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ABSTRACT. At present paper, we establish the existence of pullback D-
attractor for the process associated with non-autonomous partly dissipa-
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1. Introduction

Consider the following non-autonomous partly dissipative reaction-diffusion
equation

(1.1)

% —vAu+ Mu+ h(u) + av = f(z,t) in [, +00) x R",
(1.2)
ov .
5 +0v — Pu = g(z,1) in [1,+00) x R™,

with the initial data

(1.3) u(r,x) = ur(z),v(r,2) = v (z) in R™
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where v, \,§ > 0 with A\ < 8, f,9 € Lio(R, L2(R"), o, 8 € R with a3 > 0.
Suppose that the nonlinear function h satisfies

(1.4) h(s)s > — Cys?, h(0) =0, h'(s) > —C;, s€ER,
(1.5) |h'(s)] < Co(1+|s]"), s €R,

with r > 0 forn <2 and r < min{%, %} for n > 3, where C;, i = 0,1, 2, are
positive constants and 0 < Cy < .

The long-time behavior of the solutions of non-autonomous evolution par-
tial differential equations can be characterized in terms of uniform attractors,
that is, the compact sets that uniformly (with respect to time symbol) attract
every bounded subset of the phase space and are minimal in the sense of at-
tracting property. By constructing the skew-product flow, one can reduce the
non-autonomous system to a autonomous one in an extended phase space. In
this situation, the structure of the uniform attractor can be described as the

union of kernel sections. See details in [6]. At the same time, pullback (or
cocycle) attractors have been introduced to non-autonomous systems to inves-
tigate the dynamics of them, see, e.g. [5,7]. By definition, pullback attractor

is a parameterized family of compact sets which attracts every bounded set of
phase space from —oo. It is noticed that in contrast to the existence of uniform
attractors, the existence of pullback attractors can be obtained under the weak
assumptions on the external forces. Thus, the development of the theory on
pullback attractors plays an important role in understanding the dynamics of
non-autonomous systems.

Recently, authors in [4,9,12,17] develop the theory of pullback attractors
in the classical sense and study the pullback D-attractors for non-autonomous
systems under the consideration of universes of initial data changing in time.
In this case, the pullback attracting property of pullback D-attractors is about
the families of sets depending on time which are not necessary to be bounded.

The purpose of this paper is to investigate the existence of pullback D-
attractors for system (1.1)-(1.3). For the evolution equations in unbounded
domains, since the Sobolev embedding is not compact, there are some difficul-
ties in obtaining the compact attracting sets for the semigroup (autonomous
case) or process (non-autonomous case) corresponding to them. One way to
overcome such difficulties is to investigate the problem in weighted spaces, see,
e.g. [2,8]. By using the method of tail estimates of the solutions, authors
in [15] obtained that the semigroup associated with autonomous system (1.1)-
(1.3) (f and g are independent of t) is asymptotically compact. Motivated by
the energy equation method, see, e.g. [3,13,16,19-21], we show that the process
associated with (1.1)-(1.3) is pullback ﬁo—asymptotically compact, and obtain
the existence of pullback D-attractor.
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For convenience, hereafter, let H*(R™) be the standard Sobolev spaces. De-
note by H = L?(R"™) with the norm || - || and the scalar product (-, -), respec-
tively. For any 1 < p < oo, let || - ||, be the norm of LP(R™). Let X be a
Banach space with distance d(-,-), C' be generic positive constant which may
vary from line to line or even in the same line.

This paper is organized as follows: in the next section, we give some def-
initions and recall some results which will be used in the following sections;
in Section 3, we prove the existence of pullback D-attractor for the process
associated with (1.1)-(1.3) in H x H.

2. Preliminaries

We first recall some basic definitions and abstract results on the existence
of pullback D-attractors. Let U be a process acting in a Banach space X, i.e.,
a family {U(t,7) : —oo < 7 <t < oo} of mappings U(t,7) : X — X satisfying
(1) U(r,7) = Id (identity),
2) U(t,7)=U(t,r)U(r,7) for all 7 <r < t.
Let D be a nonempty class of parameterized sets D = {D(t) : t € R} C
P(X), where P(X) denotes the family of all nonempty subsets of X.

Definition 2.1. It is said that Do eDi Is pullback D-absorbing for the process
U(t,7) on X if for any t € R and any D € D, there exists a 7o(t, D) < ¢ such
that

U(t, 7)D() C Do(t), for all T < 7o(t, D).

