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1. Introduction

Let T' = (V, E) be a simple graph, where V is the set of vertices and F is
the set of edges of I'. An edge joining the vertices v and v is denoted by {u,v}.
The group of automorphisms of T" is denoted by Aut(I"), which acts on vertices,
edges and arcs of I". If Aut(I") acts transitively on vertices, edges or arcs of I,
then T is called vertex-transitive, edge-transitive or arc-transitive respectively.
If T is vertex and edge-transitive but not arc-transitive, then I is called 1/2-arc-
transitive. Let G be a finite group and .S be an inverse closed subset of G, i.e.,
S = S~ such that 1 ¢ S. The Cayley graph I' = Cay(G, S) on G with respect
to S is a graph with vertex set G and edge set {{g,sg}|g € G,s € S}. This
graph is connected if and only if G =< § >. For g € G, define the mapping
pg: G — G by pg(x) =2g,2 € G. We have p, € Aut(I") for every g € G, thus
R(G) = {pylg € G} is a regular subgroup of Aut(I") isomorphic to G, forcing T’
to be a vertex-transitive graph. Let I' = Cay(G, S) be the Cayley graph of a
finite group G on S. Let Aut(G,S) = {0 € Aut(G)|S? = S} and A = Aut(T).
Then the normalizer of R(G) in A is equal to N4 (R(G)) = R(G) »x Aut(G, S),
where x denotes the semi-direct product of two groups. In [13], the graph T is
called normal if R(G) is a normal subgroup of Aut(I'). Therefore, according to
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[4], T = Cay(G, S) is normal if and only if A := Aut(T") = R(G) x Aut(G, S),
and in this case A; = Aut(G,S), where A; is the stabilizer of the identity
element of G under A. The normality of Cayley graphs has been extensively
studied from different points of views by many authors. In [12] all disconnected
normal Cayley graphs are obtained.

Definition 1.1. A Cayley graph I is called normal edge-transitive or normal
arc-transitive if N4(R(G)) acts transitively on the set of edges or arcs of T',
respectively. If I' is normal edge-transitive, but not normal arc-transitive, then
it is called a normal 1/2-arc-transitive Cayley graph.

Edge-transitivity of Cayley graphs of small valency have received attention
in the literature. A relation between regular maps and edge-transitive Cayley
graphs of valency 4 is studied in [9], and in [7] Li et al., characterized edge-
transitive Cayley graphs of valency four and odd order. Houlis in [6], classified
normal edge-transitive Cayley graphs of groups Z,,, where p and ¢ are distinct
primes. In [1], normal edge-transitive Cayley graphs on some abelian groups
of valency at most 5 are studied. And in [3], edge-transitive Cayley graphs
of valency 4 on non-abelian simple groups are studied. The normal edge-
transitivity of dihedral group of order 2n is studied in [11]. In this paper,
we investigate the normal edge-transitive Cayley graphs on the non-abelian
groups of order 4p?.

2. Preliminaries

Keeping fixed terminologies used in Section 1, we mention a few results
whose proofs can be found in the literature. The following result is proved in

[13] and [4].

Proposition 2.1. Let I' = Cay(G, S). Then the following hold:
1. No(R(G)) = R(G) % Aut(G, S);

2. R(G) < A if and only if A= R(G) x Aut(G, S);

3. T is normal if and only if Ay = Aut(G, S).

The following proposition is very useful for our work (see [10]).

Proposition 2.2. LetT' = Cay(G, S) be a connected Cayley graph (undirected)
on S. Then T is normal edge-transitive if and only if Aut(G,S) is either
transitive on S, or has two orbits in S in the form of T and T, where T is
a non-empty subset of S such that S =T UT™".

In the action of Aut(G,S) on S, every element of each orbit has the same
order. Therefore, we have following proposition (see [2])

Proposition 2.3. Let I' = Cay(G, S) and H be the subset of all involutions
of the group G. If < H ># G and I' is connected normal edge-transitive, then
its valency is even.
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For a general graph I' = (V, E), if v is a vertex in T, then I'(v) denotes the
set of the neighbors of v, i.e., I'(v) = {u € V|{u,v} € E}. The following result
which can be deduced from a result in [5], characterize normal arc-transitive
Cayley graphs in terms of the action of Aut(G,S) on S.

Proposition 2.4. LetT' = Cay(G, S) be a connected Cayley graph (undirected)
on S. Then T is normal arc-transitive if and only if Aut(G,S) acts transitively
on S.

We can extract the following corollary from Proposition 2.2 and 2.4 and the
fact that if G is an abelian group, then o : G — G defined by o(z) = 27!, for
all x € G, is an automorphism.

Corollary 2.5. If ' is a Cayley graph of an abelian group, then I' is not a
normal 1/2-arc-transitive Cayley graph.

The following result is obtained in [11].

