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SHEN’S PROCESSES ON FINSLERIAN CONNECTIONS

A. TAYEBI* AND B. NAJAFI

Communicated by Jost-Hinrich Eschenburg

ABSTRACT. We discuss the invariant properties of curvatures ef-
fected by the Matsumoto’s C' or L-process. We find equivalent
conditions on curvatures by comparing the difference between the
corresponding curvatures of closely related connections. As an ap-
plication, Matsumoto’s L-process on Randers manifold is studied.
Shen’s connection can not be obtained by using Matsumoto’s pro-
cesses from other connections. This leads us to two new processes
which we call Shen’s C' and L-processes. We study the invariant
properties of curvatures under Shen’s processes.

1. Introduction

After Einstein’s formulation of general relativity, Riemannian geome-
try became fashionable and one of the connections, namely Levi-Civita
connection, came to forefront. This connection is both torsion-free and
metric-compatible. On the other hand, Finslerian geometry is a natural
extension of Riemannian geometry. Likewise, connections in Finslerian
geometry can be prescribed on the pulled-back bundle 7*T'M. Examples
of such were proposed by Synge, Taylor, Berwald, Cartan, Hashiguchi,
Chern and Shen (see [1-6], [8], [14], [16]).

Recently, the first author with his collaborators have defined a general
class of Finslerian connections which lead to a general representation
of some Finslerian connections in Finslerian geometry and yielded a
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classification of Finslerian connections into the three classes, namely
Berwald-type, Cartan-type and Shen-type connections ([3], [4], [16]).
However, there are four well-known connections in Finslerian geometry
which may be considered “natural” in some sense: the Berwald, Cartan,
Hashiguchi and Chern connections.

In [10], Matsumoto introduced a satisfactory and truly aesthetical ax-
iomatic description of Cartan’s connection in the sixties. After the Car-
tan connection has been constructed, easy processes, baptized by Mat-
sumoto “L-process” and “C-process”, yielded the Chern, the Hashiguchi
and the Berwald connections.

Here, we show that the vv-curvature of connections is invariant under
the Matsumoto’s L-process. Comparing the corresponding curvatures of
related connections obtained by this transformation, we obtain equiva-
lent conditions on curvatures.

Theorem 1.1. Let (M, F) be a Finslerian manifold. Suppose that V
and V are two connections on M and %, obtained from V by Mat-
sumoto’s L-process. Then, we have the followings:

(1) Their vv-curvatures coincide;

(2) If their hh-curvatures coincide, then F' is a generalized Landsberg
metric. Moreover, if M is a compact manifold, then F reduces to a
Landsberg metric;

(3) If their hh-curvatures coincide and F' is of non-zero scalar flag cur-
vature, then F is a Randers metric;

(4) Their hv-curvatures coincide if and only if F' is a Landsberg metric.

It is well known that vanishing hv-curvatures of Cartan and Berwald’s
connections characterize Landsberg metrics and Berwald metrics, re-
spectively. Recently, Shen introduced a new connection in Finslerian
geometry, in which vanishing hv-curvature of the connection character-
ized Riemannian metrics [14]. On the other hand, the Chern, Berwald,
and Hashiguchi connections are obtained from the Cartan connection by
Matsumoto’s processes, as depicted as follows:

C—process

Cartan’s connection e Chern’s connection
L — process L — process

C—process
Hashiguchi’s connection ———  Berwald’s connection
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However, the Shen connection can not be constructed by Matsumoto’s
processes from these well-known connections. Therefore, it is natural to
find some kinds of processes on one of these connections, say Chern’s
connection, which yields the Shen connection. Here, we introduce two
new processes on connections called Shen’s C' and L-processes. We show
that the Shen connection is obtained from the Chern connection by
Shen’s C-process. Studying curvature tensors of two connections related
by this process leads us to the following result.

Theorem 1.2. Let (M, F) be a Finslerian manifold. Suppose that V
and V are two connections on M and %, obtained from V by Shen’s
C-process. Then, we have the followings:

(1) If their hh-curvature coincide, then F is a Landsberg metric;

(2) Their hv-curvature coincide if and only if F' is Riemannian;

(8) Their vv-curvature coincide.

Throughout this paper, we use the Cartan’s connection on Finslerian
manifolds. The h- and v- covariant derivatives are denoted by “;” and
“, 7 respectively. Furthermore, we suppose that the horizontal distri-
bution of connections are the same as Cartan’s connection horizontal
distribution.

