k — —oo and m — oo, we get for all u,v € Dy that
(2.4) (Tmaxt, v) — (4, Taxv) = [u,v] — [u,v]_

o -

Let Tmin denote the closure of the symmetric operator 7} .~ defined
by T/ ..t = Tmaxu on the linear set ©! . consisting of finite vectors
u = {ur} (k € Z) (i.e., vectors u = {ux} (k € Z) having only finitely
many nonzero component). The minimal operator Ty, is symmetric,
and T. = Thax.

The deficiency indices of 11, can be calculated using the deficiency
indices for the case of half-line. Indeed, (3(Z;E) is the orthogonal
sum of the space (3(N_;E) (N_ = {-1,-2,-3,...}) and (3 (N; E)
(N} = {0,1,2,...}), which are imbedded in the natural way in ¢3(Z; E).
Denote by T (Tomax) and T (Tif,,) the minimal (maximal) opera-
tors generated by the expression L in the spaces (3 (N_; E) and /4 (N; E),
respectively, and D . (D ..) is a domain of T.F. (T.f..). Then it is not

min max) min ( max

hard to see that the equality defTin = defT . + de an';n holds for
the defect number defTin := dim{(Timin — M) D (Tinin) -, ImA # 0, of
Tinin- This implies that the deficiency indices of Ty, has the form (k, k),
where £ = 0,1 or 2. For the deficiency indices (0,0), the operator Tinin
is self-adjoint, that is, T}%,, = Tmin = Tmax (see [1-7, 13-17]).

We assume that the symmetric operator Ti,;, has deficiency indices
(2,2). In other words, we assume that Weyl’s limit-circle case holds
at £oo for the expression L or the operator T, (see [1-7, 13-17]).
The domain ®,;, of T, consists of precisely those vectors u € Dpax

satisfying the condition
(2.5) [u,v] o — [u,v]_ =0, Vv € Dpax.

Let us consider the solutions of the system (2.1) O(\) = {6x(\)} and
X(A) = {xx(A) }(k € Z) satistying the initial conditions

1 2 1 2
o) = 105700 = 0, X () =0, x¢7 (0) = 1/a.

The Wronskian of the two solutions v = {u} and v = {v} (k € Z)
of (2.1) is defined as Wy, (u,v) := ak(ug)v,(fgl - ul(i)lv,(:)) and thus we
get Wy, (u,v) = [u, 9], (k € Z). Since the Wronskian of the two solutions

of (2.1) does not depend on k and the two solutions of this system
are linearly independent if and only if their Wronskian is nonzero, we
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get from the conditions (2.5) and the constancy of the Wronskian that
Wi (0, x) =1 (k € Z). Consequently, () and x () form a fundamental
system of solutions of (2.1), and (), x(A\) € H for all A € C.

Setting o = 6(0) and w = x(0), we arrive at the following equality for
arbitrary vectors u,v € ®pax

(26) [U,U]k = [U, U]k [@70‘}]147 - [U,W]k [67 U]k (k SYAY {_007 OO})

We can conclude that the domain ®,;, of the operator T, consists
of the vectors u € Dpax satisfying the boundary conditions ([4])
(2.7) fu, 0]

It is better to recall that a linear operator 7 (with dense domain
D(T)) acting in some Hilbert space H is called dissipative (accumula-
twe) if Im(Tf,f) >0 (Im(Tf,f) <0) for all fe D(T) and mazimal
dissipative (mazimal accumulative) if it does not have a proper dissipa-
tive (accumulative) extension.

The following linear maps of D,y into £ will allow us to construct
the maximal dissipative (accumulative, self-adjoint) operators:

29 au= () o= (LL7) @0

Then we have the following conclusion ([4]).

00 [uvw]—oo = [U,U]OO = [U,w]oo =0.