Definition 2.2. A family Ap = {Ap(t) : ¢ € R} C P(X) is said to be a
pullback D-attractor for the process U(¢t,7) on X if

(1) Ap(t) is compact for every t € R,

(2) Ap is pullback D-attracting, i.e.,

lim_dist(U(t,)D(r), Ap(t)) =0,  for all DeD,and all t € R,
T — 00

(3) Ap is invariant, i.e., U(t,7)Ap(T) = Ap(t) for —oo < 7 <t < +00, where
dist(A, B) is the Hausdorff semi-distance between A and B, defined by

dist(A, B) = sup inf d(z,y), for A, B C X.
zcAYEB

In order to illuminate the invariance of pullback D-attractor, the following
property is needed.

Definition 2.3. A process U(t,7) on X is said to be closed if for any 7 < ¢,
and any sequence {z,} C X with z, — = € X and U(¢,7)x, — vy, then
Ut,m)x =y.

It is clear that if the process is closed, then it is norm-to-weak continuous,
and if it is continuous or weak continuous, then it is norm-to-weak continuous.
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Definition 2.4. Tt is said that a process U (¢, 7) on X is pullback Dy-asymptoti-
cally compact if for any ¢ € R, any sequences {7,} C (—o0,t] and {z,} C X
satisfying 7, - —oo and x, € Dq(7,) for all n, the sequence {U (¢, 7,)2y} is
relatively compact in X.

The family D is said to be inclusion-closed if D € D, and D' = {D'(t) : t €
R} € P(X) with D'(t) C D(¢) for all ¢, then D’ € D. Recall the results in [9J].

Theorem 2.5. Consider a closed process U(t,7), t > 7, t,7 € R, on X, a
universe D in P(X) which is inclusion-closed, and a family Dy = {Dy(t) :
t € R} € D which is closed and pullback D-absorbing for U(t,T), and assume

also that U(t,T) is pullback ﬁg-asymptotically compact. Then there exists a
minimal and unique pullback D-attractor Ap = {Ap(t) : t € R} defined by

Ap(t) = U U(t,T)Do(T)X, VteR.

s<trT<s

3. Pullback D—attractor of system (1.1)-(1.3)

We notice that if (u, v) is a solution of (1.1)-(1.2) with the data (o, 8, f, 9),
then (u, —v) is a solution of (1.1)-(1.2) with the data (—a, —f3, f, —g). Since
af > 0, we assume without loss of generality in this paper that a and 3 are
both positive. By the standard Fatou-Galerkin methods (see, e.g. [1,10,14,18]),
we can get the well-posedness of (1.1)-(1.3).

Theorem 3.1. Assume that h satisfies (1.4)-(1.5) and f,g € Lioe(R, L2(R™)).
Then for any 7 € R, any initial data (ur,v;) € H X H and any T > T,
there exists a unique solution (u,v) = (u(t; 7,ur,v;),v(t; 7, ur,v;)) for problem
(1.1)-(1.3) satisfying

(u,v) € C([r,T); H x H), u € L*(r,T; H'(R™)),
and the mapping (ur,v;) = (u(t),v(t)) is continuous in H x H.
By Theorem3.1, we can define a continuous process {U(¢,7)} on H x H by
U(t, 7)(ur,vr) = (u(t),v(t)) := (u(t; 7, ur,vr),0(t; T, ur,v7))  forall t > 7.

Let D be the class of all families {D(¢) : t € R} of nonempty subsets of H x H
such that
(3.1) lim e”*[D(t)]T =0,

t——o0

where
2\

0 in{\ — Cy, 0, ——
< 0 < min{ 0.0,

}

and
(D] = sup{|| w [ + || v || (u,v) € D(t)}.
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For the external terms, we suppose that
(3.2)
t t

[ el Pas <o [ ey Ps< oo, vieR
Lemma 3.2. Assume that (1.4)-(1.5) hold and f,g € Li,.(R, H) satisfy (3.2).
Then there exists a pullback D-absorbing set in H x H.
Proof. Taking the inner product of (1.1) with Su in H, we have
(3.3)
Bd
2 dt
Similarly, takmg the inner product of (1.2) with cv in H, we have

(3.4) 22 L2 as | v |2 - / w :a/ oz, ).