2. Preliminaries

Let M be an n-dimensional C*° manifold. Denote by T, M, the tan-
gent space at x € M, and by TM = Ugzep T M, the tangent bundle of
M.

A Finslerian metric on M is a function F' : TM — [0, 00) which has
the following properties: (i) F'is C* on TMy := TM \ {0}, (ii) F is
positively 1-homogeneous on the fibers of tangent bundle T'M, and (iii)
for each y € T, M, the following form g, on T, M is positive definite:

1
gy(u,v) := 5 [F2(y + su+tv)] |s1=0, u,v € TxM.

Let x € M and F, := F|r,p. To measure the non-Euclidean feature of
F,, define C, : T,M ® T,M ® T,M — R by

1d

o [Gy+tw(u, V)] [t=0, u,v,w € TpM.

The family C := {Cy}yernm, is called the Cartan torsion. It is well
known that C = 0 if and only if F' is Riemannian. For y € T; My, define
the mean Cartan torsion I, by I,(u) := Ii(y)u’, where I; := ¢/*Cjj

Cy(u,v,w) =
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8 -
ox*

and u = u'-%;|,. By Diecke’s Theorem, F' is Riemannian if and only if
I,=0[7].
For y € T, My, define the Matsumoto torsion M, : T, M ® T, M &

T, M — R by My(u,v,w) = Mijk(y)uivjwk, where

M = Cij — n_li_l{Iihjk + Lihiy + Ikhij}7
and hij == FFy iy = gij — %gipypgquq. A Finslerian metric F' is said
to be C-reducible if M, = 0. This quantity was first introduced by
Matsumoto [9]. Matsumoto proved that every Randers metric satisfies
M, = 0. Later on, Matsumoto-Hojo proved that the converse was true,
as well [12].

Proposition 2.1. ([11], [12]) A Finslerian metric F' on a manifold of
dimension n > 3 is a Randers metric if and only if M, = 0, Vy € T'M,.

The horizontal covariant derivatives of C and I along geodesics give
rise to the Landsberg curvature Ly, : T, M ® T, M ® T, M — R and the
mean Landsberg curvature J, : T, M — R, defined by

Ly (u,v,w) := Lijr(y)u'v/w®, and J,(u) = J;(y)u',

o o

where Lijp = Cyjpsy®s Ji = Liy®, u = u'ggle, v = v'g5], and
w = wla?ci z- The families L := {Ly}yernm, and J := {Jy}yern, are

called the Landsberg curvature and the mean Landsberg curvature. A
Finslerian metric is called Landsberg metric and weakly Landsberg met-
ric if L = 0 and J = 0, respectively [17].

The rate of change of L along geodesics is measured by the generalized
Landsberg curvature Ey T MRT, M QT,. M — R, which is defined by
Ly (u,v,w) := Ly (y)u'viw®, where L;jj, := Lijksy°

The geodesics of Finslerian metric F' are characterized by the follow-
ing system of second order ordinary differential equations in local coor-
dinates & +2G'(¢) = 0, where G'(z,y) == 39" (=, y){[FQ]wkyzyk —[F]2}.
These local functions G* define a global vector field on T'Mj as follows:

. 0
9 (2, ) —.
5 2C (m,y)ayl

For y € T, My, define By : T, M @ T, M ® T, M — T, M by

G =y

. , o
By (u,v,w) := Bl ()l v*w' o1,
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where Bijkl(y) = %(y). B is called the Berwald curvature. A

Finslerian metric is called a Berwald metric if B = 0 ([15], [18]). It is
well known that every Berwald metric is a Landsberg metric.

The notion of Riemann’s curvature is extended to Finslerian metrics.
For y € T, My, the Riemann’s curvature Ry : T, M — T, M is defined

by Ry (u) = R} (y)u” aa where

oG* ?Gt - 0%G! 9G* 0GI
A S NS Ve B A i iy
oxk  Oxioyk Oyioyk Oyl Oyk
Taking an arbitrary plane P C T, M (flag) and a non-zero vector
y € P (flag pole), the flag curvature K(P,y) is defined by

9y(Ry(v),v)
9y (Y, 9)gy(v,v) — gy (v, 9)gy (v, y)

We say that a Finslerian metric F' is of a scalar flag curvature if for any
y € T, M, the flag curvature K = K(z,y) is a scalar function on T'Mj.
If K is constant, then F' is said to be of a constant flag curvature.

