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THE NEHARI MANIFOLD FOR A CLASS OF
INDEFINITE WEIGHT SEMILINEAR ELLIPTIC
EQUATIONS
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ABSTRACT. Using the Nehari manifold, we prove the existence of
positive solutions of the problem —Awu = Aa(z)u 4 b(z)|u|”~>u for
z € Q, together with the boundary condition au+(1—a)(du/on) =
0. Exploiting the relationship between the Nehari manifold and
fibrering maps (i.e., maps of the form ¢ — Jx(u), where Jy is the
Euler functional associated with the equation) and a condition on
b(z), we discuss how the Nehari manifold changes as A changes, and
show how existence results for positive solutions of the equation are
linked to properties of the Nehari manifold.

1. Introduction

In this paper we study the existence of positive solutions for the prob-
lem
{ —Au = da(z)u + b(x)|u|"2u, x€Q, (1.1)
au+ (1 —a)(0u/0n) =0, x € 09, '

where Q is a smooth bounded domain in RN, N > 2, A > 0 is a real
parameter and a,b : 0 — R are smooth functions which may change
sign. Here we say a function f changes sign if the lebesgue measure of
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{z € Q; f(x) > 0} and {z € Q; f(z) < 0} are both positive.

We shall regard o, A and + as real parameters assuming throughout that
2 <y < 2F = ]\2,]}2 Thus we shall study a superlinear perturbation of
a linear problem. In this paper we suppose 0 < o < 1. Thus a =0
corresponds to the Neumann problem, o = 1 to the Dirichlet problem
and 0 < a < 1 to the usual Robin problem.

Similar problems in the case & = 1 have been studied by Binding et al.
[3, 4] by using variational methods and by Amann and Lopez-Gomez 2]
by using global bifurcation theory and by Brown and Zhang [5] by using
the Nehari manifold. Furthermore this problem in the case b(x) = Aa(x)
and v = 3 that arises in population genetics has been studied by Fleming
[7]. In this setting, (1.1) is a reaction-diffusion equation where the real
parameter A > 0 corresponds to the reciprocal of the diffusion coefficient
and the unknown function u represents a relative frequency so that the
interest is only in solutions satisfying 0 < u < 1.

The purpose of this paper is to discuss the problem (1.1) from the vari-
ational viewpoint and, in particular, from the viewpoint of the Nehari
manifold ([9]).

The existence results can be summarized as follows. Let Aj(a) denotes
the positive principal eigenvalue of the problem

au+ (1 - a)(du/dn) =0, =€ o9, (1.2)

{ —Au = a(x)u, x € Q,
with corresponding positive principal eigenfunction u;. We shall prove
in this paper that if [, b(z)u]dz > 0, then there exists a positive solu-
tion of (1.2) whenever 0 < A < Aj(a). This result can be understood
in terms of global bifurcation theory as the sign of [, b(z)u]dz deter-
mines the direction of bifurcation from the branch of zero solutions of
the bifurcation point at A = A1 () so that bifurcation is to the left when
Jo b(x)u]dz > 0.

We will demonstrate how the structure of the Nehari manifold is deter-
mined by the sign of [, b(z)u]dz.

The plane of the paper is as follows. In section 2 we first recall the facts
that we shall require about the Nehari manifold and examine carefully
the connection between the Nehari manifold and the fibrering maps. In
section 3 we discuss the solutions of equation (1.1) when A\ < Aj(«) and
show how the behaviour of the manifold as A — (A1(a))” depends on
the sign of [, b(z)u]dz, where a € (0, 1].
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2. Notation and preliminaries

Let © be a bounded domain in R with smooth boundary 9Q, N > 2.
We will work in the Sobolev space W := W12(Q) equipped with the
norm

[lul| = {/Q(|Vu(x)|2 + u(z)?)da}! 2.

We assume that a(z),b(x) € L>(Q).
Consider the map A — pu(a, A), where p(a, A) denotes the principal
eigenvalue of the linear problem

{ —Au — da(x)u = pu, x € Q,

au—i—(l—a)g—Z:O, x € 0N. (2.1)

Our method works provided the linearized problem for equation (1.1),

viz, (2.1) has principal eigenvalues. It is shown in [1] that this occurs on

an interval oy, 1] where ap < 0. Thus we are able to obtain existence

results for equation (1.1) even in the case of nonstandard Robin bound-

ary conditions.