Theorem 2.1. For any contraction S in E, the restriction of the oper-
ator T to the set of vectors u € Dmax satisfying the boundary condition

(2.9) (S—I)¢1u+i(S+I)<I>2u:O
(2.10) (S—1)Pu—i(S+I1)Pu=0

18, respectively, a mazximal dissipative or a mazximal accumulative exten-
sion of the operator Tyin. Conversely, every mazimal dissipative (max-
imal accumulative) extension of Tyin 1S the restriction of Tiyax to the
set of vectors u € Dmax satisfying (2.9) ((2.10)), and the contraction S
is uniquely determined by the extension. These conditions give a self-
adjoint extension if and only if S is unitary. In the latter case, (2.9)
and (2.10) are equivalent to the condition (cos.S) ®1u— (sin S) Pou = 0,
where S is a self-adjoint operator (Hermitian matriz) in E.
In particular, if S is a diagonal matriz, the boundary conditions

(2.11) [uﬂ“u]foo - b [u70]—oo =0
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(2.12) [u,0)50 — B2 [t W], = 0

with ImfB1 > 0 or 1 = 0o, and ImPBs > 0 or fo = o0 (ImfP1 <0 or f1 =
00, and Imfy < 0 or B = 00) describe all mazimal dissipative (maximal
accumulative) extensions of Tmin with separated boundary conditions.
The self-adjoint extensions of Tmin are obtained precisely when ImpB; =
0 or B1 = oo, and ImfBy = 0 or B = oo. Here for f1 = oo (f2 =
00), the condition (2.11) ((2.12)) should be replaced by [u,o]_. = 0
([, = 0).

3. Self-adjoint dilations of the maximal dissipative operators

Now consider the dissipative operators T/i Ba and T 5“1 5s generated by
(2.1) and the boundary conditions (2.11) and (2.12) which can be re-
garded as ‘dissipative at —oo’, i.e. when either ImS; > 0 and ImfBs =0
or B2 = oo; and ‘dissipative at oo’, when I'mfB; = 0 or 1 = oo and
ImBs > 0.

To reach our main aim, we shall construct a self-adjoint dilation of
the maximal dissipative operator Tﬁ_1 By in the case of ‘dissipative at —oo
(Impy > 0 and ImfPBy = 0 or P = oo). For this purpose, we adjoint
the spaces L£2(—00,0) and £2?(0,00) to H. Hence we have formed the
orthogonal sum H = £2 (—00,0)® H ® L2 (0, 00) called the main Hilbert
space of the dilation. In the space H, we consider the operator TE1 By
generated by the expression

do_ Aoy

(31) T<¢7,’U,, ¢+> = <ZT£,L(U),Z dc >

on the set ”D(TEI 62) consisting of all vectors (¢_,u, ¢4) satisfying the
conditions ¢_ € Wi(—00,0), ¢+ € Wi (0,0), u € Dpax,

[u, w}foo - 61 ['U'v U]foo = 7¢— (0)7 [uﬂ'd]foo - Bl [u7 U]foo = ’y¢+(0),

(3'2> [u7 J]oo - /82 [u7w]oo =0,

where W} is the Sobolev space, and ? := 2Imf3;, v > 0. Then the
following result holds.

Theorem 3.1. The operator Ts 5, 18 self-adjoint in H and is a self-
adjoint dilation of the mazximal dissipative operator T, 51 fa
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Proof. Consider the vectors f,g € @(TEIﬁQ), f=(¢p_,u,¢;) and g =
(_,v,14). Using (3.1) and integrating by parts one obtains

0 o0
(Ts,5.F 8)m —/ iqﬁl—w—d&(Tmaxuav)HJr/ i ids = ig_(0)1-(0)
o 0
(3.3) — 194 (0)91(0) + [u, v] oo — [u,v]_o + (£, T g, )n-
Taking the boundary conditions (3.2) into account for the components
of the vectors f, g and using relation (2.6), with a direct calculation,
we see that i¢_(0)—(0) — i¢4(0)14(0) + [u,v] — [u,v]_, = 0. This
shows that Tgl s is symmetric.

For proving the self-adjointness one should prove that (Tﬁg1 52)* C

Ty 5,- Consider the vector g = (Y_,v,1) € D((T5,5,)") so that
(Tys,p,)'8 =8" = (¥, v",¢}) € Hand
(3.4) (T5,5,f 8) = (f,8")u, VE€D(T; 5).