Rj(y) =2

K(P)y) =

Consider the pull-back tangent bundle 7*T'M over T'M;, defined by
T TM = {(u,v) € TMy x TMy|r(u) = m(v)}. Take a local coordinate
system (2') in M. Then, the local natural frame {821'} of T, M deter-
mines a local natural frame 8 |y for T M the fibers of 7T M, where
Oilv = (v, %| )s € T'My. The fiber 7;TM is isomorphic
to Tr(y)M, where 7['(’1}) = a: There is a canonical section ¢ of 7*T M,
defined by ¢, = (v,v)/F(v).

Let TT'M be the tangent bundle of "M and p be the canonical linear
mapping p : TTMy — «*TM, defined by p(X) = (z, ’R’*(X)), where
X € T.TMy and z € TMy. The bundle map p satisfies p( ;) = 0; and
p(ayi) = 0. Let V,TM be the set of vertical vectors at z, that is, the set
of vectors tangent to the fiber through z, or equivalently V,T'M = kerp,
called the vertical space.

Let V be a linear connection on Tr*TM Consider the linear mapping

: T,TMy — Tr,M, defined by u,(X ) V ¢ Ft, where X € T.TM,.
The connection V is called a Finslerian connection if for every z € T' My,
1. defines an isomorphism of V,T' My onto T, M. Therefore, the tangent
space TT My in z is decomposed as T,TMy = H,TM & V,T M, where
H.TM = ker u, is called the horizontal space defined by V. Indeed, any
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tangent vector XeT >I'Mo in z decomposes to X = HX + VX, where
HX e HTM and VX € V,TM.
The structural equations of the Finslerian connection V are:

(2.1) T(X,Y)= ViV - VX —p[X, V],

(2.2) X Y)Z= VyVyZ - VyVZ =V 547,

where X = p(X), Y = p(Y) and Z = p(Z). The tensors T and Q
are called respectively the torsion and curvature tensors of V. Three
curvature tensors are defined by R(X,Y) := Q(HX HY), P(X Y) =
QHX,VY) and Q(X,Y) := Q(VX,VY), where X = u(X) and Y =
1(X).

Let {e;}; be a local orthonormal (with respect to g) frame field for
the pulled-back bundle 7*T'M such that e,, = £. Let {w'}}" | be its dual
co-frame field. One readily finds that w™ 8F Cdrt = w, Wthh is called
Hilbert form, and w(f) = 1. Put Ve; = w;’ ® ej and Qe; = 291-] ® e,
where {Q.7} and {w,”} are called respectively, the curvature forms and
connection forms of V with respect to {e;}. By definition, p = W' ® e
and pi 1= VF{ = Fw""" @ ¢;, where " := w, + d(logF)d,,. Tt is easy
to show that {w’,w" ™"}, is a local basis for T*(T'Mp). In a natural
coordinate, we can expand connection forms w;’ as follows:

'j — Fj. dzF —|—Fj- dyk,
where V 5 9 = Fk 8k and V » % = Fk 6k. In the rest of the paper,
't ay’
we suppose that all connections satisfy F* ij = Fk Jyj = 0.
Let {&;, é;}_; be the local basis for T(T'My), which is dual to {w?, w™ T}, |
ie, e € HTM,é; € VT M, such that p(e;) = e;, u(é;) = Fe;. Then,
equations (2.1) and (2.2) are equivalent to:

. 1 .
(2.3) dw' —w Awj = iszklwk AW+ TP A W™
(2.4) dwij —w;" A wkj = Qij,

where T, := w' (7T (é, &) and S?;, := w*(T (e, &)). Since the jS are
2-forms on T'Mjy, they can be expanded as:

1 1.
(25) Q7 = §Ri]klwk At + P’ klw AWt 4 iQijklw"Jrk AWt

The objects R, P and @ are called, respectively, the hh-, hv- and
vv-curvature tensors of V with the components R(ég,é;)e; = Rijklej,
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P(eg,é)e; = PJue; and Q(éx,é)e; = Qej. By (2.5), we have
Ry = =Ry, and Q7 = Q-

3. Matsumoto’s C' and L-processes

Matsumoto introduced two processes in connection theory that by
them, one can construct the Berwald, Hashiguchi and Chern connec-
tions from Cartan’s connection [10]. The space of all connections makes
an affine space modeled on the space of (1,2)-tensors over pulled-back
bundle 7*T'M. It means that adding a (1,2)-tensor to a connection
makes a new connection. A Finslerian metric F' gives us two natu-
ral (1,2)-tensors with components Cijk (=¢"Cy;x,) and Lij,C (=g Lijk).
These two (1,2)-tensors play key roles in Matsumoto’s processes, and
in what we call Shen’s processes, here. The C-processes use Cartan’s
tensor, and the L-processes use Landsberg’s tensor.