Summing up (3.3) and (3.4), we have
1d
2dt

(3.5)

=p flz,t)u+ a/ gz, t)v.
Rn

n

n

ww2ﬂ%HVuW+ﬂAuuW+ﬂ/’h U+Ba/1w=ﬂ fa. by
R’n

— @B lul®+allvl®)+8v || Vul® +8X [ uwl* +aé || v | +ﬁ/

Note that the terms on the right-hand side of (3.5) can be estimated by
(3.6)

IB/fWGUEBHﬂ%ﬂWUHS

R’n

and

(3.7) |a/’m Dol a gt v lI< 5ad | v 2+ | gl 1) 1
R’n

By (3.6)-(3.7) and (1.4), we obtain from (3.5) that

BN~ Cop)

2 B
2w+

3 —Cy) I f(x,t) |17,

d
B lul? +alvl) +28v | Vu|* +80 = Co) | u|* +ad || v |

8 , a ,
Lo 5@ 12 +5 (et 2

which implies that

(38) <5

d
BN ul® +allvl®) +28v || Vu|* +o (8 || u[* +o [ v [*)

(3.9) <

B 2 & 2
Lo 1@t P +5 a@n



Pullback D-attractors 520

Neglecting 28v || Vu ||? and utilizing Gronwall lemma, we get that
(3.10)
Bl ut) I? +o || vt) |

K B
< G () P a vtr) )+ [ e (L ) I

«
+ 2 gt s) ?)ds

ﬂefat t
A—Coh J_owo

<e U@ u(r) I +a || v(r) I?) + e || f(x,s) || ds

—ot

t
ae os
+ 2 [ e gl | ds

— 00

By (3.1) we know that for any (u(7),v(r)) € D(7), there exists a 7o(t, D) such
that

2 2 26_at ﬁ /t Ts 2 g/t os 2
[ u(@) [P+ o) 17 < 5 Symren - I f(x,s) II” ds + < - I g(z, ) (I ds)
(3.11) 2 R()?,  Vr<mo(t, D),
where v = min{a, 8}. Note that
. ot 2
(3.12) tilinooe (R(t)) =0,

we get that Do = {Dy(t) : t € R}, defined by
(3.13) Do(t) = {(u(t),v(t)) € H x H :| u(t) | + | v(t) |*< R(t)*},
is a pullback D-absorbing set. (|

Lemma 3.3. Let the assumptions of Lemma 3.2 hold. Then for any (u(7),v(7))
€ D(7) and any t € R, there exists 71(t, D) <t such that for all 7 < 71(t, D),
the following inequality holds

¢

(3.14) | Vu(t) |I*< Ce"’t(/ (I fx,8) II* + |l g(x, 5) I*)ds,

where the positive constant C is independent of D(7) and t.

Proof. Taking the inner product of (1.1) with —Awu in H, we get that
(3.15)
1d
2dt

We now estimate every term on the right-hand side of (3.15). By (1.4), we
have

(3.16) /n h(u)Au = —/n B (u) | Vu [2< Oy || Vau |2

||Vu||2+u||Au||2+/\||Vu||2:/R h(u)Au+a/R vou [ fou
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Also, we find that

1 1
(3.17) I/ fOLu <[ f I Au < Sy || Au |12 o IS 1%,
R™ v
and
1 9 o? 9
(3.18) la | vhul<alvllll bull< gvllAu®+o— vl
Rn v

It follows from (3.15)-(3.18) that
d 2 2 1 s o 2
. — <2C — — .
(319) S NVulP<20) [ VulP 4L P+ o]
Integrating (3.9) with respect to ¢ and considering (3.10), we get that
t+1 5 0(2 t+1 5
[Ivue s+ [ e I ds
t vV oJi
2 2 bt 2 2
SC@B [ u®) " +allv@) | )+C/ (I f (@, s) [I7 + I g(,5) [|")ds
t

2 i+ 2 2
<CB | u@) |* +a |l v(@) | )+Ce’“t[ e (Il flz,s) I” + || g(z, 5) [IF)ds
(3.20)

t+1
<Ce DB ulr) P +a | o(r) |P) + 06707 e (Il f(a,9) I + Il g(z, 5) |I*)ds.
By (3.20) and using uniform Gronwall lemma (see, e.g. [18]), we obtain from
(3.19) that
I Vu(t+1) > < Ce (B || ulr) |I> +a || v(r) |I*)
t+1

(3.21) ket [ e ) 1P+ [ gl [P,
where the constant C' is independent of || u(7) ||, | v(7) || and ¢t. The estimate
(3.21) implies the desired estimate (3.14). O

