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ABSTRACT. For a graph G, let P(G, \) denote the chromatic polynomial
of G. Two graphs G and H are chromatically equivalent if they share
the same chromatic polynomial. A graph G is chromatically unique if
any graph chromatically equivalent to G is isomorphic to G. A Ku-
homeomorph is a subdivision of the complete graph K4. In this paper,
we determine a family of chromatically unique K4-homeomorphs which
have girth 9 and have exactly one path of length 1, and give sufficient
and necessary condition for the graphs in this family to be chromatically
unique.

Keywords: Chromatic polynomial, chromatically unique, K4-homeomo-
rphs.
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1. Introduction

All graphs considered here are simple graphs. For such a graph G, let P(G, \)
denote the chromatic polynomial of G. Two graphs G and H are chromatically
equivalent (or simply y—equivalent), denoted by G ~ H, if P(G,1l) = P(H,1).
A graph G is chromatically unique (or simply x—unique) if for any graph H
such as H ~ G, we have H = G, i.e, H is isomorphic to G. The search for
x—unique graphs has been the subject of much interest in chromatic graph
theory (see [5,10,11]).

A K4-homeomorph is a subdivision of the complete graph K. Such a home-
omorph is denoted by Ky4(a,b,c,d, e, f) where the six edges of K, are replaced
by the six paths of length a, b, c,d, e and f, respectively, as shown in Figure 1.
So far, the chromaticity of K4-homeomorphs with girth g, where 3 < g < 7 has
been studied by many authors (see [4,12-15]). Also the study of the chromatic-
ity of K4-homeomorphs with at least 2 paths of length 1 has been completed
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(see [6,12,16,20]). Recently, Shi et al. [19] studied the chromaticity of one family
of K4-homeomorphs with girth 8, that is, K4(2,3,3,d, e, f). In [18], Shi solved
completely the chromaticity of K4-homeomorphs with girth 8. By Ren [17],
the chromaticity of K4-homeomorphs with exactly 3 paths of same length has
been obtained. Recently, Catada-Ghimire and Hasni [1] investigated the chro-
maticity of K4-homeomorphs with exactly 2 paths of length 2. Hence, to
completely determine the chromaticity of K4-homeomorph with girth 9, there
are only 6 more types to be solved, that is, K4(1,2,6,d,e, f), K4(1,3,5,d, ¢, f),
Ky(1,4,4,d,e, ), K4(2,3,4,d,e, f), K4(1,2,¢,3,e,3) and K4(1,3,¢,2,¢e,3). The
chromaticity of the graphs K4(2,3,4,d,e, f) and K4(1,4,4,d, e, f) were solved
by Karim et al. [8,9]. In this paper, we investigate the chromaticity of another
type K4(1,2,6,d,e, f).

In [5], the following problem was posed:
Problem A Study the chromaticity of K4-homeomorphs with exactly one path
of length 1 (Page 123).

The results in this paper give a partial solution to Problem A and leaving
the general case undecided as well as to complete the study of the chromaticity
of K4-homeomorph with girth 9.

FIGURE 1. Ky(a,b,c,d,e, f)

2. Preliminary results

In this section, we give some known results used in this paper.

Lemma 2.1. Assume that G and H are x—equivalent. Then
(1) V(&)= [V(H)|, [EG)| = [EMH)| ([10]);
(2) G and H has the same girth and same number of cycles with length
equal to their girth ([21]);
(3) If G is a Kq-homeomorph, then H must itself be a Ky-homeomorph

([3]);
(4) Let G = K4(a,b,c,d, e, f) and H = Ky(a', V', d' €, f'). Then
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(i) min {a,b,c,d,e, f} = min {a',V',,d', ¢, f'} and the number of
times that this minimum occurs in the list {a,b,c,d, e, f} is equal
to the number of times that this minimum occurs in the list {a’, V',
d.de '} ([20]);

(ii) if {a,b,c,d,e, f} = {a’,b,c,d' e, f'} as multisets, then H = G
(112))-

Lemma 2.2. (Catada-Ghimire et al. [2]) Let K4-homeomorphs K4(1,2,¢,d,
e, f) and K4(1,2,¢,d', €, ') be non-isomorphic chromatically equivalent. Then
Ki(1,2,¢,i+c+ 1,0+ 1) ~ Kq(1,2,¢,0 + 24,0+ ¢),
Ky(1,2,)c,i,i+ Li+ce+ 1) ~ K4(1,2,¢,i 4+ ¢,1,i + 2),
Ka(1,2,¢,0,0+ 1,0 +3) ~ Ka(1,2, 0,0+ 2, +2,7),
where 1 > 1.
Lemma 2.3. (Karim et al. [9]) Let K4-homeomorphs K4(1,2,6,d,¢e, f) and

Ky(1,4,4,d', ¢, f") be chromatically equivalent. Then
Ki(1,2,6,4,4,4) ~ K4(1,4,4,2,3,7).

Lemma 2.4. (Hasni [7]) Let K4-homeomorphs K4(1,2,6,d,¢e, f) and K4(2,3,
4.d' ¢, ') be chromatically equivalent. Then

K4(1,2,6,4,5,4) ~ K4(2,3,4,1,7, ),
Ky (1,2,6,6,3 4) ~ K4(2,3,4,7,1,5),
K4(1,2,6,6,4,4) ~ K4(2,3,4,1,5,8),
K4(1,2,6,9,3,5) ~ K4(2,3,4,10,6,1),
K4(1,2,6,5,5,5) ~ K4(2,3,4,6,6,1),

where s > 4.

Lemma 2.5. (Ren [17]) Let G = Ky(a,b,c,d,e, f), where exactly three of
a,b,c,d,e, f are the same. Then G is not chromatically unique if and only
if G is isomorphic to K4(s,s,s — 2,1,2,8) or K4(s,s — 2,8,2s — 2,1,8) or
Kyt t,1,2t,t + 2,t) or K4(t,t,1,2t,t — 1,t) or Ku(t,t + 1,¢,2t + 1,1,t) or
Ky(1,t, 1,64+ 1,3,1) or K4(1,1,¢,2,6+2,1), where s > 3, t > 2.

