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ABSTRACT. The symmetric doubly stochastic inverse eigenvalue problem
(hereafter SDIEP) is to determine the necessary and sufficient conditions
for an n-tuple o = (1, A2, A3,...,An) € R™ with |X\;| <1, i=1,2,...,n,
to be the spectrum of an n X n symmetric doubly stochastic matrix A. If
there exists an n X n symmetric doubly stochastic matrix A with o as its
spectrum, then the list o is s.d.s. realizable, or such that A s.d.s. realizes
o. In this paper, we propose a new sufficient condition for the existence
of the symmetric doubly stochastic matrices with prescribed spectrum.
Finally, some results about how to construct new s.d.s. realizable lists
from the known lists are presented.

Keywords: Inverse eigenvalue problem, symmetric doubly stochastic
matrix, sufficient condition.
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1. Introduction

A real square matrix with nonnegative entries all of whose row sums or
column sums are equal to 1 is referred to as stochastic. Moreover, if all of its
row sums and column sums are equal to 1, then it is said to be doubly stochastic.
A real matrix A = (a;j)nxn is said to be generalized doubly stochastic if all its
row sums and column sums are the same constant, say a, i.e.

n n
E Q5 = E Qi = Q, i,jzl,...,n.
i=1 Jj=1

Therefore, a real matrix of order n is called generalized symmetric doubly
stochastic if it is symmetric and generalized doubly stochastic.
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Symmetric doubly stochastic inverse eigenvalue problem 854

A list 0 = (1, Ag,..., Ap) of real numbers is s.d.s. realizable if there exists
an n X n symmetric doubly stochastic matrix A with o as its spectrum. In
other words, the matrix A s.d.s. realizes o.

In our paper, we present a wide range of bibliography on the SDIEP [I]-
[26]. But so far, the SDIEP has only been solved for the case n = 3 by Perfect
and Mirsky [18]. The case n = 4 for symmetric doubly stochastic matrices of
trace zero has also been solved by them in the above reference. Subsequently,
Mourad also solved the above case n = 4 by a mapping and convexity technique
in [14]. In this reference, the case n = 4 with trace two is also solved. Because
a complete characterization is unknown for all real n-tuples, the problem still
remains open for the cases n = 4 with other nonzero trace and n > 5.

From [9], we know that there are six known realizability criteria for the
SDIEP, i.e. Perfect and Mirsky’s realizability criterion [18, Theorem 8], Soules’
realizability criterion [23, Corollary 2.7], Zhu’s realizability criterion [26, Theo-
rem 5.1], Mourad’s 1st realizability criterion [17] and [9, Theorem 6], Mourad’s
2nd realizability criterion [17] and [9, Theorem 7] and Rojo’s realizability cri-
terion [20, Theorems 6, 8, 10, 11, 12 and 13].

Now we give two lists

and

Through a computation, we find that these two lists do not satisfy any of the
six known realizability criteria. But they are indeed s.d.s. realizable by the
following two symmetric doubly stochastic matrices

3 11 5 5 15 7 1 1
11 3 5 5 7 15 1 1
5 5 9 5 1 1 21 1
gLl 5 5 9 11 121
7l 1570101 3 11 5 5 |
7 15 1 1 11 3 5 5
1 1 21 1 5 5 9 5
1 1 1 21 5 5 5 9
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and
% 25 25 25 16 241 25 25 25
%5 25 25 25 16 25 241 25 25
%5 25 25 25 16 25 25 241 25
Ll o2 o2 25 16 25 25 25 24
Ay—— | 16 16 16 16 304 16 16 16 16 |,
43201 o041 25 25 25 16 25 25 25 25
25 241 25 25 16 25 25 25 25
25 25 241 25 16 25 25 25 25
25 25 25 241 16 25 25 25 25
respectively.

These inspire our interest to find a new realizability criterion to supplement
the known realizability criteria.