In (3.4), if we chose vectors with suitable components for f € D(T 4, )
we can show that ¥_ € W3i(—00,0), ¥4y € W1(0,00), v € Dpmax and
g* = Tg, where the operation T is defined by (3.1). Hence for arbitrary
f€D(Ty,p,), (3.4) takes the form (Tf,g)y = (f, Tg)y . Therefore for
all f = (¢—,u,¢4) € D(Tj 5,) the sum of the integrated terms in the
bilinear form (Tf, g)y must be equal to zero:

(3.5) i9—(0)—(0) = id4-(0)91-(0) + [u, vl — [u,v] oo = 0.
On the other hand, using the boundary conditions (3.2) for [u,o]___ and
[u,w]_ ., we obtain that

(3.6)
i b1

[u,0] o = ;(¢+(0)—¢—(0)), [, w] oo = ’Y¢—(0)+7(¢+(0)—¢—(0))‘

Therefore, from (3.6), we find that (3.5) is equivalent to the equality

i¢—(0)-(0) = id1(0)91(0) = [u, V] o0 — [t V] oo

(64(0) — 6 (0) [0,] o — 16 (0) + i,f;<¢+<o> o ()] [B.0]_

(¢+(0) = ¢-(0)) [v,w]_

-: |
—[u,U]oo‘ [0,w] ., + [, W] [0,0], = >
060+ 2 610) = 6-ON 0]~ (0T~ BT
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Since the values ¢4 (0) can be arbitrary complex numbers, a compari-
son of the coefficients of ¢4 (0) on the left and right of the last equal-
ity gives us that the vector g = (¢_,v,1;) satisfies the boundary
conditions [v,w]__ — B1[v,0]_ = v-(0), [v,w]_o — By [v,0]_o =
YY+(0), [v,0] — P2 [v,w],, = 0. Consequently, establishing the inclu-
sion (T 5)* C Ty 5, we have proved that T, 5 = (Tg 5 )"

It is well known that the self-adjoint operator Ts 5, generates a uni-
tary group V7 (r) = exp[iT; 5] (r € R) in H. Let us denote by
P:H — H and P; : H — H the mappings acting according to
the formulae P : (¢_,u,¢+) — w and P; : v — (0,u,0). The fam-
ily {Vr} (r>0) of operators, where J, = PV~ (r)P1 (r > 0) is a
strongly continuous semigroup of completely nonunitary contractions
on H. Let us denote the generator of this semigroup by Ag, 3, such that
Ap, gyu = lim,—, 1+ o[(47) "1 (Vyu — u)]. The domain of Ag, g, consists of all
vectors for which the limit exists. It is known that the operator Ag, g, is
maximal dissipative. Further the operator TE1 By is called the self-adjoint
dilation of Ag, g, [9]. We shall show that Ag g, = T} 5, and this will
prove that TEI B is a self-adjoint dilation of T}, g,. For the last purpose,
we shall verify the equality [9, 11]

(3.7)  P(Ts4, — M) 'Pru= (Ts 5 — M) "'u, ue H, ImA <0.

Let us set (T5 5 — M) 7IPiu=g = (_,v,). This gives us (T35, —
Al)g = Pyu, and consequently Ty 5 v — A = u, ¢ (§) = ¥ (0)e~i
and 94 () = 14 (0)e™™s. Since the vector g belongs to D(Tps,5,) V- €
L2 (—00,0) and hence ¥_(0) = 0. Consequently, v satisfies the boundary
condition [v,w]__ — B1[v,0]__ =0, [v,0] — B2[v,w]s = 0. Therefore,
v € D(Ty,4,), and since a point A with ImA < 0 cannot be an eigen-
value of a dissipative operator, it follows that v = (T gy — M )~ L.
It is better to remark that 1 (0) is found from the formula 14 (0) =
77 ([v,w]_og = By [v,0]_o) - Then

(Tg

—1
BBy — M) Pu

= (0.(Tg5, =AD"y ([0, = By [00]_c) )
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for u € H and ImA < 0. On applying the mapping P, we obtain (3.7).
On the other side, using (3.7) one can arrive at