Clearly ) is a principal eigenvalue of the equation (2.1) if and only if

p(a, A) = 0. It can be shown that p(«, \) has the variational character-

ization

o, A) = inf{/ (IVul? = Xa(x)u?)dx + e u?do;u € VV,/ u?dr =1}
Q L —a Jaq Q

whence it follows that

(i) @« — p(a, A) is an increasing function;

(ii) A — p(e, A) is a concave function with a unique maximum such that

pla, A) — 0o as A — £oo;

(iii) if o € (0,1], then p(a,0) > 0 and so it follows that u(a, A) as a

function of A has exactly one negative zero A_j () and one positive zero

A1(a). Thus A_1(«) and A;(«) are principal eigenvalues for (2.1).

Proposition 2.1. [8] Assume that 0 < a < 1. Then for any X strictly
between A_1(a) and A\i(«), the relation

[ (/(yvuP —a(@)ud)de + 2 / w2do)\/?
Q 1—aJon

defines an equivalent norm on W.

We can now introduce the structure of the Nehari manifold. It is well
known that steady state solutions of (1.1) correspond to critical points
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of the functional
Ia(u) = / vz = Dra@)e = Lo up)de + L/ w2do
A 02 2 5 2(1 — @) Joo

that is bounded neither above nor below. In order to obtain existence
results in this case we introduce the Nehari manifold
S ={ueW;< Jy(u),u >= 0},

where <, > denotes the usual duality. Thus v € S if and only if

/Q(|Vu]2—)\a($)u2)dx+ “ / usz:/Qb(x)]ude_

1—«a Jon

Clearly S is a much smaller set than W and so it is easier to study Jy
on S.
For u € S we have that

) = (%—3) </Q(Vu|2—)\a(m)u2)dx+ o /mu%za)

v e
= (% — i)/{zb(:c)]updx

The Nehari manifold is closely linked to the behavior of functions of the
form ¢, : t — Jx(tu) (¢ > 0). Such maps are known as fibrering maps
and were introduced by Drabek and Pohozaev in [6]. If uw € W, we have

bult) = t; (/Q(]Vu\Q — da(x)u?)dz + 1 iéa /89 U2d0>
_f: /Q b(e)|u|"dz,
o) = t (/Q(|VU|2 — Xa(x)u?)dz + . fa /69 u2d0)
—71 /Q b(x)|u|"dz,
O K s ey

(=102 /Q b(a) |l da.

It is easy to see that u € S if and only if ¢/,(1) = 0 and more generally
that tu € S if and only if ¢/, (t) = 0, i.e., elements in S correspond
to stationary points of fibrering maps. Thus it is natural to subdivide
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S into sets corresponding to local minima, local maxima and points of
inflection. Thus we define

ST = {ueW;g,(1) =0,¢,(1) > 0}

= {uGS;/ﬂb(x)|u|7d1:<0},
ST = {ueS;/ﬂb(x)\u|7dx>O},

R {ueS;/{zb(m)\upd:v:O}.

Let u € W. Then
(i) if Jo(IVul? = Ma(z)u?)dz + 12 [y u?do and [, b(z)|u|"dz have the
same sign, ¢, has a unique turning point at

t(u) = [IQ(WW — Aa(@)u?)dr + 125 foq quU] =
Jb(@)|u]rdz ’

this turning point is a local minimum (maximum) so that t(u)u €
ST(S7) if and only if [, b(x)|u|"dx > 0(< 0);

(i) if [o(|Vul? = Xa(z)u?)dz + 7% [4o u?do and [ b(x)|u|”dz have op-
posite signs, ¢, has no turning points and so no multiples of u lie in S.

We define
LT = {u e Willul| = 1,/ (|Vul? = Xa(z)u?)dz + a / u’do > 0} ,
Q 1 89

—

and L~, LY similarly by replacing > by < and =, respectively. We also
define

B — {u € Wi |jul| = 1,/ b ulVdz > o},
Q

and B~ and B analogously. So we have

(i) ifu € LT N BT, then t — ¢,(t) has a local maximum at ¢ = ¢(u) and
t(u)u € S7;

(ii) if w € LT N B™, then t — ¢,(t) has a local minimum at ¢t = ¢(u) and
t(u)u € ST;

(iii) if u € LT NB™, then t — ¢,(t) is strictly increasing and no multiple
of u lies in S}

(iii) if u € L~N BT, then t — ¢,,(t) is strictly decreasing and no multiple
of u lies in S.
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We shall prove the existence of solutions of (1.1) by investigating the
existence of minimizers on S. Although S is only a small subset of W, it
turns out that minimizers of Jy on S are generically also critical points
of Jyx on W. In fact, as proved in [5], we have:

Proposition 2.2. Suppose that ug is a local minimizer for Jy on S and
ug ¢ S°, then J}(ug) = 0.