In order to get the pullback ﬁo—asymptotical compactness for the process,
we endow external terms with the additional assumptions:

t
(4) lim / e"s/ | f(z,s)|? deds = 0,
—00 |z| >k

k—o0

k—o0

¢
lim / e"s/ | g(x, s) | deds = 0, vt € R.
—00 |z| >k

Lemma 3.4. Let the assumptions of Lemma 3.2 and (A) hold, and Dy be
defined by (3.13). Then for everye > 0, any t € R, there exists k = k(e,t) >0
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such that
(3.22)

t
lim sup/ 672>\(t78)/ | U(s,7)(ur,vr) |* dods < &,k >k, (ur,vr) € Do(7).
T |z| >k

Proof. Let 6 be a smooth function satisfying 0 < 6(s) < 1 for s € RT, and
O(s) =0 for 0<s<1 and O(s)=1 for s> 2.

Then there exists a constant C' such that [6’(s)| < C for s € R*.
Multiplying (1.1) by 36(|z|?/k?)u and integrating in R™, we get that

2
26dt/ oy v [ o yuauson [ ol

|z |z |z

623 =5 [ 87w o /ﬁ(k ju [ o) fu

Similarly, multiplying (1.2) by af(|x|?/k?)v and integrating in R", we get that

(3.24)
2

X X

2dt/e |\2+5/9||||25/9 vta 9(")

Summing up (3.23) and (3.24), we have

(3.25)

|w\ / |$| / |$|
th/ O(=)(Blul® + alv)®) + BX | 0(5)|u)®> +ad | 6(

y e(ﬂ ot [ o)

]R’Vl k2

|

Julhu — 0( )fu+a 9( 2 )gu.

We now estimate every term on the right-hand side of (3.25). First,

(3.26)

2 2 2
Bv 9(%)u&u = (|x| )| Vul? - pr / —= -0 |m| YuVu.
Rn
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Note that
|z
<C [ul|[Vul
E<|z|<V2k K
<& [ul [Vl
k k<|z|<V2k
C
<— [ |ul|Vyl
k R’VL
C
(3.27) <7 lulllVull.

For the second term on the right-hand side of (3.25), by (1.4), we have

|z

Ya(u)u < BCy /Rn G(F) lul?.

|z

(3.28) ﬂ Sy

For the third term on the right-hand side of (3.25), we have

|z

2
o [Lolgissia ] ol

< B( |f|%/9"’”' 5t (0<o<)
|z| >k

p 2, BA— CO \m|2 2
(329) el LU B S L

Similarly, we can obtain

X
(3.30) \a/ ol gvl_%/ \|2+f/ oo
|z|>k

From (3.25)-(3.30), we get that

2
d [ gl
dt Jon K2
(3.31)

2 o || 2 «a Lt
MBIl + o)+ B~ Co) [ o el +ad [ 0

b P

C o
< = —
<Gl Vel Lo [ 1

I’
|z| >k
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Since 0 < 0 < min{\ — Cp,0}, we can find g9 > 0 such that 0 < o + ¢y <
min{)\ — Cy, 6}. It follows from (3.31) that

R NG STEIRSNE)

=<a+so>e<”60>f Rg(' ) Bluf? + afof?) + el L / o) 81uf? + alo?)
(3.32)

C (oreor peloteor ), acTHer )
S e u |l Vel + 5—5— P+ —— lg]”.

Integrating (3.32) on [, s] with 7 < s < t, we get that
(3.33)

J(oe0)s / o( lxl Y(Blu(s)2 + alu(s)[?)

x C s
< elrbenr / 0 Bhurl? 4 alenl?) 4 S [0 | v ar

T

a [°
+ / (O’+80)T/ f 2d7‘+ 7/ e(U+Eo)T/ g Qd,,,'
A— C’o |z|>k 7 5 Jr lz|>k 91

Multiplying (3.33) with e(?*=7=20)s=2A " we have

2
—oA(t—s x
e [ 0B lu(s) P+ alos))
|33| Ce—ZAte(2A—0'—so)s

< e Pte(Ao—e0)s ploteo)T 9( ) (Blu-* + afor*) + k
R’!L

t —2Xt ,(2A—0—¢€0)s
< [ e vu dr+ﬂ — T
T A—Cy T |z| >k

—2Xt ,(2A—0—¢9)s t
I ae e - / e(o+60)r / |g|2d7“.
T |z| >k

Integrating the above inequality with respect to s over [r,t], we obtain
(3.34)

/t —oa(t— s)/ o |$\ u(s)|? + afv(s)*)ds

—(U+50)(t T) Ce—(o‘+60)t t (o420) p
< - - - o+teg)s
< T Bl P el or 1)+ e [ ) u ds
ﬂe—(a+50)t / (o+e )s/ 2
+ e 0 s)|7ds
B0 a0 . w7