(1,

-1 —
5152—)\1) = P(T

5g, — M) T'PL=—iP [ VT (r)e”MdrPy

= —i | Ve Ndr=(Agp, — M), ImA\ <0,

from which it is clear that Ty ; = Ap, g,. Theorem 3.1. is proved. [
For the case ImpBy = 0 or 51 = 0 and ImfBy > 0, that is dissipative at
00, we shall construct a self-adjoint dilation of the dissipative operator
TEE By So in the space H we consider the operator Tgl 5 generated by
the expression (3.1) on the set Z)(ng1 5,) of vectors (¢, u, ) satisfying

the conditions: ¢_ € Wi(—00,0), ¢+ € W3(0,00), u € Dax,
[uvw]foo — B [u, g]foo =0, [u, U]oo — B2 [uaw]oo = ¢ (0),

(3.8) [, 0] = B2 [u,wlog = 66+(0),

where 62 := 2Imf3s, 6 > 0.
We may prove the next result similar to Theorem 3.1.

Theorem 3.2. The operator Tglm is self-adjoint in H and is a self-

adjoint dilation on the mazimal dissipative operator Tﬁﬁﬁz'

4. Scattering theory of dilations, functional model and
completeness of root vectors of dissipative operators

In order to apply the Lax-Phillips scattering theory [8] let us con-
sider the unitary group V*(r) = exp[iTjﬂ[1 5,7 (r € R) with the in-
coming and outgoing subspaces Dy, = <£2 (—00,0) ,0,0> and D,y =
<0, 0, L2 (0, oo)> which satisfy the following properties

(1) VE(r)Djp C Dy, 7 < 0 and VE(r)Dyys € Doyt 7 > 0;

(2) N V*(r)Din = () V*(r)Dout = {0};

r<0 r>0

(3) U Vi(T)Dln = U Vi(r)Dout = H;

r>0 r<0

(4) Dip LDy

Property (4) is obvious. To prove the property (1) for D, (the proof
for Dy, is similar), we set Rf = (T§152 —A)~!, for all A with ImA < 0
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and for any f = (0,0, ¢4) € Dyt we have

. g .
Rff = (0,0, —ie”\g/ e~ Mg, (s)ds.
0

This gives that Rff € Dyyut. Hence for g1 D, we find
0= (Ryf.8)y = —i/ e~ (VE(r)f, ) g dA, TmA <0,
0

which implies that (VE(r)f,g)g = 0 for all r > 0. Hence VE(r)Dyy: C
Doyt for r > 0, and thus property (1) has been proved.

To prove the property (2) for Dy, (the proof for D;, is similar), we
consider the linear mappings P+ : H — £2 (0, 00) and P} : £2 (0, 00) —
Doyt defined by Pt : (¢_,u,¢4) — ¢4 and P : ¢ — (0,0,¢), re-
spectively. It is better to note that the semigroup of isometries Z, =
PHV=(r)P;, 7 > 0 is a one-sided shift in £2(0,00). Indeed, the gen-
erator of the semigroup of the one-sided shift &, in £2?(0,00) is the
differential operator i(d%) with boundary condition ¢(0) = 0. Besides,
the generator A of the semigroup of isometries Z,., r > 0, is the operator

- - do,  .do
_ pt +e _ Dt o+ B
A¢ =P T/81/82P1 f= PTT 1582 <O7 07 ¢> =P <O7072d7§> = Zdig,

where ¢ € W3 (0,00) and ¢(0) = 0. Since a semigroup is uniquely deter-
mined by its generator, it follows that Z, = A}., and hence
(V™ (r)Dout = (0,0, (] XL2 (0, 00)) = {0},
r>0 r>0
which proves (the proof for V*(r) is similar) the property (2).
We should remind that a maximal dissipative operator S (with do-
main D(S8)) acting in a Hilbert space H is called totally nonself-adjoint

(or pure) if there are no nonzero subspaces M C D(S) of H such that
S induces a self-adjoint operator in M.

Lemma 4.1. The operator Tﬂjiﬁz is totally nonself-adjoint (pure).