Let (M, F) be a Finslerian manifold. Suppose that V is a connection

with connection forms w; Define

(3.1) N; = w§ - Cijkw"Jrk.

Then, (IJ;- are connection forms of a connection 6, that is called the con-
nection obtained from V by Matsumoto’s C-process. Similarly, define

~i . i ik
(3.2) Gi=wp A+ L w”
Then, JJ; are connection forms of a connection %, that is called the
connection obtained from V by Matsumoto’s L-process. The Chern
and Hashiguchi connections are obtained from Cartan’s connection by

Matsumoto’s C-process, and Matsumoto’s L-process, respectively.

3.1. Proof of Theorem 1.1. First, we recall the following well-known
result from [9].

Lemma 3.1. Let (M, F') be a Finslerian manifold and the Cartan tensor
satisfy Cijr = Bihji + Bjhg, + Bihi; such that y*B; = 0. Then, F is a
Randers metric.

To prove Theorem 1.1, we need the following.

Proposition 3.2. Let (M, F') be a generalized Landsberg space. Suppose
c(t) is a geodesic. Put C(t) = Ce(U(t),V(t),W(t)), where U(t),V(t)
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and W (t) are the parallel vector fields along ¢ . Then, the following

equation holds:
(3.3) C(t) = L(0)t + C(0).

Proof. Let p be an arbitrary point of M, y,u,v,w € T,M and c :
(—00,00) — M be the unit speed geodesic passing from p and %(O) =
y. For U(t),V(t) and W(t) are the parallel vector fields along ¢ with
U(0) =u,V(0) =v and W(0) = w, we put

L(t) = Le(U (1), V (1), W (t)).

By definition of Landsberg’s curvature, we have

(3.4) L(t) = C'(¢).

Let

(3.5) L(t) = Lo(U (1), V(£), W (1),

From the definition of L,, we have

(3.6) L(t) = L'(¢).

Since F' is the generalized Landsberg metric, then we have

(3.7) L'(t) =0,

which implies that L(¢) = L(0). By (3.4), the proof is complete. O

Proof of Theorem 1.1: Let V be obtained from V by Matsumoto’s
L-process,

~to__ i k
w; =wj + L' jw”.

An exterior differential of the above relation yields
(3.8) it = dwl + dL' j Aw® + L' dwt.
On the other hand, we know that

(3.9) dL'y+ L*yw,’ — L w4+ Ly W™t

s 7 s _ 711
Skwj —L]swk =L

jkl|s jk.s
where “|” and “.” denote the horizontal and vertical derivatives with

respect to V, respectively. Using (2.3), (2.4), (3.8) and (3.9), we have

(~23 =+ (Lijklsws + L"jklsw”“ - szkwsi + L' gw;® + L' jqwi) A WP
|
- szu(i

(3.10) - (cu;C + ijuw“) A (Wb + L, w™) + w}“ A wh.

St Wl + T% ") AWk + Lijkws AWk
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Replacing (2.5) in (3.10) yields:
(3.11) R, jy = R’ ; — (L§k|l - L;’l|k) — (L Ly — L LY + L, Y,
(3.12) P} yy =P} jy— L' jp1 + L', T,

(3.13) Q) y = Q) 1

Immediately, we have the proof of part 1. It results that if V is obtained
from V by Matsumoto’s L-process, then V is torsion-free if and only if
V is torsion-free.

Proof of part 2. Let R = R. By (3.11), we have

(3.14) Ly = Ly = L Ly + L3 L e + L5, S
Regularity of V ‘results in 9! e = 0. Therefore, by contracting (3.14)
with ¢!, we get szk:\ lyl = 0. By our assumption on connections, we have

L, oyl =1 jk;lyl. Hence, F' is a generalized Landsberg metric.