Lemma 2.6. (Catada-Ghimire and Hasni [1]) A Ky-homeomorphic graph with
exactly two paths of length two is x-unique if and only if it is not isomorphic to
K4(1,2,2,4,1,1) or K4(4,1,2,1,2,4) or K4(1,5+2,2,1,2,5) or K4(1,2,2,¢t+
2.6+ 2,) or Ky(1,2,2,t,t 4+ 1,t +3) or K4(3,2,2,7,1,5) or K4(1,7,2,4,2,4)
or K4(3,2,2,7, 1,7 + 3) or Ky(r + 2,2,2,1,4,r) or K4(r +3,2,2,7,1,3) or
K4(4,2,2,1,7+2,7) or K4(3,4,2,4,2,6) or K4(3,4,2,4,2,8) or K4(3,4,2,8,2,

1) or Ku(7,2,2,3,4,5) or K4(5,2,2,3,4,7) or Ka(8,2, ,3,4,6) or K4(5,2,2,9
,3,4) or K4(5,2,2,5,3,4), wherer >3, s >3, t> 3.

3. Main result

In this section, we present our main results. In the following, we only con-
sider graphs of girth 9 with at most one path of length 1.
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We now study the chromaticity of K4(1,2,6,d,e, f). First, we prove the
following lemma.

Lemma 3.1. Let K4-homeomorphs K4(1,2,6,d,e, f) and K4(1,3,5,d', ¢, f)
be chromatically equivalent. Then

K,4(1,2,6,4,5,8) ~ K4(1,3,5,2,6,9),
K4(1,2,6,4,7,5) ~ K4(1,3,5,2,8,6),

K4(17 2767 3743 10) ~ K4(1737 57 93 2& 6)7
K4(1,2,6,3,4,6) ~ K4(1,3,5,5,6,2),
K4(1,2,6,5,3,8) ~ K4(1,3,5,7,2,7),
K4(1,2,6,5,9,3) ~ K4(1,3,5,7,8,2),
Ky(1,2,6, f +2,4, f) ~ K4(1,3,5,2, f, f + 4),

where f > 4.

Proof. Let G and H be two graphs such that G = Ky(1,2,6,d,e, f) and H &
K4(1,3,5,d' ¢, f'). Let

Q(Ka(a,b,c,dye, f)) = —(s+1)(s" +s"+ s +5"+5+5/) + 574
8b+f +sc+e + Sa+b+e + Sb+d+c + Sa+c+f + sd+e+f.

Let s =1 — X and let  be the number of edges in G. From [20], we have
the chromatic polynomial of Ky-homeomorphs K4(a,b,c,d,e, f) is as follows:

P(K4(a,b,c,dye, f) = (=1)"!

il

Q(K4(a,b, e, dye, f)) — s“’_l)]
Hence P(G) = P(H) if and only if Q(G) = Q(H). We solve the equation
Q(G) = Q(H) to get all solutions. Let the lowest remaining power and the

highest remaining power to be denoted by lL.r.p. and h.r.p., respectively.
As G = K4(1,2,6,d,e, f) and H = K4(1,3,5,d’, €, f), we have

QG) = —(s+1)(s+s2+ 5+ +5°+s0)+ s 4572 4
se+6 + se+3 + 8d+8 + Sf+7 + Sd+e+f.
QH) = —(s+1)(s+s3+55+s¥ +5 +5)psdH 434

Se’+5 +8e’+4+sd’+8 +Sf’+6 _|_5d'+€'+f'.
From Lemma 2.1 (1),
(3.1) dte+f=d+e+f
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Qi(G) = —s2—sT—sl 50—l _gf /T4
gdH8 | get3 | get6 | of+2 4 T
Qi(H) = —st—sd—s? —s¢ — &t _f

’ ’ / v v
s@H8 g€ | €45 L 4B L 6

By considering the Lr.p in Q1 (G) and the Lr.p in Q1 (H), we have three cases
to consider, that is, d = 2 or ¢/ = 2 or f’ = 2. Note that we consider G with
at most one path of length 1, then the L.r.p in Q;(G) cannot occur when d = 1
ore=1.

Case A d’ = 2. By cancelling the equal terms in Q1(G) and Q1 (H), we
obtain the following.

Q2(G) — _87_Sd _ g _Se-l-l —Sf _Sf+1 —|—8d+8+Se+3+86+6+8f+2+8f+77

QQ(H) — _84_55_5e/ _Se’+1 _Sf/ _Sf’+1_|_le+Se’+4+se’+5+sf’+3_|_3f’+6.

Considering the Lr.p in Q2(G) and the lL.r.p in Q2(H), we have d = 4 or
e=4or f=4ore=3o0r f =3.

Case 1 d = 4. Since G is of girth 9 and d = 4, then e > 3 and e+ f > 8§, so
f > 5. We obtain the following after simplification.

Q3(G) = g7 — gt —getl _gf _ gf+1 + 512 T gét3 4 gét6 —|—Sf+2 + Sf+7,

Qs(H) = —h ¢ gl _gf _gf' 1 L g10 e’ | g5 of 3y of 46

Considering the Lr.p in Q5(G) and the L.r.p in Q3(H) and f > 5, we have
e=bor f=5ore=4.

Case 1.1 e = 5. We obtain the following after simplification.

Qu(G) = =% — 57 — s/ — s/ HL 4 8 g1l 4 12 4 ofH2 4 /HT

Qu(H) = —g¢ g gf _gf 1l g10  gef 4y g5 of' 3 | o f+6,

Considering the h.r.p in Q4(G) and the h.r.p in Q4(H), we have e/ +5 =12
or f/+6=120r f+7=¢€¢ +50r f+7=f"+6.

Case 1.1.1 ¢/ + 5 =12. So ¢’ = 7. By Equation (3.1), f = f/. We obtain
the following after simpliﬁcation

Q5(G ) — 5 +sf+2+5f+7 Q5< ) —88+810+Sf/+3+8f/+6.

Thus, we obtain Q5(G) # Qs(H), a contradiction.

Case 1.1.2 f'+ 6 = 12. So f’ = 6. By Equation (3.1), f + 1 = ¢’. After
simplifying, we obtain Q5(G) # Qs(H), a contradiction.

Case 1.1.3 f+7 =€ +5. So f+2 = €. By Equation (3.1), ' = 5.
Q5(G) # Q5(H), a contradiction.