Throughout our paper, we denote by e;, I; and 0 the i-dimensional column
vector of all ones, the identity matrix of order ¢ and zero matrix with appro-
priate size respectively. Let A(c: d, p: ¢q) denote the submatrix of an n X n
matrix A formed by taking the entries in the c-th row till to the d-th row and
the p-th column till to the ¢-th column of the matrix A, where 1 <c<d<n
and 1 <p<q<n.

Finally, following the notations in [9] the set

Fn={o=(1A,...; ) CR* | 1> |N\] foralli=2,....n
and 1+ > 1 , A > 0}
signifies the polytope of R™ that strictly contains all the possible spectra of
n X n symmetric doubly stochastic matrices. Meanwhile, the set

O, = {0 € §, | 0 is s.d.s. realizable}

denotes all the s.d.s. realizable lists.

2. A new realizability criterion for the SDIEP

In 1998, Elsner, Nabben and Neumann [4] introduced the following charac-
terization of a Soules matrix.

Lemma 2.1 ([1]). Let R = (r1,72,...,mn) € R™™ be a matriz with columns
r1,T9,...,Tn, wherery is positive. Then the following conditions are equivalent:

(1) R is a Soules matriz.
m

n
(2) ZririT >0 form=1,2,...,n, and ZHT;F =1,.
i=1 i=1

In the above lemma, if there exists a diagonal matrix A = diag(A1, Ag, .. .,
An) with Ay > Xy > -+ > ), > 0, such that the matrix A = RART > 0, then
the ordered set {ry,ro,...,r,} was called Soules basis in [4].
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In 2012, Mourad [15] stated that if A is an nxn generalized doubly stochastic
matrix whose each row and column sum is equal to s, then the sum of the
components of the eigenvector corresponding to any eigenvalue except for the
eigenvalue s is zero. Furthermore, the unit eigenvector associated with the
eigenvalue s of the matrix A is ﬁen.

Therefore, in order to construct an n X n symmetric doubly stochastic matrix
for the SDIEP, we let 1 = ﬁen in Lemma 2.1. From the above results, an

immediate consequence is the following.
Corollary 2.2. Let P = (ﬁemxg, ooy Ty) € R™™ be an orthogonal matriz,
where x; € R™ for anyi=2,...,n. Then {ﬁen,xg, ...y Tn} is a Soules basis
if and only if the following n-tuples
o(s,t)={1,1,...,1,0,...,0},

—— ——

s times t times
are s.d.s. realizable by the matrices Pdiag(o(s,t))PT, where s,t > 0 and s+t =
n—1.

From the above corollary, we explicitly find that:

Observation 2.3. Perfect and Mirsky’s realizability criterion and Soules’ real-
izability criterion can be obtained via Soules basis.

In [23], a well-known Soules matrix is presented, that is,
1 1 1 e 1 1 1
VE  k(k—1)  \/(k—1)(k—2) 4x3  VBx2 V2
1 1 1 1 1 -1
VE  \k(k—1)  /(k—1)(k—2) 3 V3x2 V2
1 1 1 .2 —2
Vi \k(k—1)  \/(k—1)(k-2) VAX3  V/3x2 0
Uk = (Wij)kxk = : ; : ’ ; :
-+ ! ! 0 0 0
VE  \k(k=1)  /(k—1)(k—2)
1 1 —(k—2) 0 0
Vi \k(k—1)  \/(k—1)(k-2)
1 =kl 0 . 0 0
vk k(k—1)
For simplicity, u;; =0 for i+ 7 > k42, u;; = — Z(’il) fori4+j =k + 2 and
. _ i A 1 . . .
Uil = T, Uij = TS0 (j #1) for i+ j < k+ 2. All columns of the

matrix Uy consist of not only a Soules basis, but also an orthonormal basis of
unit eigenvectors of a k x k generalized doubly stochastic matrix. From [9], we
know that Perfect and Mirsky’s realizability criterion can also be obtained by
using the Soules matrix U,,. Therefore, this criterion can be realized by Soules
basis. Furthermore, in [17], an n x n orthogonal matrix Vg is presented to
realize Soules’ realizability criterion. It is obvious to see that all columns of
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the matrix ViJ consists of a Soules basis. From Corollary 2.2, it can be verified
by the fact that the n-tuples o(s,t) are all s.d.s. realizable. Therefore, Soules’
realizability criterion can also be obtained via Soules basis.