Proof. Let H C H be a nontrivial subspace in which Ty, By induces a
self-adjoint operator T with domain ®(T") = H'ND(T} 5,) ina H' C H
(the proof for Tgl 5, is similar). For z € D(1") one can conclude that
2z € D(T™) and [z,w]_ — 1 [2,0] o =0, [2,w]_ — B1[2,0] o, =0,
[2,0] — B2 [2,w],, = 0. From this, we have [z,0]__ = 0, where z(\) is
the eigenvector of the operator T 51 that lies in H’ and thus it is also an



1563 Allahverdiev

eigenvector of T”. From the boundary condition [z, w]__ —f1 [2,0]_, =
0, we obtain [z,w]__ = 0 and z(\) = 0. Since all solutions of (2.1) are
from (2(Z; E), it is obtained that the resolvent R (T, 5,) of the operator

T},p, is a Hilbert-Schmidt operator and hence the spectrum of Ty 5 is
purely discrete. Hence, by the theorem on expansion in eigenvectors of
the self-adjoint operator 7", we have H' = {0}, i.e. the operator T, 5,
is pure. This proves the lemma.

According to the Lax-Phillips scattering theory, one can define the
scattering matrix with the help of spectral representations. Using this
construction, we will also prove property (3) of the incoming and out-
going subspaces.

Consider the spaces

H* = | JV*(r)Dsn, HY = [ JV*(r)Dou.
r>0 r<0

Lemma 4.2. The equality HE + HE = H holds.

Proof. One can see that the subspace H. = HS (Hj_[ + Hf) is invariant
relative to the group {V*(r)}. Further we can consider the space H',
as H, = (0, H%,0), where H’ is a subspace in H. Hence, if the sub-
space H', (and hence also H',) were nontrivial, then the unitary group
{V*(r)}, restricted to this subspace, would be a unitary part of the
group {V*(r)}, and hence the restriction T’ 551/52 of TE? 5, to Hy would be
a self-adjoint operator in H/.. We know that the operator Tgcl By is com-
pletely nonself-adjoint. Hence it follows that H. = {0}, i.e. H/, = {0}.
The lemma is proved. O

Consider the solutions ¢(A) and () of the system (2.1) satisfying
the conditions

(41) [(p’o-]—oo = -1, [307(")]—00 = Oa W}ao’]—oo =0, [¢7W]—oo =1
According to the Weyl’s analysis, the function Mg, (A) of the self-

adjoint operator T__ s called the Weyl function is parametrized from the

condition [¢) + Muog,p, 0], —F2[¢ + Mg, 0, w] =0 as

[, 0] = B2 [, W]

[907 U]oo — P2 [907(“)]00 .

(4.2) shows that Myp,(A) is a meromorphic function on the complex

plane C with a countable number of poles on the real axis, and these
poles coincide with the eigenvalues of the self-adjoint operator Tog,.

(4.2) Moop, (A)=-
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Further M..g,()) has the following properties: ImAImMeaog,(X) > 0 for
Im\ # 0 and Mg, (A) = Moos, (N) for complex A with the exception of
the real poles of Moo, (A).

Let us adopt the following notation ¥(\) = ¢(\) + Mg, (A)@(A) and
consider the function

(4.3) O5.5,(A) = W’

and the vector
Fy(€,6) = (€7, (Maop, (A) = B1) T190(N), ©5, 5, (Ve ™).

The vector [ (&,¢) satisfies the equation T/ = Af and the boundary
conditions (3.2) for real A, but it does not belong to the space H for real
A.

Let us define the transformation W_ : £ — f_(\) as (¥_f)()\) =
() = \/%(f, I )u on the vector f = (¢_,u, ¢4 ) in which ¢_, ¢, are
smooth compactly supported functions, and v = {u}(k € Z) is a finite
sequence.

Lemma 4.3. The transformation Y_ maps H_ isometrically onto
L2(R). For all vectors f,g € H~ the Parseval equality and the inver-

sion formula hold:

= (g )= [ EOEM == [ E i

—00

where £_(\) = (U_f)(\) and §_(\) = (T_g)(\).
Proof. For the vectors f = (¢_,0,0), g = (¢_,0,0) € Dj;,, we have

f‘_(A)::\/%(fFA \/%/ P (£)eNde € H2.

Using the Parseval equality for Fourier integrals, we get that

(F, ) = / b ()0 (€)dt = / E (VA = (V_£,0_g)p

We should note that H2 denotes the Hardy classes in £2(R) that consists
of the functions analytically extendable to the upper and lower half-
planes, respectively.