Case 1.14 f+ 7= f'+6. So f+1 = f'. By Equation (3.1), ¢’ = 6.
Simplifying Q4(G) and Q4(H), we obtain f = 8. So f' = 9. Therefore,
G = K4(1,2,6,4,5,8) and H 2 K4(1,3,5,2,6,9). Thus, K4(1,2,6,4,5,8) ~
K4(1,3,5,2,6,9).

Case 1.2 f = 5. We obtain the following after simplification.
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QG(G) = g8 —g¢ — getl + 2512 + get3 + Se+6’

Qs(H) = —g¢ — gl g _gf' 1 g10 4 ge' 4 ge' 45 | of' 3 | of 46

Consider the h.r.p in Q¢(G) and the h.r.p in Q¢(H). We have ¢/ +5 = 12
or ff+6=120ore+6=¢ +50re+6=f +6.

Case 1.2.1 ¢/ +5 =12. So ¢/ = 7. By Equation (3.1), e = f’. We obtain
Qs(G) # Qs(H), a contradiction.

Case 1.2.2 f'+6 = 12. So f' = 6. By Equation (3.1), e+1 = ¢’. Simplifying
Q6(G) and Q¢(H), we obtain

Q7<G> = —5°+ 812 + Se+3’ Q7<H) — —87 _ Se+2 + 89 + 810 + Se+5.

Then e = 7 and ¢ = 8. Therefore, G = K4(1,2,6,4,7,5) and H =
K4(1,3,5,2,8,6). Hence K4(1,2,6,4,7,5) ~ Ku(1,3,5,2,8,6).

Case 1.2.3e+6 =¢'+5. Soe+1 = ¢€'. By Equation (3.1), f/ = 6. Similar
to Case 1.2.2, we have K4(1,2,6,4,7,5) ~ K4(1,3,5,2,8,6).

Case 1.2.4 e+ 6= f'+6. So e = f'. By Equation (3.1), ¢’ = 7. We obtain
Qs(G) # Qs(H), a contradiction.

Case 1.3 e = 4. We obtain the following after simplification.

Qs(G) = —s* —sf — s/ 4 512 4 fH+2 4 /T

Qs(H) = —s¢ — 1 — of " — of"+1 4 ge'+d | €45 L o' 43 4 of'+6,

Considering the h.r.p in Qg(G) and the h.r.p in Qg(H), we have ¢/ +5 = 12
or f'f+6=120r f+7=¢€¢+5o0r f+7=f +6.

Case 1.3.1 ¢/ +5 =12. So ¢/ = 7. By Equation (3.1), f = f' + 1. After
simplifying, we have Qs(G) # Qs(H), a contradiction.

Case 1.3.2 f+6 = 12. So f/ = 6. By Equation (3.1), f = ¢’. After
simplifying, we have Qs(G) # Qs(H), a contradiction.

Case 1.3.3 f+7=¢€"+5. So f+2=¢'. By Equation (3.1), ' =4. After
simplifying, we have Qs(G) # Qs(H), a contradiction.

Case 1.3.4 f+7= f'4+6. So f+ 1= f'. By Equation (3.1), ¢’ = 5. After
simplifying, we have Qs(G) # Qs(H), a contradiction.

Case 1.4 f = 4. We already know that e > 3. But if e = 3, there is a cycle
of girth 8, a contradiction. Thus we assume e > 4. We obtain the following
after simplification.

QQ(G) — 754 o 57 g Se+1 + S6 + 511 +512 + Se+3 + Se+6’

Qo(H) = —5° — s&'+1 — of — gf'+1 4 g10 4 ge/+4 4 ge'+5 | of'+3 4 of'+6,

Comparing the h.r.p in Q9(G) and the h.r.p in Qg9(H), we have ¢’ +5 =12
or f'+6=12ore+6=¢€¢ +50re+6=f +6.

Case 1.4.1 ¢/ +5 =12, So ¢’ = 7. By Equation (3.1), e = f/ + 1. After
simplifying, we have Qo(G) # Q9(H), a contradiction.

Case 1.4.2 f'+6 = 12. So f' = 6. By Equation (3.1), e = ¢’. After
simplifying, we have Qo(G) # Qq9(H), a contradiction.

Case 1.4.3e+6=¢ +5. Soe+1=¢. By Equation (3.1), f' = 5. After
simplifying, we have Qo(G) # Q9(H), a contradiction.
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Case 1.44 e+ 6 = f' +6. Soe = f. By Equation (3.1), ¢ = 6. After
simplifying, we have Qo(G) # Q9(H), a contradiction.

Case 2 e = 4. We obtain the following after simplification.

Q10(G) = —s — sf — §fH1 4 gdH8 4 oF+2 4 o F+T

Qo(H) = _g¢ g€l _off _ of'H1 + g t4 + €15 4 gf'+3 4 of'+6,

Considering the h.r.p in Q19(G) and the h.r.p in Q19(H), we have d + 8 =
e +50rd+8=f+6or f+7T=¢c+50r f+7=f +6.

Case 2.1 d+8=¢+5. Sod+ 3 =¢. By Equation (3.1), f = f'+1. We
obtain the following after simplification.

Qll(G) — —Sd _Sf+1 —|—8f+7, Qll(H) — _8d+3 _ 8d+4 _Sf—l +8d+7+8f+5.

We obtain Q11(G) # Q11(H), a contradiction.

Case 2.2 d+8 = f'+6. Sod+2 = f. By Equation (3.1), f = ¢'. We
obtain the following after simplification.

Q12(G) = —s¥ + T2 4+ sTH7 Q1o(H) = —s9F2 — s8+3 4 gd+5 4 of+4 4 of 45

Then we obtain d = f + 2 and from d + 2 = f/, we have f/ = [ + 4.
Therefore, G = K4(1,2,6, f + 2,4, f) and H = K4(1,3,5,2, f, f +4). Thus
Ki(1,2,6,f + 2,4, f) ~ K4(1,3,5,2, f, f + 4).

Case 2.3 f+7=¢€¢+5. So f+2 =¢. By Equation (3.1), d = f’. We
obtain the following after simplification.

ng(G) = —gf — gftl 4 gd+8 | 5f+2,

Qi3(H) = —sdtt — g/H+2 _ g/+3 4 gd¥3 4 gd+6 4 of+6,

Comparing the h.r.p in Q13(G) and the h.r.p in Q13(H ), we have d+6 = f+2
ord+8=f+6.