(2
k|l
]N|ow, suppose that M is a compact manifold. By Proposition 3.2, we

have

C(t) = L(0)t + C(0).

Since M is compact, then the Cartan tensor is bounded. Using ||C|| <

00, and letting t — +oo or t — —oo, we get L(0) = L(u,v,w) = 0. It

means that F' is a Landsberg metric.

Proof of part 3. From [15], Finslerian manifolds of scalar flag cur-
vature satisfy

_F?
Lijiimy™ = T{K.ihjk + K jhix + K 1hij + 3K Ciji }-
By part 2, F'is a generalized Landsberg metric. Then, we get
—1
Cijk = 37({K.z‘hjk + K jhi + K hij}.

By Lemma 3.1, it turns out that F' is a C-reducible metric. Thus, by
Proposition 2.1, F' is a Randers metric.

Proof of part 4. Suppose P = P. By (3.12), we have Lijk.l = LijuT“kl.
Contracting with y*, yields L’ ik = 0, since Landsberg’s tensor is posi-

tively homogeneous of degree zero and T%dyk = 0. This completes the
proof. O
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Corollary 3.3. Let V be obtained from V by Matsumoto’s L-process.
Then, the hv-curvature of them under the L-process is invariant if and

only if V coincides with v.

It is obvious that any Landsberg metric is a generalized Landsberg
metric but the converse is still an open problem. Following corollary 3.3
throws a light into this problem.

Corollary 3.4. Let V be obtained from V by Matsumoto’s L-process.
Suppose that their Riemannian curvature coincide. If their hv-curvatures
are not equal, then F is a generalized Landsberg metric which is not
Landsbergian.

Now, we consider Matsumoto’s C-process. By the same argument and
technique used in the proof of Theorem 1.1, one can obtain the following
theorem.

Theorem 3.5. Let (M, F) be a Finslerian manifold. Suppose that V

and V are two connections on M. Suppose that V is obtained from V
by Matsumoto’s C-process. Then, we have the followings:

(3-15) R} kl — R; kl — CijuRZ lk»
(3-16) P; El — PJZ kl — Cljl|k - CljuP# kl»
(B17) Q% = Q) i+ (Cly — Cip) + (CiCip — CiCly) — Cu Qi 1y

3.2. Matsumoto’s L-process on Randers Manifolds. An (a,3)-
metric is a scalar function on T'"M defined by

F=as(D), s=p/a
where ¢ = ¢(s) is a C™ on (—bg,by). With certain regularity, o =

aij(r)y'ys is a Riemannian metric and 8 = b;(z)y’ is a 1-form on a
manifold M. Randers metrics are special (a, 3)-metrics which are closely
related to Riemannian metrics defined by ¢ =1+ s;ie., FF=a+ ( and
have important applications both in mathematics and physics [13].

Here, we study the Matsumoto’s L-process on Randers manifolds
equipped with connections whose hh-torsion vanish. We show that
the Riemannian curvature of these connections is invariant under Mat-
sumoto’s L-process on a Randers manifold (M, F), if and only if F' is a
Berwald metric. To prove this result, we need the following.
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Lemma 3.6. Let (M, F) be a Finslerian manifold and V be a connec-
tion on M satisfying g, = 0. Suppose that V is obtained from V

by Matsumoto’s L-process. Then, R = R if and only if the following
equations hold:

(3.18) Liskszl - LileSjk =0,
(3.19) Lijik — Lijkp = 0.

Proof. Fix k and [ and put
Qij = Lk — Lijrp + LiskLj; — List L,
One can write
Qij = Qi + Q3
where,
1 1
Qij = 5(Qij + Qja), and @ = 5(Qij — ji)-
It is easy to see that @;; = 0 if and only if @; = 0 and @f; = 0. On the
other hand, we have
Qji = Lyjak — Ly + Ljsk L% — L jsaiL%,
= Lijyx — Lijep + L% Lsi — L® ;i Lsik-
Hence,
Q3 = Lijir — Lijrp,
and consequently,
Q= LiskL®j; — List L® jy,.

This proves the lemma. O

Now, we are ready to prove the indicated fact.

Theorem 3.7. Let F' = o + [ be a Randers metric on a manifold
M of dimension n > 3. Suppose that V has vanishing hh-torsion and
Gijik = 0. Let V be obtained from V by Matsumoto’s L-process. Then,
their hh-curvatures are the same if and only if F' is a Berwald metric.