,(o‘+€0)t ( o) / 5
oreo)s lg(s)|"ds.
2)\ — 0 — 50 6 |z|>k



Now we bound each term on the right-hand side of (3.34). First, since
(ur,v;) € Do(7), by (3.12), for any ¢t € R we have

¢~ (ote0)(t—7)

(3.35) oo o Pl 1> +a [l vr [[?) = 0, as T = —o0.
Note that
(3.36)
Co ) 1 [t o ) 1 [t o )
[l vl ds < 5 [ et pulds s g [ et | v ds

By (3.10), we get that

1 e 7

lu(s) I* < Be_(’(s—”(ﬂ Fr 117 e [l or %) + 35— Co / e | fw) |1 dv

ae—US

(3.37) + 55 [w e’ | gw) |17 dv, s € [rt].

Then, we have

(3.38)
t
/ TR0 || y(s) ||2 ds

t t t
< 5@ 1P or 7 [Cevrass s [Tevtas [ f0) P

T — 00

o [t ¢
+ 7 ] eEOSds/_OO e || g(v) ||? dv

eot

e or eEot
< 5o, Bl I* +a ffor 1) +
€o

t
m/ e | Fw) || dv
aeeot

t
IR

< 00, vr <t,

+

which along with (3.12), for any ¢t € R and any ¢ > 0, there exists k1 € N such
that

(3.39)
) Ce—(o+e0)t t odte)s
Jim sup(ger s [T u(e) | ) <o k2 (urvr) € Do(r).

Reasoning as above, from (3.14), there exists ko € N such that

(3.40)
Cef(aﬁ»so)t
lim sup(

t
(o+€0)s 2 >
lim SToy—T /e | Vu(s) ||” ds) < e, k> k2, (ur,vs) € Do(T).

T
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For the third term and the last term on the right-hand side of (3.4), it follows
from assumption (A) that there exists k3 € N such that

(3.41)

t
/ S/ |f(s)|2ds<5,/ / s) | ds <e, k> ks
|z|>k - |z >k

Combining (3.34)-(3.41), letting k& > max{k1, k2, k3}, and taking into account
that

t t
[ e [ quer s < [ e ool + s
T |z|>2k
we get the result. (|
As the proof of Lemma 4 in [19], we have the following result.

Lemma 3.5. Assume that (1.4)-(1.5) hold and f,g € Lioc(R, H). If (ur, ,vr,)
— (ur,v;) weakly in H x H, then there exist subsequences {umj} of {u,, } and
{’Urnj} of {v;, } such that

U(t,T)(uTnj,anj) — U, 7)(ur,vr) weakly in H x H, for all 7 <1t.
And for all T < T,
U, T)(’U,T ) Ur,. )= UG, 7)(ur, vr) weakly in L*(r,T; H x H),

PlU(-,T)uTnj — PU(-,7)usr weakly in L*(1,T; H*(R™)),
d 13}
5P1U(-,T)um7, — 5P1U(-,7')u7 weakly in L*(r,T; H™Y),

where Py is the canonical projection from Hilbert space E X F to E.

Theorem 3.6. Assume that (1.4)-(1.5) hold and f, g € Lioc(R, H) satisfy (3.2)
with 0 < o < min{A\—Cy, J, 72+1} and assumption (A). Then the process U(t, T)
corresponding to problem (1.1)-(1.3) possesses a unique pullback D-attractor

Ap ={A(t):t e R} in H x H.

Proof. By the proof of Lemma 3.2, we obtain that Dy = {Dy(t)}+er defined
by (3.13) is a pullback D-absorbing set for the process U(t,7). To prove the
result, by Theorem 2.5, we only need to prove that for any ¢ € R, any sequences
Tn — —oo, and all (u, ,v; ) € Do(r,), the sequence {U(t,7)(ur,,vs, )} is
precompact in H x H.