Case 2.3.1d+6 = f+2. Sod+4 = f. After simplification, we obtain
Q13(G) # Q13(H), a contradiction.

Case 2.3.2d+8 = f+6. Sod+ 2 = f. After simplification, we obtain
Q13(G) # Q13(H), a contradiction.

Case 2.4 f+ 7= f"+6. So f+ 1= f. By Equation (3.1), d+ 1 = ¢’
After simplification, similar to above cases, we obtain a contradiction.

Case 3 f = 4. Note that e > 4 since G is of girth 9 and d > 2. We know
that e > 5 when d = 2. We obtain the following after simplification.

Q1a(G) = —s7 — 58 — 5¢ — getl 4 o6 | gll | d+8 4 e+ | et

Qui(H) = —g® gl gf 'l 10 | el e’ 5 T3 of'+6,

Comparing the h.r.p in Q14(G) and the h.r.p in Q4(H), we have ¢’ +5 = 11
or f/+6=1lord+8 =¢'+50rd+8 = f'+6ore+6=¢+5o0re+6 = f'+6.

Case 3.1 ¢'+5 = 11. So ¢/ = 6. We obtain the following after simplification.

le(G) — —Sd — ¢ — Se+1 + 56 + Sd+8 + Se+3 + Se+67

Qus(H) = —s8 — sf" — s/"+1 4 9510 4 of'+3 4 of'+6

The h.r.p in Q15(H) is 10 or f' +6.

Case 3.1.1 10 > f'+6. Considering the h.r.p in Q15(G), we have d+8 = 10
or e+ 6 = 10.
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Case 3.1.1.1 d + 8 = 10. So d = 2. By Equation (3.1), e = f' + 2. After
simplification, we obtain Q15(G) # Q15(H), a contradiction.

Case 3.1.1.2 e+ 6 = 10. So e = 4. By Equation (3.1), d = f’. After
simplification, we obtain Q15(G) # Q15(H ), a contradiction.

Case 3.1.2 f’ 4+ 6 > 10. Considering the h.r.p in Q15(G), we have d + 8 =
f'+6ore+6=f +6.

Case 3.1.2.1 d+8 = f'+6. Sod+2 = f’. By Equation (3.1), e = 6. After
simplification, we obtain Q15(G) # Q15(H).

Case 3.1.2.2 e+ 6 = f'+6. So e = f'. By Equation (3.1), d = 4. After
simplification, we obtain Q15(G) # Q15(H).

Case 3.2 f/'+6 =11. So f/ = 5. Note that d > 3. We obtain the following
after simplification.

QlG(G) — 787 _ Sd g — seJrl + 86 + 8d+8 + se+3 + se+6’

QIG(H) — —85 _ SG _ Se/ _ Se/-i-l + S8 + S10 + 8€l+4 + Se/+5_

By comparing the h.r.p in Q16 and the h.r.p in Q14, we have d+8 =€’ + 5
ore+6=100ore+6=c¢'+5.

Case 3.2.1d+8 =¢ +5. Sod+ 3 =¢'. By Equation (3.1), e = 6. We
obtain the following after simplification.

Q17(G) = —257 — s+ 58 + 89 + 512, Qur(H) = —s5 — s¥3 — g4 | 68 ¢
10 | gd+7,

Note that there exists the term —2s” in Q17(G) but not in Q,7(H), a con-
tradiction.

Case 3.2.2 e+ 6 = 10. So e = 4. By Equation (3.1), d+ 1 = ¢’. After
simplifying, we have Q14(G) # Q16(H), a contradiction.

Case 3.2.3e+6=¢+5. Soe+1=¢. By Equation (3.1), d = 4. After
simplifying, we have Q16(G) # Q16(H), a contradiction.

Case 3.3 d+8=¢+5. Sod+3=¢'. By Equation (3.1), d+3 = ¢’. After
simplifying, we obtain a contradiction.

Case 3.4d+ 8= f'+6. Sod+2 = f'. By Equation (3.1), ¢’ = 4. After
simplifying, we obtain G = K,(1,2,6,6,4,4) and H = K,(1,3,5,2,4,8). Hence
K4(1,2,6,6,4,4) ~ K4(1,3,5,2,4,8).

Case 3.5¢e¢+6=¢+5. Soe+1=¢'. By Equation (3.1), d+ 1= f'. We
obtain the following after simplification.

ng(G) _ —87 _ Sd _ g€ + 86 + 811 + Sd+8 + Se+3,

Qus(H) = —so+2 — g1 _ gd+2 4 10 | odtd | b7 4 gt

Considering the h.r.p in Q15(G) and the h.r.p in Q15(H), we have e+5 = 11
ord+7=1lord+8=e+50rd+7=e+3.

Case 3.5.1 e +5 = 11. So e = 6. After simplification, we obtain Q15(G) #
@1s(H) and hence a contradiction.

Case 3.5.2 d+ 7= 11. So d = 4. After simplification, we obtain Q13(G) #
Q15(H), a contradiction.
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Case 3.5.3d+8 = e+ 5. Sod+ 3 = e. After simplification, we obtain
Q18(G) # Q18(H), a contradiction.

Case 3.5.4d+7=e+3. Sod+4 = e. After simplification, we obtain
Q18(G) # Q158(H), a contradiction.

Case 3.6 e+ 6 = f'+6. So e = f'. By Equation (3.1), d+ 2 = ¢’. After
simplifying, we obtain a contradiction.

Case 4 ¢ = 3. Note that d > 4 and f > 5. We obtain the following after
simplification.

Q19(G) = —5% — 57 — 50 — s — sfH1 £ 6 4 59 4 5dH8 4 5/ 42 4 ofHT

Q19(H) — _4° _Se’ _Se’+1 _Sf’ _Sf’+1 +810+8e’+4+se’+5+Sf'+3_|_3f,+6.

Note that ¢/ > 4 and f/ > 3 since girth of H is 9. By comparing the L.r.p in
Q19(G) and the Lr.p in Q17(H), we have f’ = 3. We obtain the following after
simplification.

Q2O(G) = g7 —gd _gf _gf+1 + gd+8 + g2 + Sf+7,

Qa0(H) = B (U S IRCe L

Since f > 5, the term s? in Q20(G) is equal to the term s* in Qqo(H),
that is, d = 4. By Equation (3.1), f + 2 = ¢’. After simplification, we obtain
Q20(G) # Q20(H), a contradiction.