Proof. Using the assumptions S, = 0 and R = R in (3.11) imply:
(3.20) L' e = Ly + L' Loy — L'y Ly = 0.
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Using the assumption g;;, = 0, and lowering indices by g;; imply that
(3.20) is equivalent to:

(3.21) Lijuk — Lijejn + LiskL®j; — LisitL® 3, = 0.
By Lemma 3.6, we have

(3.23) Lijyr — Lijry = 0.

A direct computation yields:

(3.24) heJ, = J;,
(3.25) hfﬁjs = hij,
(326) gwhl’j =n—1.

Since F' is a Randers metric, then it is C-reducible; i.e.,
1

(3.27) Cijr, = m{hijlk + hj i + hii L}

Taking a horizontal covariant derivative from the above relation, we get
1

(3.28) Lijr = m{hijjk + hjiJi + hkiJj}.

Substituting (3.28) into (3.22), one obtains:

(3.29) {hﬂhkl’ — hjkhli}JSJS + {hﬂJk — hijl}Ji -+ {hkiJl — hliJk}Jj =0.

Contracting (3.29) with ¢"¢’* and using the relations (3.24), (3.25) and
(3.26), we conclude:

(3.30) (n+1)(n—2)J°Js =0.
Since F' is positive definite and n > 2, then we have
(3.31) Js = 0.

By (3.28) and (3.31), we conclude that F is a Landsberg metric. It is
proved that F' = a+( is a Landsberg metric if and only if I is a Berwald
metric [9]. This completes the proof. O
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4. Shen’s C' and L-processes

Recently, Shen introduced a new torsion-free and almost metric -
compatible connection and proved that the hv-curvature of his connec-
tion vanishes if and only if the Finslerian structure is Riemannian [14].
However, the hv-curvature tensor of the Berwald, Cartan, Hashiguchi
or the Chern connections does not characterize Riemannian structures.
Shen’s connection can not be constructed by Matsumoto’s processes
from the Cartan or Chern connection. Therefore, it is natural to find
a kind of process on the Chern connection which yields the Shen con-
nection. This problem leads us to find two new processes which we call
them Shen’s C' and L-processes.

Let (M, F') be a Finslerian manifold. Suppose that V is a connection
with connection forms wj. Define
~i . i ik
(4.1) ji=w; = O wt
Then, the J); are connection forms of a connection 6, that is called
the connection obtained from V by Shen’s C-process. Similarly, we can
define

(4.2) Q; = w§ - Lijkw”+k.

Then, (:J; are connection forms of a connection %, that is called the
connection obtained from V by Shen’s L-process.

Theorem 4.1. Shen’s connection is obtained from the Chern connection
by Shen’s C-process.

4.1. Proof of Theorem 1.2. Let V be obtained from V by Shen’s
C-process. Taking exterior differential from (4.1) yields

(4.3) A& = dw — dC*jy NwF — C7jpdw”.
On the other hand, we have
(4.4) dC'j + C%hw,' —C*

s 7 S __ i s i n+s
sewy” — gy’ = CFjpw” + Cljp "7,

where “|” and “.” denote the horizontal and vertical derivatives with

respect to V, respectively. Substituting (4.4) into (4.3), and using (2.3)
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and (2.4) we get
Q= Qi — (C

- (w;‘: - C'kjmwm) A (wh — Ciklwl) + w;? Awh — C'ijkws A wh

S

s % n+s S i ) s i s k

-1
(45) + Clju(isuklwl + Tul;.lwn+1) A\ wk.
Now, by decomposing ﬁ; and Q; as in (2.5), one obtain:

(4.6) E; w=R5 + (CRChLy — CiRC) + (C§k|z - C;l|k) — Ch,S%;
(4.7) ]5; Kl = P]? Kl Cijk.l - C]i'm ior

(4.8) @; o= Qb

Proof of part 1. Suppose R = R. Then, by (4.6) we have

(4.9) CCl = CHC e = Clipe = Clipy + C5uSr
Contracting with 3! yields L ik =0 This means that F' is Landsbergian.

Proof of part 2. Suppose P = P. Then, from (4.7) we conclude:
(4.10) Clips+CnThy = 0.
Using the positively homogeneities of Cartan’s tensor, and contracting
(4.10) with 3!, yield C’ijk = 0. Therefore, by Deicke’s theorem F' is
Riemannian.
Finally, from (4.8), we see that their vv-curvatures are the same and
V is torsion-free, if and only if V is torsion-free. g
We have some kind of rigidity on Shen’s C-process.