Now consider the dense set H in H” consisting of vectors f € H"
such that f = V7 (r)fy where fy = (¢_,0,0), ¢p_ € C5°(—00,0). In this
case, if f,g € H_, then for r > r¢ and r > rg, where r = 7¢ is a
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non-negative number (depending on f ), we have V= (—r)f, V= (—r)g €
D;, and, moreover, the first components of these vectors belong to
C3°(—00,0). Since the operators V™ (r) (r € R) are unitary and the
equality U_V=(r)f = (V= (r)f,F)u = e (£, F)u = e U_f holds,
we have

f,gu=V (-t YV (-r)ga= WV (-, ¥V (-r)g)

(4.4) = (e U_f e MU _g) 2 = (U_f,U_g)pe.

Taking closure in (4.4), we obtain the Parseval equality for the whole
space H_. If all integrals in it are understood as limits in the mean
of integrals over finite intervals, then the inversion formula follows from
the Parseval equality. Finally we have,

U_H” = JU_V-(r)Djy = | Je H2 = L2(R),

r>0 r>0

i.e. U_ maps H_ onto the whole of £2(R). The lemma is proved. [
Consider the vector

F(E9) = (05,5,(Ve ™, (Moo, (\) = B1) 190N, €™,

which do not belong to the space H for real A\, but satisfies the equation
TF = AF (A € R) and the boundary conditions (3.2). ~

We define the transformation ¥ : f — f (X) as (W f)(N\) := £, (A) :=
\/%(ﬂ Fj\r)H, where f = (¢_,u,¢4), and ¢_, ¢4 are compactly sup-
ported smooth functions, and u = {ux} (k € Z) is a finite sequence. The

proof of the next result is analogous to that of Lemma 4.3.

Lemma 4.4. The transformation V., maps H isometrically onto
L2(R) and for all vectors f,g € H7, the Parseval equality and the in-
version formula hold as follows:

o0

e = (koo = [ BOEND £= o= [ By

—00

where £, (A) = (V1£)(A) and §+(A) = (V+g) ().

From (4.3) one can see that the function © ; satisfies ’@Ig 5 (/\)‘ =1
1P2 1P2
for all A € R. Hence we have

(4.5) Fy =050 (AeR).
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Further, from Lemmas 4.3 and 4.4 we obtain that HZ = H} and to-
gether with Lemma 4.2 we have H = H~ = H . This proves the prop-
erty (3) for V= (r).

Thus, ¥_ is the incoming spectral representation for the group {V~(r)}.
Because the transformation W_ maps isometrically onto £(R) with the
subspace D;,, mapped onto H2 and the operators V= (r) passing into the
operators of multiplication by €’". Similarly ¥ is the outgoing spectral
representation for {V~(r)}. It follows from (4.5) that the passage from
the W -representation of an vector f € H to its U_-representation is re-
alized by multiplication by the function ©5 4 : o\ = B1fo (MEL(N).
Lax and Phillips showed that [8] the scattering function (matrix) of
the group {V~(r)} with respect to the subspaces D;, and D, is the
coefficient by which the W_-representation of a vector f € H must be
multiplied in order to get the corresponding ¥ -representation: f'+()\) =
6%1 5 (ME_(X). According to [8], we have now proved the following re-
sult.

Theorem 4.5. The function @5152 is the scattering function (matriz)
of the unitary group {V~(r)} (of the self-adjoint operator Ty 5 ).

It is known that the subspace K = ’H%r @@’H%r is a nontrivial subspace
of the Hilbert space 7—[3_, where © is an arbitrary inner function (]9,
10]) on the upper half-plane. In the subspace I, let us consider the
semigroup of the operators Z, (r > 0) acting according to the formula
Zou = Ple*u], u := u()\) € K, where P is the orthogonal projection
from H% onto K. Let A denote the generator of the semigroup {Z,} :
Au = lim,_, 1 o[(ir) "' (Z,u—u)]. The operator A is a dissipative operator
acting in I and having domain ®(.A) which consists of all functions
u € K for which that the limit exists. The operator A is called a
model dissipative operator. It is better to note that this model dissipative
operator, which is associated with the names of Lax and Phillips [8], is
a special case of a more general model dissipative operator constructed
by Sz.-Nagy and Foiag [9]. It will be shown that © is the characteristic
function of the operator A.