Case 5 f = 3. We obtain the following after simplification.

QQI(G) — _53 _ 87 _ Sd — ¢ — Se+1 + 55 + Sd+8 + Se+3 + Se-‘,—ﬁ7

Q2 (H) = —b —g¢ gl _gf! gl e’ e’ HD L of' 3 of 6,

Note that €’ > 4 since girth of H is 9. By comparing the L.r.p in Q21 (G)
and the Lr.p in Q21(H), we have f' = 3. We obtain the following after simpli-
fication.

Q22(G) = —57 — 59 — ¢ — 5T 4 65 4 5d+8 4 get+3 4 get6
Qaa(H) = —s* — 65 — 5¢ — g+l 4 6 1 &9 +se+4—|—se+5.
Since e > 5, the term s? in Qu(G) is equal to the term s* in Qq2(H),
that is, d = 4. By Equation (3.1), e +2 = €’. After simplification, we obtain
Q22(G) # Q22(H), a contradiction.

Case B ¢ = 2. We obtain the following after simplification.

QQg(G) — 78775(1756 786+1 7Sf 78f+1+Sd+8+86+3+86+6+8f+2+Sf+77

Qos(H) = —s3 — st — 55 — 5@ —gf " — of"+1 4 o6 4 §T 4 @48 L of'+3 1 of'+6

Considering the L.r.p in Q23(G) and the l.r.p in Qa35(H), we have d = 3 or
e=3or f=3.

Case 1 d = 3. Note that e > 4 and f > 3. We obtain the following after
simplification.

Q24(G) — —87 —g¢— Se—i—l _ Sf _ Sf+1 —|—811 + Se+3 + se+6 + Sf+2 + Sf+7,

Qos(H) = —s* — 6% — 5@ —sf" — I +1 1 6 4 g7 4 @48 4 of'+3 4 of'+6

Comparing the L.r.p in Q24(G) and the l.r.p in Q24(H), we have e = 4 or
f=4or f=3.

Case 1.1 e = 4. We obtain the following after simplification.

Qo5(G) = —s7 — s/ — §/+1 1 510 4 Il 4 of+2 4 of+T,
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Qas(H) = —s¥ — 5" — sI'T1 4 6 4 s0'+8 4 gI'"+3 4 5f'46,

Comparing the h.r.p in Q25(G) and the h.r.p in Qo5(H ), we have f+7 = d’+8
or f+7=f"+6.

Case 1.1.1 f+7=d'+8. So f =d + 1. By Equation (3.1), f' = 6. After
simplification, we have f = 10 and d’ = 9. Thus, G = K4(1,2,6,3,4,10) and
H =~ K4(1,3,5,9,2,6). Hence K4(1,2,6,3,4,10) ~ K4(1,3,5,9,2,6).

Case 1.1.2 f+7= f'4+6. So f+ 1= f'. By Equation (3.1), d' = 4. After
simplification, we obtain Qa5(G) # Qa5(H), a contradiction.

Case 1.2 f = 4. We obtain the following after simplification.

Q26(G) — —87 —g¢ — Se+1 + 2811 + se+3 + se+6,

Qas(H) = —s¥ — 5" — sI'T1 4 7 4 5@ +8 4 sI'+3 | 5f'+6,

Note that the h.r.p. in Q26(G) is 11 or e + 6.

Case 1.2.1 11 > e+ 6. Consider h.r.p. in Qo(H) is d’ + 8 or '+ 6. Then,
d+8=11lor f'+6 =11.

Case 1.2.1.1 d' +8 =11. So d’ = 3. But, d’ > 4, a contradiction.

Case 1.2.1.2 f'+6 =11. So f' = 5. But f’ > 6, a contradiction.

Case 1.2.2 11 < e + 6. Consider the h.r.p. in Q6(H) is d' + 8 or f' + 6.

Case 1.2.2.1 e+6 =d' +8. So e = d'+2. By Equation (3.1), f' = 7. After
simplification, we obtain 2s!! is in Q26(G) but not in Qa6(H), a contradiction.

Case 1.2.2.2 e+ 6 = f'+6. So e = f’. By Equation (3.1), d = 5. After
simplification, we obtain Q25(G) # Q26(H), a contradiction.

Case 1.3 f = 3. We obtain the following after simplification.

Q27(G) — 783 _ 87 5% — Se+1 + 85 + 310 + 811 + Se+3 + 86+67

Qor(H) = —s5 — 5% — sf" — of'H1 1 g6 4 T 4 gd'+8 L of'+3 4 of'+6

Since d’ > 4 and f’ > 6, by comparing the Lr.p. in Q27(G) and the lLr.p.
in Qo7(H), we know that the term —s® is in Q27(G) but not in Qu7(H), a
contradiction.

Case 2 e = 3. Note that d > 4 and f > 5. We obtain the following after
simplification.

Q2s(G) = —57 — 58 — s — sfHL 4 69 4 g8 4 of+2 4 SIHT

Qos(H) = —s5 — 5% — oI — gf'+1 4 T 4 d'+8 | f'+3 4 of'+6,

Comparing the Lr.p. in Q25(G) and the Lr.p. in Q5(H), we have d =5 or
f=5.

Case 2.1 d = 5. We obtain the following after simplification.

Qoo(G) = —sT — s/ — sI+1 4 69 4§13 4 of+2 4 oJ+T,

Qao(H) = —s¥ — 5" — sf'T1 4 7 4 5@ +8 4 543 4 5f'46,

Consider the h.r.p. in Q29(G) and the h.r.p. in Q9(H). Then we have
d+8=130or f'+6=130r f+7=d +8or f+7= f +6.

Case 2.1.1 d + 8 = 13. Then d’ = 5. By Equation (3.1), f +1 = f".
Simplifying Q29(G) and Qa9(H), we obtain f = 5 and f' = 6. Therefore,
G~ K,(1,2,6,5,3,5) and H = K4(1,3,5,5,2,6). Hence, G = H.
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Case 2.1.2 f'+6 = 13. Then f' = 7. By Equation (3.1), f = d' + 1.
Simplifying Q29(G) and Qa9(H), we obtain f = 8 and d' = 7. Therefore,
G = K,(1,2,6,5,3,8) and H = K4(1,3,5,7,2,7). Hence, K4(1,2,6,5,3,8) ~
K4(1,3,5,7,2,7).