Observation 2.4. Mourad’s 1st realizability criterion and Mourad’s 2nd realiz-
ability criterion can not be obtained via Soules basis.

Mourad [17] generalized Soules matrix to obtain the above two realizability
criteria. But it can be seen that the n-tuple o(n — 2,1) does not satisfy them.
Therefore, Mourad’s 1st and 2nd realizability criteria can not be achieved via
Soules basis from Corollary 2.2.

Observation 2.5. Zhu’s realizability criterion also can not be obtained via Soules
basis.

In [26], the authors constructed a Householder matrix to obtain the above
realizability criterion. But the Householder matrix is not a Soules matrix,
because all the column vectors of the Householder matrix does not form a
Soules basis. The reason is that the n-tuple o(1,n — 2), (n > 4) does not
satisfy Zhu’s realizability criterion.

In this section, we use the well-known Soules matrix Uy to construct an nxn
orthogonal matrix P and explore the conditions under which A = PAPT >0
and can be symmetric doubly stochastic with A = diag(1, A2, ..., A,). But the
column vectors of matrix P does not form a Soules basis. For a set o € §,,, we
present our new realizability criterion for n even and odd, respectively.

When n = 2m (m > 2) for m € Z, the authors in [24] constructed an

orthogonal matrix
1
(% %)
\/ﬁ Um _Um

to get the following realizability criterion.

Theorem 2.6 ([24]). Let n = 2m (m > 2) for m € Z and let o € F, with
12X 2>2X2>---2>2 X\, > -1 If

1+>\m+1 )\2 +)\m+2 )\3+)\m+3 )\m+)\2m
2.1 oo Im T Em S
(2.1) m +m(m—1)+(m—1)(m—2)+ * 2.1 =
and
(2 2) 1_/\2 _)\m+1+/\7rL+2 207
’ >\i*>\i+1*>\m+i+)\m+i+1207 i:2,...,m71,

hold, then the list o belongs to ©,,.

For example, the 2m-tuple o(m, m—1) does not satisfy the above realizability
criterion. Therefore, the above realizability criterion can not be obtained via
Soules basis and the orthogonal matrix R is not a Soules matrix. Through
calculation, we easily find that the list 01 € Fs satisfies the conditions (2.1)
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and (2.2), though it doesn’t satisfy any of the known realizability criteria for
the SDIEP.

When n = 2m — 1 (m > 3) for m € Z, we use the Soules matrix Uy to
construct an orthogonal matrix

V2 1
1 €m—1 ( fgm_la \/(<2m71>)(m—1) ) Um(l tm — 1, 3: m) Um71
2 —2(m—1
Q*ﬁ ( 2m—1’ .\ /@m-1)(m-1) 0 0
V2 1
€m—1 ( om—1" \/(mel)(mfl) Um(l m — 1, 3: m) —Um-—1
From Mourad’s statement in [15], all columns in the matrix @ constitutes

an orthonormal basis of unit eigenvectors of a generalized doubly stochastic
matrix of order 2m — 1. Then we present the following result.

Theorem 2.7. Let n = 2m — 1 (m > 3) for m € Z and let 0 € §,, with
12X 2>2A2>-- >N, > 1. If

(2.3)
1 A2 < Ak + Amtk—1 Am+41
>0
om—1 1 @m—1)(2m—2) +kZ:32(mfk+2)(mfk+1) Tom—2 ="
1 A2 A3 Am41 Am42
2.4 _ _ N
(24) 2m—1+(2m—1)(2m—2) 2m — 2 2m—2+2m—2*0
and
m—j+1
1 n Ag + f >\k - )\m+k—1
(2.5) 2m—1  (2m—1)(2m —2) = 2(m—k+2)(m—k+1)

_Am—j+2 *')\Qm—j-&-l _ )\7n+1 Z 07 ] _ 2737”.7m_2’
27 2m — 2
hold, then the list o belongs to ©,,.