Let us consider the space H = D;,, ® M @ Dy, where M = (0, H,0).
It was shown that with the help of the unitary transformation W_ the
following mappings

2 s _ 2 — 2
H — L2(R), £ — F-(A) = (V_£)(A), Dsn — H2, Dour = 05,5, H2,
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(4.6)
M—=HL o065 , MY, V7 (r)f = (T V- (U )(n) =™ (),

hold. These mappings (4.6) allow us to know that our operator T 5.8, 18
unitary equivalent to the model dissipative operator with characteristic
function @El By On the other hand it is well known that the characteristic
functions of unitary equivalent dissipative operators coincide [9, 11, 12].
Hence we have proved the following theorem.

Theorem 4.6. The characteristic function of the dissipative operator
Ty, 5, coincides with the function Oy 5 defined by (4.3).

Consider the solutions ¢(\) and x(A) of (2.1) satisfying the conditions

[¢7 U] = #a [¢7w] = _L7
VT GV e

B1 1

[X?U]—oo - mv [X,U)]_OO m
Let Mg, be the Weyl function of the self-adjoint operator T, ,
which is obtained in terms of the Wronskians of the solutions as follows
X Wl
[qb’ w]oo '

Mﬂmo()‘) =

Let us adopt the following notation:

K()\) = {[ZZ]]OO M) = M, (N,

MNEK () = Ba
MNKN) = By

(4.7) Ot(\) = 0] 5 (\) =

Consider the vector
T (€,6) = (e, M) [(MA)K(N) = B2)[x; wloo) L), OF (N)e™™).

Note that the vector T (&,<) does not belong to the H for A € R. How-
ever, T satisfies the equation TY, = AY, (A € R) and the boundary
conditions (3.8).

Using the vector T, we define the transformation ®_ : f — f_(\) as
(P_f)(N) :=1f_()) := \/%(f, Y, )u, where f = (¢_,u,d4), ¢, ¢4 are
smooth compactly supported functions, and u = {uy} (k € Z) is a finite
sequence. The proof of the next result is similar to that of Lemma 4.2.
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Lemma 4.7. The transformation ®_ maps HT isometrically onto L2(R).

For all vectors f,g € HT the Parseval equality and the inversion formula
hold:

o0

= (g )e = [ EOE M f= = [ Eoriay

—00

where £ () = (P_£)(\) and §_(\) = (D_g)(N).
Now let
T (6:6) = (OF(Ne™™ yM (N [(M (A K(X) = Ba) [, wloo] T 6(A), 7).

It is clear that the vector Ty (&,<) does not belong to H for A € R. How-
ever, T\ satisfies the equation TY{ = AT} (A € R) and the boundary
conditions (3.8).

With the help of the vector T;\r(ﬁ ,<), we define the transformation
O, f — ﬁ()\) on vectors f = (¢_,u, ¢ ), in which ¢_, ¢, are com-
pactly supported smooth functions, and v = {ui} (k € Z) is a finite

sequence by setting (&, £)(\) := f (\) := \/%(f, THa.

Lemma 4.8. The transformation @ maps Hi isometrically onto L2(R)

and for all vectors f,g € Hi, the Parseval equality and the inversion
formula hold:

[e.e]

(e = (Fge = [ BOEOD £= o= [ BTy

—0o0

where £ (A) = (B4£)(A) and g+(\) = (D+g)(N).

Using (4.7), one can see that the function @zgl 5, (A) satisfies ‘@Zgl By (/\)’ =
1 for A € R. Therefore we get that

- _ a5t

From Lemmas 4.7 and 4.8, we have HT = Hi and therefore together
with Lemma 4.2. we obtain that H = H = Hi From the formula
(4.8), it follows that passage from the F_-representation of a vector
f € H to its ®,-representation is accomplished as follows: fi (\) =
@El By (Mf_(X). According to [8] we have now proved the next assertion.

Theorem 4.9. The function @2152 is the scattering function (matriz)
of the unitary group {V*(r)} (of the self-adjoint operator TEIﬁQ).
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Unitary transformation F_ gives the following mappings
H— L2R), f = (A) = (®_£)(A), Din = H?, Do — O} 5 17,

(4.9) i o
M= e0) s MY, VIrE — (2 VT ()@ ' )(\) =V E (V).