Case 2.1.3 f+7=d 4+ 8. Then f = d + 1. By Equation (3.1), f' = 7.
After simplifying, we obtain K4(1,2,6,5,3,8) ~ K4(1,3,5,7,2,7).

Case 2.1.4 f+ 7 = f'+6. Then f + 1 = f'. By Equation (3.1), d' = 5.
After simplifying, we obtain G = H.

Case 2.2 f = 5. We obtain the following after simplification.

Qs30(G) = —s8 — 7 — s + 89 4 12 4 g&+8,

Qso(H) = gl gl gfHl  gd 48 B o f 46,

Since d’ > 4 and f’ > 6, by comparing the L.r.p. in Q39(G) and the lL.r.p. in
Q30(H), we have d' =6 or f' = 6.

Case 2.2.1 d’ = 6. By Equation (3.1), d = f’. Simplifying Q30(G) and
Q30(H), we obtain d = 6. Then G = H.

Case 2.2.2 f’ = 6. By Equation (3.1), d = d'. Simplifying Q30(G) and
Q30(H), we obtain G = H.

Case 3 f = 3. Note that d > 3 and e > 5. We obtain the following after
simplification.

Q31(G) =57 — sd _ g¢ — getl + s° + sl + Sd+8 + gét3 + Se+67

Qa1 (H) = —s5 — 57 — sl — gf'+1 4 6 4 o7 4 @48 4 of'+3 4 of'+6

Considering the L.r.p. in Q31(G) and the Lr.p. in Q31(H), we have d =5 or
e=>5.

Case 3.1 d = 5. Cancelling the equal terms in Q31(G) and Q31(H), we
obtain the following.

Q32(G) = —s7 — 5¢ — se+1 1 g5 4 510 | 513 | getd 4 get6

Qaa(H) = —s — sI" — /"1 4 o6 4 T 4 @48 1 of'+3 4 of'46

Compare the h.r.p. in Q32(G) and the h.r.p. in Q32(H). We have d'4+8 = 13
or f/+6=130ore+6=d +8ore+6=f"+6.

Case 3.1.1 d' +8 = 13. So d’ = 5. By Equation (3.1), e+ 1 = f’. Then we
obtain Q32(G) # Q32(H), a contradiction.

Case 3.1.2 f'+6 = 13. So f/ = 7. By Equation (3.1), e = d’ + 1. Then we
obtain Q32(G) # Q32(H), a contradiction.

Case 3.1.3e+6=d +38. Soe=d +2. By Equation (3.1), f' =8. Then
we obtain Q32(G) # Q32(H), a contradiction.

Case 3.1.4 e+ 6 = f'+6. So e = f'. By Equation (3.1), d = 6. Then we
obtain Q32(G) # Q32(H), a contradiction.

Case 3.2 ¢ = 5. Cancelling the equal terms in Q31(G) and Q31(H), we
obtain the following.

Qgg(G) = g0 _ 7T _4d T s° 4 $3 + 510 T A 4 Sd+8,

Qa3(H) = —s@ — 5" — /"1 4 o6 4 T 4 @48 4 of'+3 4 of'46
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Compare the h.r.p. in Q33(G) and the h.r.p. in Q33(H), we have d+8 = d'+8
ord+8=f"+6.

Case 3.2.1 d+8=d +38. So d=d'. By Equation (3.1), f' = 6. Then we
obtain Q33(G) # Q33(H), a contradiction.

Case 3.2.2d+8= f'+6. So d+2 = f'. By Equation (3.1), d = 4. Then
we obtain Q33(G) # Q33(H), a contradiction.

Case C [/ = 2. We obtain the following after simplification.

Q34(G) _ _87_8d_86_se+1 —Sf _Serl +Sd+8+se+3+Se+6+8f+2+8f+7,

Qsu(H) = —s% — 5% — sd — g€ — g€l g8 4 gd 8 | gl 4 ge’45

Considering the l.r.p. in Q34(G) and the Lr.p. in Q34(H), we have d = 3 or
e=3or f=3.

Case 1 d = 3. We obtain the following after simplification.

Q35(G) — —87 ¢ — se+1 _ sf _ Serl + Sll 4 Se+3 4 se+6 4 sf+2 +8f+7,

Qss(H) = —s* — 57 — 5 — &1 4 g8 4 o048 | ge'+4 4 ge'+5

Since ¢ > 4 and f > 3, by comparing the Lr.p. in Q35(G) and the Lr.p. in
Q35(H), we havee=4 or f =4 or f =3.

Case 1.1 e = 4. By simplifying Qs5(G) and Q35(H), we obtain the follow-
ing.

Qs6(G) = —s% — s/ — sI+1 4 510 4 g1l 4 of+2 4 of+T,

QSG(H) — _Sd’ _ Se’ _ Se'Jrl + 88 + Sd/+8 + Se'+4 + se'+5.
Since ¢’ > 6, by considering the l.r.p. in Q36(G) and the Lr.p in Q3(H),
we have d = 5. After simplification, we obtain f = ¢/ = 6. Therefore,

G = K4(1,2,6,3,4,6) and H = K4(1,3,5,5,6,2). Hence, K4(1,2,6,3,4,6) ~
K4(1,3,5,5,6,2).

Case 1.2 f = 4. By simplifying Q35(G) and Q35(H ), we obtain the follow-
ing.

Q37(G) — —85 _ 87 5% — Se+1 + 86 + 2811 + Se+3 + Se+6’

Q37(H> — gl g’ _ g+l 84 gd'+8 + g¢ 4 + ¢ +5.

Since €’ > 6, by considering the Lr.p. in Q37(G) and the lL.r.p, in Q37(H),
we have d’ = 5. After simplification, we obtain 2s'! is in Q37(G) but not in
Q37(H), a contradiction.

Case 1.3 f = 3. By simplifying Q35(G) and Qs5(H), we obtain the follow-
ing.

Q38(G) — _53 _ 87 — ¢ — Se+1 + 85 + 810 + 811 + Se+3 + se+67

Q38(H) — 7Sd/ _ Se' _ Se'Jrl + 58 + 5d’+8 + Se'+4 + se'+5.