Proof. When n = 2m — 1 (m > 3) for m € Z, we set A = diag(1, \a, ..., \n),
WhGI‘QlE/\QZ}\gZZAnZ—l
Then we can get an n x n generalized symmetric doubly stochastic matrix
A = (0ij)nxn = QAQT all of whose row sums and column sums are equal to 1.
The diagonal entries of the matrix A satisfy aj; = am+jm+; for any j =

1,2,...,m—1,and amm > Gm—1,m-1 > -+ > agz > a2 = a11. Moreover,
1 A = Me + Atk A
ayy = + 2 +Z k m—+k—1 + m+1 )
2m -1 (2m—1)(2m —2) k:32(m—k+2)(m—k+1) 2m — 2

If the condition (2.3) holds, then a;; > 0. Consequently, all the diagonal entries
of the matrix A are nonnegative.

Because the matrix A is symmetric, we consider the entries in its strictly
upper triangular position. Then from the matrix A, we have the following
results.
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(1) When j=m+1,m+2,...,2m—2and k = 1,2,...,m — 2, the entries
1 + A2 A3 A Am42
2m—1 (2m-1)2m—-2) 2m—-2 2m—2 2m—2’
If the condition (2.4) holds, then these entries are nonnegative.

(2) Wheni=2,3,...,m—2and j =1,...,7— 1, the entries
1 + A2
2m -1 (2m—-1)(2m —2)

Ak — Amgk—1
+ kzzg 2m—k+2)(m—_kt1)

CAm—it2 — Aom—it1  Ami

am—1,7 = Qg 2m—1 =

Ai,m+j = A1,mA44 =

21 2m — 2’
When i =2,3,...,m—3and j =i+ 1,74+ 2,...,m — 2, the entries
1 A2
omtd = Gm s = o 1 T em-DiEm—2)

Ak — Amtk—1
M Z Am—k+2)(m—k+1)
A ]+2 A2m—j+1  Ami1
a 2j S 2m -2
If the condition (2.5) holds, then the above entries are nonnegative.

(3) Since 1 > Ay > A3 > .-+ > X, > —1, all the other entries in the
strictly upper triangular position of the matrix A involve %(1 — A2) and all the
other terms involve sums of nonnegative terms. Thus these other entries are
nonnegative.

Finally, we conclude that if the conditions (2.3),(2.4) and (2.5) are satisfied,
then the matrix A is a symmetric doubly stochastic matrix. Therefore, the list
o belongs to ©,,. g

The list o9 € §9 satisfies the conditions (2.3),(2.4) and (2.5). Thus it demon-
strates that our realizability criterion is effective. In addition, the (2m—1)-tuple
o(m,m — 2) does not satisfy the above realizability criterion, then this realiz-
ability criterion can not be obtained via Soules basis and the orthogonal matrix
Q@ is not a Soules matrix.

Remark 2.8. Let 0 € §,, with 1 > Xg > A3 > --- > X\, > —1. Mourad’s
1st realizability criterion is equivalent to our new realizability criterion for the
casesn =4 and n = 5.

From Theorem 2.7, we can also get the following result concerning the inverse
eigenvalue problem for symmetric positive doubly stochastic matrices.