From (3.13) we know that for any ¢ € R, there exists 75 () < ¢ such that

U(t,7)Do(7) C Do(t), V1 <1p,(t).
Then for every k € Z., there exists 75 (k,t) <t — k such that
(3.42) U(t —k,7)Do(T) C Do(t — k), V1 <71p,(kt).
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Since for any t € R, k > 0, Do(t — k) is a bounded subset in H x H, by a
diagonal procedure, we can select {7/, (ur_,,vr ,)} C {Tn, (tr,,vs,)}, which
T 1s a decreasing sequence, such that for every k > 0, there exists a sequence
wi = (uk,vr) C H x H such that

(3.43) Ut =k, 7 )(ur,,,v7,,) = Wi weakly in H x H.
Thus, it follows from Lemma 3.5 that
wo = (UOa UO) = lgln (HxH), U(t, Tn’)(u‘rnl ) UT”,)
=Ulm gy Ut,t —k)U(t =k, 70 )(ur,,,vr,,)
n/ w n n
= U(tvt - k) 111',11 (HxH), U(t - ka Tn’)(uTn/ ) U‘rn/)
(3.44) =U(t,t — k)wy, for all k >0,

where lim (g ) denotes the weak limit in H x H. The equality (3.44) also
implies that

(B2 PLU(t, 7 ) (tir,, 07 ,), 02 PoU(E, 7 )t 07 ) = (B30, % v0) weakly in HxH,

where P; (i = 1,2) is the canonical projection. By the lower semi-continuity
of the norm, we get that

1(B2uo, a2 vg) ||
(3.45)
< lim inf | (82 PU(t 7) (ur,, vr,, ), @2 PoU (87 ur,vr, ) i
If we can also prove
(3.46)
Tim_sup || (82 PU(t, ) (ur, , vr,, ), @ PoU (87 (i, 07,)) Nl
<|| (B*uo, a%vo) |,
then we can get that
(B2 PLU(t,7) (s, 07 ), a2 PoU(t,700) (s, , U5, ) = (B w0, % v0) strongly in HxH,
which implies that

U(t, T )(ur,,,vr ) = (u0,v0) strongly in H x H,

and the result will be proved.
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By (3.5), for all 7 <t and all (u,,v,) € H x H, we have
(3.47)
B PU(t ) (ur,0r) |* +a || P2U(,7) (ur, 0r) |2

t
=B [ ur | o vr %) + 2 — 6) /672MH>H PU(s,7)(ur, vr) |*ds

-

t t
28y / PV P (s, 7) (ur, 07| ds — 28 / P (P (s,7) (s, 7)),
t
PIU(S,T)(UT,UT»deg/ e r PU(s, 7Y (ur, vr))ds

t
120 / e (g PU(s, 7)(ur, ) ds.

Then for all k£ > 0, 7, <t — k, we obtain

(3.48)

B PLU(t ) (ur,, vr,, ) |I° +a || PaU 7o) (ur,, 0r,) |12

= B||PU(t,t — k)U(t—k, 70r) (ur,, , vr )| [*+al |PU (tt = R)U (¢ — k, T ) (ur,, v, )l
= e BN PU =k, ) (ur,,yvr,,) 1P e || P2U(E= Ry 7r) (un,,0r,,) )

t
+2a(X —0) / e P RU(s,t — K)U(t — ky ) (ur,, 0r,) | ds
t—k

t
_ 261// ) | TP (s, t— KUt — by ) (i 0r,) | ds
t—k

t
—28 [ e P NR(PU(s,t — YUt — k7o) (ur,, v, ), PLU (s, — K)U(t — k,
t—k

Tn! ) (u‘rn/ ) v‘rn/ )>d5

t
+ 25/ e X PLU (st — KUt — Ky 1) (ur,, 07, ))ds
t—k

t
+ 2a/ e 2= g PU (s, t — k)U(t — k, 7) (ur, v ))ds
t—k

=hL+1o+Is+ 14+ Is + Is.

We now estimate I; — Ig one by one. First, from (3.42), we have
(3.49) U(t—k,mw)(ur,,,vr,) € Do(t — k) for any 7,y < TBo(kit)? k> 0.
Then we have

lim sup 4
n’ — oo
= lim (e 2B PUt — k,10/) (ur,,vr )| 4 a||PoU(E = ky 70 ) (ur, 0 )| P)
e s U7, s U,

(3.50)
< e 5 (R(t—k)?, k>0,
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where 0, = max{a, 3}. For Iy, since U(t — k, 7 )(ur,,,vr,)