Since e’ > 6, by considering the L.r.p. in Q35(G) and the Lr.p. in Q3s3(H),
we have d’ = 3. After simplification, we obtain e = 5 and ¢’ = 6. Therefore,
G~ K4(1,2,6,3,5,3) and H = K4(1,3,5,3,6,2). Hence, G = H.

Case 2 e¢ = 3. We obtain the following after simplification.

Q39(G) = —57 — 5% — sf — s+ 4 66 4 9 4 g8 4 gFF2 4 4T,

Q39(H) — _Sd/ _ se/ _ Se'-l—l + 88 + sd/+8 + Se'+4 + Se'+5.
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Consider the h.r.p. in Q39(G) and the h.r.p. in Qs9(H). We have d + 8 =
d+8ord+8=¢+50r f+7=d +8or f+T7=¢+5.

Case 2.1 d+8 =d +8. Then d = d’. By Equation (3.1), f = €¢’. We
obtain Q39(G) # Q39(H), a contradiction.

Case 2.2 d+8 =¢' 4+ 5. Then d+ 3 = ¢'. By Equation (3.1), f =d' + 2.
We obtain Q39(G) # Qs9(H ), a contradiction.

Case 2.3 f+7=d +8. Then f =d' + 1. By Equation (3.1),d+ 2 =¢'.
We obtain Q39(G) # Qs9(H), a contradiction.

Case 2.4 f+7=¢€"+5. Then f+ 2 =¢'. By Equation (3.1), d = d' + 1.
We obtain the following after simplification.

Quo(G) = —s7 — 58 — §f — gF+1 1 6 1 9 4 gd+8 | of+2

Quo(H) = —sd71 — 542 _ /3 4 8 4 gd+T 4 /46,

Compare the h.r.p. in Q40(G) and the h.r.p. in Q40(H). We have d + 8 =
fH+6ord+7=f+2.

If d4+8 = f+6, then d+2 = f. We obtain Q40(G) # Quo(H), a contradiction.

If d4+7 = f+2, then d+5 = f. We obtain Q40(G) # Quo(H), a contradiction.

Case 3 f = 3. We obtain the following after simplification.

Q41(G) — 787 _ Sd — 5% — Se+1 + 55 + 510 + Sd+8 + Se+3 + 56+6,

Q41(H) — _Sd/ _ Se' _ Se'-‘rl 4 88 + Sd/+8 + Se'+4 + Se/+5'

Comparing the h.r.p. in Q41 (G) and the h.r.p. in Q41 (H), we have d + 8 =
d+8ord+8=¢€¢+50re+6=d +8ore+6=c¢ +5.

Case 3.1 d+8 = d + 8. Then d = d’. By Equation (3.1), e +1 = €.
By simplifying Q41(G) and Q41 (H), we obtain e = 5 and ¢/ = 6. Therefore,
G = K4(1,2,6,d,5,3) and H = K4(1,3,5,d,6,2). Thus, G = H.

Case 3.2d+8 =¢"+5. Then d+ 3 = €. By Equation (3.1), e = d' + 2.
By simplifying Q41(G) and Q41(H), we obtain d = 5, e = 9, d’ = 7 and
e/ = 8. Therefore, G = K4(1,2,6,5,9,3) and H = K4(1,3,5,7,8,2). Hence,
K4(1,2,6,5,9,3) ~ K4(1,3,5,7,8,2).

Case 3.3 ¢+ 6 =d +8. Then e =d +2. By Equation (3.1), d+3 =¢'.
After simplification, we obtain K4(1,2,6,5,9,3) ~ K4(1,3,5,7,8,2).

Case 3.4 e+6=¢"+5. Then e+ 1=¢'. By Equation (3.1), d = d'. After
simplification, we obtain G = H.

At this point, from Subcases 1.1.4, 1.2.2, 1.2.3, 2.2 and 3.4 of Case A, Sub-
cases 1.1.1, 2.1.2, and 2.1.3 of Case B and Subcases 1.1, 3.2 and 3.3 of Case C,
we obtain the following solutions.
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K4(1,2,6,3,4,6) ~ Ku(1,3,5,5,6,2),
K4(1,2,6,3,4,10) ~ Ku(1,3,5,9,2,6),
Ki(1,2,6,4,5,8) ~ Ku(1,3,5,2,6,9),

) (

) ( )

) ( )
K4(1,2,6,4,7,5) ~ Ka4(1,3,5,2,8,6),

) ( )

) ( )

) (

( K
Ki(1,2,6,5,3,8) ~ Ku(1,3,5,7,2,7),
K4(1,2,6,5,9,3) ~ Ku(1,3,5,7,8,2),
Ki(1,2,6,f +2,4,f) ~ Ki(1,3,5,2,f, f+4),

where f > 4.
This completes the proof.
O

Lemma 3.2. If K4(1,2,6,d,e, f) and K4(1,2,6,d',¢, f') are chromatically
equivalent, then

K4(1,2,6,0,i+7,i4+1) ~ K4(1,2,6,i+2,i,i+6),

K4(1,2,6,0,i+1,i+7) ~ K4(1,2,6,i+6,i,7+2),

Kq(1,2,6,4,i+1,i4+3) ~ K4(1,2,6,i+ 2,1+ 2,14),
where 1 > 1.

Proof. 1t follows directly from Lemma 2.2. 0

Lemma 3.3. K4(1,2,6,d,e, f) and K4(2,2,5,d', ¢, f') are not chromatically
equivalent.

Proof. Tf H is of type of K4(2,2,5,d',¢, '), then from Lemma 2.6, we know
that H is chromatically unique. Since G ~ H, we have G &£ H. But it is
obvious that G is not isomorphic to H. This is a contradiction. O

It follows that

Lemma 3.4. K4(1,2,6,d,e, f,) and K4(1,2,¢,2,¢',4) are not chromatically
equivalent.

Lemma 3.5. K4(1,2,6,d,e,f) and K4(1,2,c,4,€',2) are not chromatically
equivalent.

Lemma 3.6. K4(1,2,6,d,e,f) and K4(1,3,¢,2,€',3) are not chromatically
equivalent.

Proof. Let G and H be two graphs such that G = K(1,2,6,d,e, f) and H =
K4(1,3,¢,2,€',3). Then
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QG) = —(s+1)(s+s*+s5+s"+5°+s0)+sM 4s/2 4
Se+6 +Se+3 + Sd+8 + Sf+7 + sd+e+f.
QH) = —(s+1)(s+5>+25 +5 +5)+5>+5°+

’ !’ ! ’ ’ !
SC+4+$C+5+S€+4+86+5+SC+6.