3. Main results

The following lemmas and theorems are central in proving that bifur-
cation occurs and in determining the direction of bifurcation.

Lemma 3.1. If0 < A < M\ (a), then L=, L° and ST are empty and
SO = {0}.

Proof. It is easy to deduce, by the equivalence property mentioned in
Proposition 2.1, that there exists M > 0 such that

/ (|Vul? = Xa(z)u?)dz + L/ udo > M||ul|?
Q 1 o9

for all u € W. Thus L~ and L° are empty and so ST is empty and
S% = {0}. Moreover S~ = {t(u)u;u € Bt} and S = S~ U {0}. O

In view of the preceding lemma we just investigate the behavior of J)
on S”.

Theorem 3.2. If0 < A < Ai(«), then inf,cg— Jx(u) > 0.

Proof. It is an immediate consequence of the structure of S~ that
Jx(u) > 0 whenever v € S~ and so Jy is bounded below by 0 on S~.
Let u € S~. Then v = ﬁ € LT N B and u = t(v)v, where t(v) =

|:fQ(VU|2—)\a(x)v2)dx+1o‘a fan v3do
Jo, b@)lovda

5=3
} . Now we have

/b(x)wdx < 5/ o[z < BK(/(ywy?+v2)dx)% _ DK ||v||? = BK,
Q Q Q
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where b = sup, g b(z) and K is a Sobolev embedding constant. Hence

I(u) = Jx(t(v)v)

1 1
= (5 - ;)t(v)2 [/Q(\VUIQ — Xa(z)v?)dr + 1 cja /89 U2d0':|
0
Lt o(IV02 = Aa(@)v?)dz + 125 [onv?do| 7
2 U bl@)lv]da] 7
.
1 1, M~
(5 - *) ——_ 3 ‘=6
v (bK>7*2
and so Jy(u) > ¢ >0 for all u € S, i.e., inf,cg- Jr(u) > ¢ > 0. O

We conclude this section by proving a technical theorem which gives
us a non-trivial solution of the problem (1.1).

Theorem 3.3. If 0 < A\ < \i(«), then there exists a minimizer on S~
which is a critical point of Jx(u).

Proof. Let {u,} C S~ be a minimizing sequence, i.e.,

n—oo

lim Jy(up) = inf Jy(u).
ueS—

By Theorem 2.1, we have

() = (% _ }Y) [/Q(\wy? ~ Aa(a))dr + /89 UQdU}
> (5 = 2MIjual -

Hence {u,} is bounded in W, and so we may assume that u, — ug
weakly in W for some ug € W and strongly in L? and L7. Now

n—oo n—oo

0 < lim Jy(up) = lim (;—}Y)/ b(x)|uy|"dx = (;—i)/ b(x)|up|"dz,
Q )

and so up #Z 0. Since A < Ai(a), we have [o(|Vuo|*> — Na(z)ud)dz +
2= [5q ugdo > 0 and a multiple of ug lies in L* N B*. We claim that
up — up strongly in W. Suppose that this is false. Then ||ug|| <
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liminf, ., ||u,|| and so
/(|Vu0|2 — Na(2)ud — b(x)|uo|")dx + L/ Bdo <
Q 1 —a oo

liminf | (|Vun|* — a(z)u? — b(z)|u,|")dz + a / ulde = 0.

n—oo Jq - Jon

This means ¢, (1) = o (|Vuo|*—Aa(x)u§—b(z)|uo|")dz+ 12 [yo uddo <
0. Now by using the mean value theorem for ¢, we can see that there
exists § < 1 such that ¢, (0) = 0, i.e., fug € S~ and Oug # 0. Therefore
Ouo & S°, and as {u,} € S~, we conclude that ¢, attains its maximum
at t = 1. Hence