— wy, weakly in H x H, and it follows, from Lemma 3.5, that PyU (s, t—k)U (t —
ko )(ur,,,vr,,) = PoU(s,t — k)wy, weakly in L?(t — k,t; H). Then we can
deduce that

t
[ e Byt s
t—k

t
< lim inf/ e | PU(s,t — k)U(t — ky 7o) (s, , 07 ,) |2 ds.
n’—oo —k " n
Thus, by the fact that A < § we have
t
(3.51) lim suplr < 2a(X — 5)/ e || PU (s, t — k)wy, |2 ds.
n’—oo —k
Similarly, reasoning as above, we have VPU (s, t —k)U(t =k, 7p)(ur, ,, 07, ) —
VP U(s,t — k)wy weakly in L?(t — k,t; H). Then,

t
/ e M) || VPU (s, — Ky || ds
t—k

t
< lim inf e M=) | Y PU (s, — kK)U(t — by 7 ) (ur,,, 0r ) || ds.

n’—o0 —k
Thus,
(3.52)

t
lim sup s < —28v / e=2X=3) || TP (5, ¢ — K)wp |2 ds.
n’—oo —k

Now, we estimate Iy by decomposing R™ into a bounded domain and its
complement to overcome the lack of compactness of Sobolev imbeddings. Note
that

t
—28 e PR (PLU (s, t = k)U(t — Ky 7o) (ur,, v ,), PLU (s, — k)
t—k

oU(t —k, Tn/)(uTn/ , U, ))ds

t
Y 6*2*“*8)/ WP (s,t — KUt — ks ) (r., 0 ))PAU (s, — )
ol 2m

t—k

oU(t —k,1n)(ur,,,vr, ,)dzds

t
_og [ e / W(PLU (5, — YUt — by 7Y (1 0r )V PLU (5, — )
t—k lz|<m

oU(t —k,Tn)(ur,,,vr ,)dzds.
By Lemma 3.4, for any € > 0, there exists 7 < ¢, m € N and 7 € N such that

/

n

t
672)\(1575)/ | PLU (s, ) (ur,,vr ) |? dads < e,

P |z|>m
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for 7, < min{7,t —k}, m > m,n’ > n and (uonj,vonj) € Do(7y/). Without
loss of generality, we can choose 7 large enough such that 7,, < min{7,t — k}
for all n’ > 7.

Combining (1.4) and (1.5), we have |h(u)| < C(|u| + |u|"!), and then we
can deduce that for n' >, m > m, and (ur ,,v, ,) € Do(7yn), there holds
t
/ e*”“*‘*/ h(PLU (s,t — K)U(t — ky T ) (ur,,, 0r, ) PLU (5, — k)
t—k |z|>m

oU(t — k, Tn/)(ufn, , U, )ds
t t
<c / A9 / | PU(s, 7 )(uir,0r, ) |2 dads 4 C / emPE=9)
Tt || >m t—k

X / | PiU (s, t — k)U(t — k,Tn/)(uTn,,’UTn,) |T+1\ P1U(3,Tn/)(u.rn,,v.rn,) | dzds
|

t
<eC+0( / A E) / | PUU(s, £ — KUt — ky 7Yt 0r,,) [20FD dads) ®
t—k |

z|>m

t
><(/ e*”“*”/ | PLU(s, 7 ) (ur,,,vr,) | dzds)®
T 1 |z|>m

t
<eC + EC(/ e A=) / | PLU(s,t —k)U(t — k, 7 ) (ur,,,0r,,) |20+ dxds)%
t—k |z

[Zm

t
<eC+ EC(/ e | PLU(s,t — R)U(t— by 7o) (ur, 0, ) 25D ds) 2.,
t—k
Let Q,, = {z € R"| |z| < m}, and note that
Ut —k, o) (Ur,,,vr,) = Wi weakly in H x H.

From Lemma 3.5, we get that
PU(t—k)U(t—k, 7)) (ur,,,vr ) = PLU(, t — k)weweakly in L*(t —k, t; H' (),
)

5P1U(-,t —k)U(t — k, T)tir,, — gPlU(-,t — k)wy, weakly in L?(t —k, t; H™ (Qm)).

By the compactness result in [11], we have
PU(t=k)U(t — k, 7 ) (ur,,,vr,,) = PLU(, t — k)wy, strongly in L?(t —k, t; L (Qum).
Thus, for m > m we have

(3.53)

t
lim sup Iy < —25/ e 2 (t=9) / h(PU(s,t — k)wi)PLU (s, t — k)wyds
- t—k |z|<m

n’

t
s tim_ s [ @R s, 7)o, VT Vi)

n’—oo0 t—k
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By Lemma 3.5 and (3.43), we have

(3.54)
t
23 e (f(s), PLU(s,t — k)U(t — ky T ) (ur,, 07, ))ds
t—k
t
— 28 [ e 2 (f(s), PLU(s,t — k)wi)ds, n' — oo,
t—k

and
(3.55)

t
20 [ P g(e), PUs, = WUt = Ky, v,
t—k
t
— 2a/ e P (g(s), PU (s, — k)wi)ds, n' — oc.
t—k