Corollary 2.9. Let n =2m — 1 (m > 3) for m € Z and the elements in the
listo=(1,Aa,..., ) satisfy L+Xa+ -4+ Ay >0and 1> g > A3 >+ >
An > —1. If the conditions (2.3), (2.4) and (2.5) are all strict, then the list o
can be the spectrum of an n X n symmetric positive doubly stochastic matriz.
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Proof. In the proof of Theorem 2.7, if the conditions (2.3), (2.4) and (2.5) are
all strict and 1 > Ao > A3 > --- > A, > —1, then the entries in the upper
triangular position of the matrix A are all positive. Thus the list ¢ is the
spectrum of an n-by-n symmetric positive doubly stochastic matrix A. (|

Mourad’s 1st realizability criterion, Mourad’s 2nd realizability criterion and
this new realizability criterion are all obtained by generalizing Soules matrix,
not by constructing Soules basis. In addition, Zhu’s realizability criterion is
obtained by using Householder matrices, rather than Soules matrices. Rojo’s
realizability criterion is obtained by fast Fourier transformation, also not in-
volving Soules matrix.

Because Mourad’s 2nd realizability criterion does not refine Mourad’s 1st
realizability criterion effectively, and Rojo’s realizability criterion requires irre-
ducible realizable matrices with special structure. Therefore, we will establish
the following relationship between the general realizability criteria involving
Soules matrix, i.e. Perfect and Mirsky’s realizability criterion, Soules’ realiz-
ability criterion, Mourad’s 1st realizability criterion and our new realizability
criterion.

Observation 2.10. Let P& M,/ , #1 and A be the point sets of o= (1, Ao, . . .,
An) which can be s.d.s. realized by Perfect and Mirsky’s realizability criterion,
Soules’ realizability criterion, Mourad’s 1st realizability criterion and our new
realizability criterion respectively, where ¢ € §, with non-increasing order.
Then the Venn diagram of the point sets P& #,., #1 and .4 can be pre-
sented as follows:

G = P& My — D

Gy = P&t (ML N

Gy = PEMN\N — D

Gy = MNON — G2 — Y

Gy = (S — P&M) ML N
Gs = (S — PEM)NNN —Ds
Gy = (S — P&M) () My — Ds

The diagram can be verified by the following lists.
(1) (1,0,0,0,0,—3%) € %
(2) (1?1707_%7_ _%) EgZ

1
5
(3) (17 %7 %7 27747 _i7 _i7 _%a _i) S g?)
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(4) (1,%,—%,—%) 6%4

(5) (L%,:%—%)lé%)l L

(6) (1’§’§’(1),017_817_€1’—6’_6) 6?%

(7) (1a§a§7§7§7_§,_§)€ 4

(8) (1’%’%’(1),017_%1) eelﬂl 1—,/1/1—5”

9 (1,5,5,5, 535,51 —35) €N — ML —F
(10) (1, 3,1 N e p&wt — v -ty

(11) (1,1,1,0,—%,-2) e & — P&l — N — M.

Because Zhu’s realizability criterion can be seen as a general realizabil-
ity criterion, we might as well give three examples to compare it with our
new realizability criterion. For convenience, % signifies the point set of o =
(1,A2,...,A;) which can be s.d.s. realized by Zhu's realizability criterion,
where o € §,, with non-increasing order.

Observation211 (1,4,2,0,-1) e &/ = 2,(1,0,0,0,—3, -3, -3) € Z =1,

D RID R 37 3
14 14 1 7 7
(L, %5 50050, — 407 —100 10> E)ef‘fﬂ,/i/.

In conclusion, for the SDIEP, although there exist some points not satisfy-
ing any of the known realizability criteria, we have used our new realizability
criterion to supplement the existing realizability criteria effectively.

3. Constructing new s.d.s realizable lists from the known lists

In this section, we will present some results about how to construct new
s.d.s. realizable lists from the known lists.