1 1

HOuw) = (5= 200" [/Q(WUOP ~Aa(ayi)dr + /89 u%da}

1 1

< A - Le2imint U (Vunl? — Aa(z)ul)dz + —2 / w2do
Q 1 —a Jaa

2 0 n— 00

= liminf J)(Ouy,).
n—oo
Using the auxiliary function f(¢) = %tQ - %t”, we have

liminf Jy(Ou,) < liminf Jy(u,) = lim Jy(u,) = inf Jy(u),

n—o00 n—o00 n—oo ueES—
which is a contradiction. Therefore u,, — ug in W. Hence [q(|Vuo|? —
Aa(z)ud)dr + 1% [yquddo = [ob(z)|up|"dz and so ug € S~. Also
Ix(uo) = limy o0 Jr(up) = inf,cg- Jr(u) and so up is a minimizer on
S~, and since [, b(x)|uo|7dz > 0 and 0 # ug € S°, ug is a critical point
of Jx. Note that Jy is an even functional, i.e., Jy(u) = Jy(Ju|). Therefore
we may assume ug is nonnegative. O

We can also prove some properties of the branch of solutions bifurcated
from A (a) whenever the condition [, b(z)u]dz > 0 is satisfied.

Theorem 3.4. Let [, b(z)u]dz > 0. Then

(1) limy_(x, ()~ infyes- Ja(u) =0,

(i) if \n — (M(@)” and {u,} is a minimizer of Jy, on S~ then
limg, o0 un = 0.

Proof. (i) We may assume, without loss of generality, that ||u;|| = 1 and
so u; € BT. By Lemma 3.1, we get uy € Bt N LT and so t(uy)u; € S™,

|
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where

sy~ [T = Ma@pubids + 125 Jyg u%da] =8
1 Jo b(z)uidz
A1 (CY) fQ a(a:)u%dg; - fQ a(eT)u%d;c] 73
Jo b(x)uidz

(@) = A) fo a(x)u%dx] v
Jo b(z)u]dx ’

Therefore we have

I(t(u)u) = (z—-= /b t(up)uy)'dx
1 o) — Joa(x)ugdx |7~ =
= (- D) -7 R T g
= - (e -y et
2 (Jo bla)uide) =

— 0as A — (M(a)".
On the other hand, we have t(u1)u; € S~ and so
0< iI}qf Ia(u) < Ia(t(urp)ur) — 0 as A — (Ai(a)) .
ueS™

Hence limy_,(», (a))- infyeg- Ja(u) = 0.

(ii) First we show that every minimizer sequence of .J on S~ is bounded.
Otherwise we may assume, without loss of generality, that ||u,| —
oo as n — oo. Let v, = m, {vn} is a bounded sequence and so

vp — vo weakly in W for some vy € W and strongly in L? and L7.
Hence lim,, oo g a(z)vide = [, a(z)vidr and lim,— o [o b(z)|v,| dz =
Jo b(x)|vo|"dz, and

Oﬁnhj%ojkn(”n): inf Jy, (un) < sup inf Jy, (un) = 0.

Un €S An— (A1 ()~ un€S™
Therefore

1 1
lim J = lim(= - = ol = A d / Qd}
Jm D) = lim (= )| [ (V= elaaddo+ 1 [ o
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By dividing by ||u,||” we have
/(|vun|2—Ana(x)v3)dx+L/ o = HunHH/ b()|on]dz — 0

Q 1—aJon Q
as n — oo. Hence lim,_,« [ b(z)|vp[Vdz = [ b(x)|vg|"dz = 0.
Now we show that v, — wvg in W. Suppose this is false. From the
weak convergence of vy, to vg in W and [, a(z)vidr — [oa(x)vidr, we
conclude that

0 < /(|Vv0|2 — Al(a)a(ﬂc)vg)dm + a / vgda
Q o0

l1—«

lim [/Q(]an]2 — M(@)a(x)v)dr + e /89 vgda] =0.

IN

n—oo 1—«a

If v9 = 0 we then derive that v,, — 0 in W, which contradicts the
fact that ||v,|| = 1. It then follows from the uniqueness of u; that
vg = kujp for some positive constant k. On the other hand, we have
kY [ob(z)uldz = [, b(z)vjdz = 0, which is impossible. Hence {u,} is
bounded.

Thus we may assume, without loss of generality, that w,, — ug weakly
in W. Then using essentially the same argument on {u,} as has just
been used above on {v,}, it follows that u,, — up and up = 0 and so the
proof is complete. O
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