Considering (3.50)-(3.55) and letting m — oo, we get from (3.48) that
(3.56)
lim sup(B || PrU(t, 7o) (uir,  vr, ) 1P e || P2U(E 70 ) (i, 0m,) )

t
< 6—2Ak51(R(t _ k’))Q + QQ()\ — 5)/ 372)‘“75) || PQU(S,t - l”v')wk ”2 ds

t—k
t

- 2,31// e | TP (s, — k) || ds

t—k
_9g / e P [ (P (s,t — k)wk) PLU(s,t — k)wids

RTI

225 [ PO, PU st — R
+2a/ e P 10(s), PU (s, t — k)wy))ds

t—k

n — 00

t
+e hm sup(/ e M=) || PLU (s, Ty )(UT 1y VT, /) ||2(T+1) ds )% +e.
t—k

Combining (3.44) and (3.47), we can obtain
(3.57)
| (8%uo, 0% wo) irx =l (8% U1, — K)o, * PoU (1t — ko) |

t
=B | Ha | o |?) + 200 - 5)/ e | PU (s, t — k)i ||*ds

t—k

t
- wy/e*”(f*s) | VPU (s, t — k)wy, ||* ds
t—k
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_ 25/ e PN (PU(s,t — k)wr), PLU (st — k)wy))ds
28 [ PN, Ut — R

+2a/ e (g(s), PU (s, — k)wy,))ds.
t—k

By (3.56) and (3.57), we can deduce that

(3.58)
lim sup(B || PrU(t, T ) (ur,, 5 vr ) I1? +a || PU(t, o) (Ur,, Vs, ,) I12)
n’— oo
< e (R(E—R)) + (Bl uo I* +a oo ) = (B un I +a || or |1?)
t
+¢e lim sup(/ e PU(s, ) (ur, vr ) ||2(TJrl ds)% +e.
n’— oo n n

t—k

Finally, we only need to prove that for any ¢ € R,

t
lim sup / e || (s, ) (s vr ) IPTTD ds)E < oo
t—k

n’—oo0

From (3.21) we get that

(r+1
|| PlU('S?Tn')(uT /7UT /) ||H )

< Ce—O'(’l--f-l)b(eO'Tn/ (ﬂ || U, ||2 +a || iy Hz)),--i-l
t

e [ s) P+ ) ) [P)ds)

— 0o

Then we can easily obtain that for 0 < o < min{\, -2 e A

t
/ e X PU(s, 7o) (un,, yon,, ) 15D ds

n

< Cle™™ (Bllur,, |I* + olfor,, 1)) + (/ e (I £(s) 11" + 1l 9(s) 1I*)ds)™]

t
></ e*?k(tfs)efa(T«l»l)st
Ce —o(r+1)t
- 2)\ —o(r+1)
+ 1 g(s) [*)ds)"™ ).

(€7 B L,y I e o P07+ () £ I

—o0
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Since (ur ,,vr ,) € Do(7n), by (3.13), we have

(3.59)
t
lim SUP(/ e (t=s) | PU(s, T ) (ur ,, 07 ,) ”%I-H) dg)%
n’—o0 . n 'n
oGt .
2Ce / ) ) ar
< (] (SO P+ 9(s) |*)ds) =
2)\—U(r+1)( . (I fCs) 117 + 11 g(s) I7)ds)
< oQ.
By (3.58) and (3.59), we can get
(3.60)

fim_sup(8 | PU(t, 7o), 0r,) 2 e || PU(t ) ot 0r,) )

< e PEE1(R(E—K) A+ (B [l uo |I* +a | vo 1) = e (B un |* +a | ok )

o(r+1)t

2067? ¢ os 2 2 %
+Em( _ooe (I F& N+ 1 g(s) 1)ds) +e.

Note that
e (R(t - k))?
2670t67(2)\70')k

ﬂ t—k 5 a t—k 5
(e e P+ S [ e gt 7 ds)

—0, ask — .

Letting ¢ — 0 and k — oo in (3.60) and considering (3.1), we get (3.46). This
completes the proof. O

Remark 3.7. In this paper, we only get the existence of pullback D-attractor
for system (1.1)-(1.3). For more information on pullback D-attractor obtained
in Theorem 3.6 such as dimension, regularity and inner structure, we leave
them for future study.
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