Theorem 3.1. Let A € R™*™ be an n-by-n symmetric doubly stochastic matrix
constructed by Soules basis {ﬁen,xg,...,wn}, where x; € R™ for any i =

2,...,n. Let the spectrum of A be o(A) = (1,2, ..., A\r; Arg1,. .., An). Then
the matriz
B=(1-t)A+tECE"
is also an n-by-n symmetric doubly stochastic matrix with spectrum
U(B) = (17<1_t))‘2+ta-~'7(1_t))‘k+t7(1_t)AkJrlv'--?(l_t))‘ra
(IT=) g1y, (=) A ),
where 0 <t <1, X = (fen,xg,...,:cn),E:X(l:n,lsr) and

C = diag(1,...,1,0,...,0) e R"™*"
———
k times

foranyk=1,2,...,r

Proof. Because { —€p, T2, . - . , Ty } 18 a Soules basis, then X is a Soules matrix.
From Corollary 2 2 o(k —1,n — k) is s.d.s. realizable by the n x n matrix
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ECET = Xdiag(o(k —1,n —k))X™. Then the matrix B = (1 —t)A+tECE"
(0 <t <1)isan n x n symmetric doubly stochastic matrix.
Moreover, the matrix A is constructed by Soules basis {ﬁen, Toy .oy Tty

so XTAX = diag(c(A)). Then

0
- (1—t)diag(a(A))+t< ¢ )

Therefore, the spectrum of B is o(B) = (1, (1 —t) s +t,..., (1 —t)A\p + ¢, (1 —
DA t1s o (L=, (L =) App1y o, (T =) A0). O

XTBX :(1—t)XTAX+t< L )C( I. 0)

In particular, if we take k = 1 in the above theorem, then o(B) = (1, (1 —
Ao, (L —=1t)A3,..., ..., (L =1t)A,) is s.d.s. realizable. Next, the following result
is presented.

Theorem 3.2. Let A € R™*™ be a symmetric doubly stochastic matrix and
the spectrum of ™+ A be (%2, X2, ..., Am). Let B € RM=m)x(n=m) (5 > m) be
a symmetric doubly stochastic matriz and the spectrum of "~ B be ("™,
W2y oy fhn—m). Then (1,0, Aoy ..., Ay 2y - ooy fn—m,) 5 S.d.s. realizable.

Proof. Firstly, we construct the following n x n symmetric doubly stochastic
matrix
C:( . A . %iﬂjfﬁ—m )
nen-meny 5B

. . . 1 0
Then there exists a nonsingular matrix T = ( 1™ ) such

*Een—mem In—m

that
m n—m T 1 T
rer—t = ( wAT Temen 7 OmCn—m
o 0 n—mp_le el :
n n _nN—mtn—m

Because the spectra of A + =g, el and =B — le, el _ are, re-
spectively, (1, Aa,..., A\y,) and (0, pa, ..., tin—m) by Theorem 3.1, then the list

(1,0, A2, -« oy Ay 25+ -« fhn—m ) is the spectrum of C. O

If we take B to be ﬁen,meT

»—m, then an immediate consequence is the
following.

Corollary 3.3. Let A € R™*™ be a symmetric doubly stochastic matriz and
the spectrum of ™A be (", A2, ..., Am).

n’

(1) Then (1,Aa,...,Am, 0,...,0 ) (n >m) is s.d.s. realizable.
——

n—m times
(2) If A is also positive, then (1,A2,...,Am, 0,...,0 ) (n > m) is posi-
——
n—m times

tively s.d.s. realizable.
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Proof. From the proof of Theorem 3.2, we can construct a symmetric doubly
stochastic matrix

m 1 T
D= n n€m€n_m
—\ le el leg el
nEn—m©Cm nEn—m

n—m
by taking B = njmen,megfm. Then the matrix D can s.d.s. realize the new
list (1, A2, ..., Am, 0,...,0 ) (n>m). If Aisalso positive, then D is a symmetric
——

n—m times

positive doubly stochastic matrix. At this moment, (1, \2,..., Am, 0,...,0) (n >
N——

n—m times

m) can be positively s.d.s. realized by it. Therefore, the proof is completed. O

Finally, we consider the following function set

M = {f be holomorphic over the interval [-1,1] : f(1) =1,
f®0)>0,k=1,2,...}

and result in [18].

Theorem 3.4 ([18]). Let A be an eigenvalue of an n x n doubly stochastic
matriz and f € M, then f(N\) is also an eigenvalue of a doubly stochastic
matriz of order n.