From Q(G) = Q(H), we have

Ql(G) _ _86_87_Sd_se_sf_se+1_Sf+1+
gdt8 4 get3 4 getb | of+2 4 T
Qi(H) = —s®—2s*— 5" —s Tl — ¢ _gH1 4

36 +Sc'+4 _|_Sc’+5 +Se'+4 +Se'+5.

Consider the terms —s® and —2s* in Q1(H). Due to Q1(G) = Q1(H), there
are terms in Q1 (G) which are equal to —s® and —2s%, so 1 of d, e, f is equal to
3, and the other two is equal to 4. Thus we have d =3, e = f =4 or e = 3,
d=f=4dor f=3,d=e=4.

If d =3, e = f =4, simplifying Q1(G) and Q1(H), we obtain the following.

QQ(G) — —285 —86+810+2511, Q2(H) — _Sc' _Sc’+1 _se/ _Se’—i-l +SCI+4+
Sc/+5 + Se'+4 +se'+5.

Comparing the L.r.p in Q2(G) and the l.r.p in Q2(H), we obtain ¢/ = ¢’ = 5.
It can be easily checked that Q2(G) # Q2(H), a contradiction.

If e=3,d= f =4, since the girth of G and H is 9, which needs f + e > 8,
we obtain a contradiction.

If f=3,d=e =4, since the girth of G and H is 9, which needs f + e > 8,
we obtain a contradiction.

This completes the proof.

O

Similarly, we can prove the following result.

Lemma 3.7. K4(1,2,6,d,e,f) and K4(1,2,¢,3,€',3) are not chromatically
equivalent.

Now, the chromaticity of K4(1,2,6,d,e, f) is given as follows.

Theorem 3.8. K -homeomorphs K4(1,2,6,d, e, f) with girth 9 is not x-unique
if and only if it is isomorphic to K4(1,2,6,6,3,4), K4(1,2,6,9,3,5), K4(1,2,6,
5,5,5), Ka(1,2,6,4,5,8), K4(1,2,6,3,4,10), K4(1,2,6,5,3,8), K4(1,2,6,4, s,
4), K4(1,2,6, f + 2,4, f), K4(1,2,6,i,0+ 7,4 + 1), K4(1,2,6,5 + 2,i,i + 6),
K4(1,2,6,0,i+ 1,94+ 3) or K4(1,2,6,i+2,i+2,i), wherei >1, s >4, f > 4.

Proof. Let G and H be two graphs such that G = K4(1,2,6,d,e, f) and G ~ H.
Since the girth of G is 9, at most one among d,e, f are 1. Moreover, by
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Lemma 2.1(2)(3), it follows that H is a K4-homeomorph with girth 9. Then
H must be one of the following 10 types.

Type 1: K4(1,2,6,d',€', f'), where d' + ¢ >7,d + f' > 6,¢' + f' > 8;
Type 2: K4(1,3,5,d',¢/, '), where d' +¢ >6,d + f' >5,¢' + f' > 8§;
Type 3: K4(1,4,4,d',¢', f'), where d' + ¢ >5,d' + f' > 5, + f' > §;
Type 4: K4(2,3,4,d',¢', f'), where d' + ¢ >6,d' + f' > 5, + f' > T,
Type 5: K4(2,2,5,d',¢/, '), where d' +¢ >7,d + f' > 5,/ + f' > 7;
Type 6: K4(1,2,¢,2,¢',4), where ¢/ > 6, ¢’ > 5;

Type 7: K4(1,2,¢,4,¢',2), where ¢/ > 6, ¢’ > 6;

Type 8: K4(1,2,¢,3,¢,3), where ¢/ > 6, ¢/ > 5;

Type 9: K4(1,3,¢,2,¢’,3), where ¢/ > 5, ¢/ > 5;

Type 10: K4(2,2,¢,2,¢,3), where ¢/ > 5, ¢/ > 5.

If H has Type 1, then from Lemma 2.2, we know that the solutions of the

equation P(G) = P(H) are

Ki(1,2,6,i,i+7,i+1) ~ K4(1,2,6,i+2,i,i+6),
K4(1,2,6,i,i+1,i+7) ~ K4(1,2,6,i+6,i,i+2),
Ki(1,2,6,ii+1,i+3) ~ K4(1,2,6,i+2,i+2,i),

where ¢ > 1.
If H has Type 2, then from Lemma 3.1, we know that the solutions of the
equation P(G) = P(H) are

K4(1,2,6,3,4,6) ~ Ky4(1,3,5,5,6,2),
K,4(1,2,6,3,4,10) ~ K4(1,3,5,9,2,6),
K,4(1,2,6,4,5,8) ~ Ku(1,3,5,2,6,9),
K4(1,2,6,4,7,5) ~ Ky4(1,3,5,2,8,6),
K4(1,2,6,5,3,8) ~ Ky4(1,3,5,7,2,7),
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K4(1a2767579a3) ~ K4(1737577a832)7
K4(17276af+274af) ~ K4(1737572afaf+4)7

where f > 4.
If H has Type 3, then from Lemma 2.3, we know that the solution of the
equation P(G) = P(H) is

K4(1a 27 67 47 47 4) ~ K4(17 47 47 27 3? 7)
If H has Type 4, then from Lemma 2.4, we know that the solutions of the
equation P(G) = P(H) are

K4(1,2,6,4,5,4) ~ K4(2,3,4,1,7,s),
K,4(1,2,6,6,3,4) ~ K4(2,3,4,7,1,5),
K4(1,2,6,6,4,4) ~ K4(2,3,4,1,5,8),
K,4(1,2,6,9,3,5) ~ K4(2,3,4,10,6,1),
K,4(1,2,6,5,5,5) ~ K4(2,3,4,6,6,1),

where s > 4.

If H has Types 5-9, then from Lemmas 3.3-3.7, we know that there is no
solution of the equation P(G) = P(H), i.e., a contradiction.

If H has Type 10, then from Lemma 2.5, we know that H is chromatically
unique. Since G ~ H, we have G = H. But it is obvious that G is not
isomorphic to H. This is a contradiction.

This completes the proof of Theorem 3.8.
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