Corollary 4.2. Let V be obtained from V by Shen’s C'-process. Then,
the hv-curvature is invariant under Shen’s C-process if and only if V =
V.

Now, we study Shen’s L-process and get the following result.

Theorem 4.3. Let (M, F) be a Finslerian manifold. Suppose V and v

are two connections on M and V, obtained from V by Shen’s L-process.
Then, we have the followings:

(4.12) PJZ k= P; kl — sz”k - Lljupr? El»

(4.13) ; Kl = Qé‘ o T (Lé‘k.l - ;l.k) + (L7, i L?kLZl) - Lé'qu kl-
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Corollary 4.4. If torsion-free connection V on the Finslerian manifold
(M, F) remains torsion-free under Shen’s L-process, then F is a Lands-
berg metric. Hence, Shen’s L-process acts on the set of all torsion-free
connections identically.

Corollary 4.5. Let V be obtained from v by Shen’s L-process and v
be not torsion-free. If their hv-curvature are equal to zero, then F is a
generalized Landsberg metric which is not Landsbergian.

4.2. Shen’s C-process on Berwald Connection. By Theorem 4.1,
applying Shen’s C-process on Chern’s connection gives Shen’s connec-
tion. It is natural to study the effect of Shen’s C-process on the other
well-known connections. Here, we study Shen’s C-process on Berwald’s
connection.

Theorem 4.6. Let (M, F) be a Finslerian manifold. Suppose that V
1s the Berwald’s connection on M and V is obtained from V by Shen’s

C-process. Then, the hv-curvature of V vanishes if and only if F is
Riemannian.

Proof. The structure equation of V is given by:
(4.14)  dw' =Wl A wji,
(4.15) dgij = gkjwl-k + gikwjk + 2{Aijk — Lijk}wk + 2Aijkwn+k,

where A;j, := FCyj;,. Differentiating (4.15) and using (2.4), (4.14) and
(4.15), we have

gkaik + giijk =— 2Aijkﬂfz - 2Aijk|lwk A w! + 2Az‘jk.lu}n+k A W't
— 2{Ajjrs — Az‘jk\l}wk Aw™t
(4.16) + (Lijk:\lwl + Lijk,lwn-i_l) AN wk.

Using (2.5), yields:
(4.17)  Rijr + Rji = —2A455 R, 1y
(4.18)  Pyjpi + Pjirt = —2Lijra + 2{ Aijea — Aijir} — 2455 Py ks
(4.19)  Ayjri = Atk
Permuting 7, j, k in (4.18) implies:

Pijti = —Lijia + Agjra — (Agjie + Ajrip — Akarl)
(4.20) + ApisP 1 — Ajrs P i — Aigs P -
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Multiplying (4.20) by y* and using P,,j,; = 0, yield:
(421) Pnjkl = _Ajkl-
By (4.21), we get the proof. O

4.3. Shen’s C-process on Cartan’s Connection. Here, we study
the effect of Shen’s C-process on the Cartan connection.

Theorem 4.7. Let (M, F) be a Finslerian manifold. Suppose that V
is the Cartan’s connection on M and V is obtained from ¥V by Shen’s
C-process. Then, we have

(1) if hh-curvature of v vanishes, then F is a Landsberg metric;

(2) the hv-curvature of v vanishes, if and only if F' is Riemannian.

Proof. The structure equation of V is given by:

(4.22) dw' = wi A wji — A AW

(4.23) dgj = gkjwik + gikwjk + 2Aijkwk-

Differentiating (4.23) and using (2.4), (4.22) and (4.23) lead to:
9" + gin Q" = = 2(Aijp e + 2455550 ) AW

(4.24) — 24 A% W AWML

Using (2.5), yields:

(4.25) Rijrt + Rjire = 2(Aijrp — Agjigr)s

(4.26) Pijr + Py = Q(Aijk.l — Aijs A%,

(4.27) Qijkl + Qjirt = 0.

If the hh-curvature of V vanishes, then by (4.25) we have Ajkt = Aijt|ks
which implies that I is a Landsberg metric.
Now, let the hv-curvature of V vanish. By (4.26), we get

(4.28) Agjka = Aijs A%y
Contracting (4.28) with 7' yields that F' is Riemannian. O
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