Then we have the following result.

Theorem 3.5. Let 0 € §, and o € ©,. If f € M, then f(o) € Fn and

f(o) € ©y, where f(o) = (1, f(A2),..., f(An) ).

Proof. Because f € 9, the Taylor expansion of f around the origin is conver-
: _ oo fR0) K _ oo fM(0)

gent, ie. f(z) = ;20 2" 2] £ 1. Then f(1) = >, =) *7—~. Assume

the list o can be s.d.s. realized by a symmetric doubly stochastic matrix A of or-

der n. Then from the spectral mapping theorem in [25], we know that the spec-

trum of the matrix f(A) is f(o). Because the power of a symmetric doubly sto-

()
chastic matrix is also symmetric doubly stochastic, f(A4) = ',::5 fT(O)Ak is

symmetric doubly stochastic. Therefore, we get f(o) € O, and f(0) € Fn. O

Conjecture 3.6. Let o € §, and o is not in ©,,. There may exist a function
f € M such that f(o) € §, and f(o) € O,.

For example, the following list

1 3 3 3
—(1,1,1,-,-2,-2, -2 1
g3 ( U R R R )
in [13] is not in Og. If we take a function f(z) = z in the set 91, then f(o3) is

not in Og. But if we take a function g(z) = 22 in the set M, then g(o3) € Os.
Because we can partition the list

1 27 27 27
9(03) - (1a ]-7 ]-7 6747 _av _6747 ) _6747 _1)
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into three sublists

27 1 27 27
g(o31) = (1,-1), g(os2) = (1’_674)’ g(os3) = (1, 51 " 6a’ _674)'

By Perfect and Mirsky’s realizability criterion, we apparently know that the
above three sublists are all s.d.s. realizable. Therefore, g(o3) € Og.

Acknowledgments

The authors are grateful to Prof. Abbas Salemi and the anonymous referees
for their valuable comments and suggestions which improved the original man-
uscript. This work is supported by the National Natural Science Foundation
of China (Grant No. 11471122).

REFERENCES

[1] J. Ccapa and R. L. Soto, On spectra perturbation and elementary divisors of positive
matrices, Electron. J. Linear Algebra 18 (2009) 462-481.

[2] M.T. Chu and G.H. Golub, Inverse Eigenvalue Problems: Theory, Algorithms, and
Application, Oxford Science Publications, Oxford Univ. Press, 2005.

[3] P.D. Egleston, T.D. Lenker and S.K. Narayan, The nonnegative inverse eigenvalue prob-
lem, Linear Algabra Appl. 379 (2004) 475-490.

[4] L. Elsner, R. Nabben and M. Neumann, Orthogonal bases that lead to symmetric non-
negative matrices, Linear Algebra Appl. 271 (1998) 323-343.

[5] S.D. Eubanks and J.J. McDonald, On a generalization of Soules bases, STAM J. Matriz
Anal. Appl. 31 (2009), no. 3, 1227-1234.

[6] M. Fang, A note on the inverse eigenvalue problem for symmetric doubly stochastic
matrices, Linear Algebra Appl. 432 (2010), no. 11, 2925-2927.

[7] S.K. Hwang and S.S. Pyo, The inverse eigenvalue problem for symmetric doubly sto-
chastic matrices, Linear Algebra Appl. 379 (2004) 77-83.

[8] C. Knudsen and J.J. McDonald, A note on the convexity of the realizable set of eigenval-
ues for nonnegative symmetric matrices, Electron. J. Linear Algebra 8 (2001) 110-114.

[9] Y.J. Lei, W.R. Xu, Y. Lu, Y.R. Niu and X.M. Gu, On the symmetric doubly stochastic
inverse eigenvalue problem, Linear Algebra Appl. 445 (2014) 181-205.

[10] L.F. Martignon, Doubly stochastic matrices with prescribed positive spectrum, Linear
Algebra Appl. 61 (1984) 11-13.