Hence from (4.9), we arrive at the result that the operator Tgl 5, 18
unitary equivalent to the model dissipative operator with characteristic
function @;1 5,- We have thus proved the following theorem.

Theorem 4.10. The characteristic function of the maximal dissipative
operator Tﬁtﬂg coincides with the function (9;152 defined by (4.7).

Characteristic function of a dissipative operator T Eﬁ 5, carries com-
plete information about the spectral properties of the dissipative op-
erator [9-12]. This can be done by showing the absence of a singular
factor sT(\) of the characteristic function @?;1 5, in the factorization
®i152(A) = sT(A\)B*()\), where B¥()\) is a Blaschke product. This
proves the completeness of the system of eigenvectors and associated
vectors (or root vectors) of the dissipative operators Tji -

Let S denote the linear operator in the Hilbert space H with the
domain ®(S). The complex number )\ is called an eigenvalue of the
operator S if there exists a nonzero element uy € D(S) such that
Sug = Aoug. Such element ug is called the eigenvector of the opera-
tor & corresponding to the eigenvalue A\g. The elements uq, uo, ..., up are
called the associated vectors of the eigenvector vy if they belong to ©(S)
and Suj; = Auj +uj—1, j = 1,2,..., k. The element u € D(S), u # 0 is
called a root vector of the operator S corresponding to the eigenvalue
Ao, if all powers of S are defined on this element and (S — X\oI)"u = 0
for some integer n. The set of all root vectors of S corresponding to the
same eigenvalue \g with the vector v = 0 forms a linear set N, and
is called the root lineal. The dimension of the lineal N, is called the
algebraic multiplicity of the eigenvalue Ag. The root lineal Ny, coincides
with the linear span of all eigenvectors and associated vectors of S cor-
responding to the eigenvalue A\g. Consequently, the completeness of the
system of all eigenvectors and associated vectors of S is equivalent to
the completeness of the system of all root vectors of this operator.

Theorem 4.11. For all values of 51 with ImpB; > 0, except possibly
for a single value By = BY, and for fived By (ImB2 = 0 or Ba = 0), the
characteristic function @51 Bs of the maximal dissipative operator T, 1B
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18 a Blaschke product and the spectrum of T 5.y U purely discrete, and
belongs to the open upper half plane. The operator TB_162 (B1 # BY) has
a countable number of isolated eigenvalues with finite multiplicity and
limit points at infinity, and the system of eigenvectors and associated
(or root) vectors of this operator is complete in the space (4(Z; E).

Proof. From (4.3), it is clear that @El , 1s an inner function in the upper
half-plane and it is meromorphic in the whole A-plane. Thus, it can be
factored in the form

(4.10) 516, (A) = e™°Bg,p,(N), ¢ =c(B1) >0,
where Bg, g,()) is a Blaschke product. Using (4.10) one obtains that
(4.11) 105,8,(N)| < e BVIMA 1) > 0.

On the other hand expressing Msp,(A) in terms of ©4 5 (A), we find
from (4.3) that

_ B195,5,(N) — b1

(4.12) Mg, (N) =

’ B1B2 (A) —1
Now if ¢(B1) > 0 for a given value 81 (Imf; > 0), then (4.11) implies
that lim, ,400©g 4 (ir) = 0, and then (4.12) gives us that

limy, 4 o0 Moop, (i) = B1. ¢(B1) can be nonzero at not more then a single

point #; = Y (and, further, 9 = lim,_, ;o0 Moo, (ir)) because Myop, (A)

does not depend on (1. Therefore the proof is completed. O
The proof of the next result is analogous to that of Theorem 4.11.

Theorem 4.12. For all values of By with ImBy > 0, except possibly for
a single value By = B3, and for fived By (ImBy = 0 or By = o), the
characteristic function @El Bs of the maximal dissipative operator Tgl B
18 a Blaschke product and the spectrum of T;l s is purely discrete, and

belongs to the open upper half-plane. The operator TE;& (B2 # B9) has
a countable number of isolated eigenvalues with finite multiplicity and
limit points at infinity, and the system of eigenvectors and associated
(or Toot) vectors of this operators is complete in the space (3(Z; E).
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