[11] J.J. McDonald and M. Neumann, The Soules approach to the inverse eigenvalue problem
for nonnegative symmetric matrices of order n < 5, in: Algebra and Its Applications,
(Proc. International Conference, Algebra and Its Apllications, Ohio Univ. 1999), pp.
387-407, Contemp. Math. 259, Amer. Math. Soc., Providence, RI, 2000.

[12] H. Minc, Nonnegative Matrices, John Wiley & Sons, New York, 1988.

[13] B. Mourad, An inverse problem for symmetric doubly stochastic matrices, Inverse Prob-
lems 19 (2003), no. 4, 821-831.

[14] B. Mourad, A note on the boundary of the set where the decreasingly ordered spectra
of symmetric doubly stochastic matrices lie, Linear Algebra Appl. 416 (2006) 546-558.

[15] B. Mourad, On a spectral property of doubly stochastic matrices and its application to
their inverse eigenvalue problem, Linear Algebra Appl. 436 (2012) 3400-3412.

[16] B. Mourad, H. Abbas and M.S. Moslehian, A note on the inverse spectral problem for
symmetric doubly stochastic matrices, Linear Multilinear Algebra 63 (2015) 2537—-2545.



865

[17]

18]

Ma

Xu and Chen

B. Mourad, H. Abbas, A. Mourad, A. Ghaddar and I. Kaddoura, An algorithm for con-
structing doubly stochastic matrices for the inverse eigenvalue problem, Linear Algebra
Appl. 439 (2013), no. 5, 1382-1400.

H. Perfect and L. Mirsky, Spectral properties of doubly-stochastic matrices, Monatsh.
Math. 69 (1965) 35-57.

R. Reams, Constructions of trace zero symmetric stochastic matrices for the inverse
eigenvalue problem, FElectron. J. Linear Algebra 9 (2002) 270-275.

O. Rojo and H. Rojo, Constructing symmetric nonnegative matrices via the fast Fourier
transform, Comput. Math. Appl. 45 (2003), no. 10, 1655-1672.

O. Rojo and H. Rojo, Some results on symmetric circulant matrices and on symmetric
centrosymmetric matrices, Linear Algebra Appl. 392 (2004) 211-233.

R.L. Soto and O. Rojo, Application of a Brauer theorem in the nonnegative inverse
eigenvalue problem, Linear Algebra Appl. 416 (2006), no. 2-3, 844-856.

G.W. Soules, Constructing symmetric nonnegative matrices, Linear Multilinear Algebra
13 (1983), no. 3, 241-251.

W.R. Xu, Y.J. Lei, X.M. Gu, Y. Lu and Y.R. Niu, Comment on: “A note on the inverse
eigenvalue problem for symmetric doubly stochastic matrices”, Linear Algebra Appl.
439 (2013), no. 8, 2256-2262.

X. Zhan, Matrix Theory, Amer. Math. Soc. Providence, RI, 2013.

S. Zhu, T. Gu and X. Liu, Solving inverse eigenvalue problems via Householder and
rank-one matrices, Linear Algebra Appl. 430 (2009), no. 1, 318-334.

(Wei-Ru Xu) DEPARTMENT OF MATHEMATICS, SHANGHAI KEY LABORATORY OF PURE
THEMATICS AND MATHEMATICAL PRACTICE, EAST CHINA NORMAL UNIVERSITY, SHANGHALI,

200241, P. R. CHINA.

E-mail address: weiruxu@foxmail.com

(Guo-Liang Chen) DEPARTMENT OF MATHEMATICS, SHANGHAI KEY LABORATORY OF PURE

MATHEMATICS AND MATHEMATICAL PRACTICE, EAST CHINA NORMAL UNIVERSITY, SHANGHAI,
200241, P. R. CHINA.

E-mail address: glchen@math.ecnu.edu.cn



	1. Introduction
	2. A new realizability criterion for the SDIEP
	3. Constructing new s.d.s realizable lists from the known lists
	Acknowledgments
	References