Proposition 2.6. Let I' = Cay(G,S) be a connected normal edge-transitive
Cayley graph of the dihedral group Da,,. Then Aut(Day, S) is transitive on S.

Corollary 2.7. IfI" = Cay(G, S) is a Cayley graph of a dihedral group Do,
then T is not a normal 1/2-arc-transitive Cayley graph.

The following result is mentioned in [10].

Proposition 2.8. Let I' be a connected Cayley graph of a non-abelian simple
group with valency 3. If T’ is normal edge-transitive, then it is normal.

The following result is mentioned in [2].

Proposition 2.9. Let S be a generating set of group G. Then the action of
Aut(G, S) on S is faithful.

In [38], the groups of order 4p? are classified. When p = 1 (mod 4), —1 is
a quadratic residue modulo p and also modulo p?. Let X be an integer so that
A? = —1 (mod p?). The non-abelian group of order 4p? is isomorphic to one
of the following groups which are given by generators and relations:
1. G1 =< a, b|ap2 =bt=1 b lab=a""'>
2. Gy =<a, bla” =b* =1, b-lab=a* > (p=1 (mod 4))
3. Gy =<a, b, c|ap2 =0 =c2=1, ac=ca, bc=cb, brab=a* >= D2
4. Gy =<a, b, ¢, dla? = =c® =d? =1, ab = ba, ad = da,bc = cb, dbd =
b=t cd =dec>=<a, b, cla®’ =b =c* =1, ab= ba, ac = ca, chc =b"* >
5. G5 =< a, b, ¢, dla?> = ¥ = c* = d?> =1, ab = ba, ac = ca, dad =
a=l, be =cb, dbd = b7, c¢d = dc >=< a, b, cla® =W = =1, ab =
ba, cac=a"t, chc=b"! >
6. G¢ =< a, b, ¢, dla®> =W =c* =d*> =1, ab = ba, cac = a !, ad =
da, bc=cb, dbd =b"', cd = dc > = Dy, X Doy,
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7. Gy =<a, b, cla? = =ct =1, ab = ba, ac = ca, c"tbc=>b"1 >

8. Gg=<a, b, cla? =b" =c* =1, ab=ba, c lac=a"1, c"lbe=b"1>

9. Gg =< a, b, cla? = =c* =1, ab = ba, c lac = b"', ¢ lbc = a >
where p Z 1 (mod 4). When p = 1 (mod 4) this group is presented by
Gy=<a,b, cla? =b"=c*=1, ab=ba, c lac=a*, c lbe=b"">

10. G1p =< a, b, cla? =b” = c* =1, ab = ba, ac = ca, ¢ 'bc = b >

11. Gi1 =<a, b, cla? =b" =c* =1, ab=ba, c lac=a"1, ¢ lbe =0 >

12. Gy =<a, b, cla?> =b" =c* =1, ab=ba, ¢ tac=a*, ¢ 'bc=b* >
Since the dihedral group G's = Dy is studied in [11], we study the other groups
and obtain connected normal edge-transitive Cayley graphs on this groups.

3. Normal edge-transitive Cayley graphs on group G;

Elements of G} can be written uniquely in the form a’b?, 0 < i < p?,
0 < j < 4. The order of elements of G are as follows:

oy _ [ 2p if (i,p°) =p
where 1 < i < p?. We have O(b?) = 2, O(a’b*) = 4
Using the above facts, we can find Aut(Gy).
Let U, be the set of units in Z,,, n > 1. Then U, is a group under multiplication
mod n.

,0<i<p? k=1,3.

Lemma 3.1. For prime number p, Aut(G1) = Z,2 x (Up2 X Z3), and it has the
following orbits on Gy : {1},{a’|1 < i < p?,(i,p?) = 1}, {V?*},{a™P|1 < m <
p}, {a’b*|0 < i < p? k = 1,3}, {a’b?|0 < i < p?, (i,p?) = 1} and {a™PV?|1 <
m < p}.

Proof. Any o € Aut(Gy) is determined by its effect on a and b. Taking orders
into account, we have o(a) = a', where 1 < i < p?,(i,p?) = 1 and o(b) =
a’bf, 0 < j < p* k =1,3. It can be verified that o = fij.r defined as above can
be extended to an automorphism of Gi. Therefore, Aut(G1) = {f; x|l <i <
P, (i,p*) = 1,0 < j < p?,k = 1,3} is a group of order 2p®¢(p®) = 2p*(p* — p).
We have fi,jykofi/,j@k/ = fii’,ij/+j,kk’/ and fijj%k = f¢07_jio7k0 where io and ko are
numbers such that igi = 1 (mod p?) and kok = 1 (mod 4), hence if we define
A={fi;110<j<p?tand B ={fiox|l <i<p?(ip®)=14k=1,3}, then
Aut(Gr) = Ax B, ANB = id and A< Aut(G1). So Aut(G1) = Zy2 X (Upz X Z3)
and the lemma is proved. O
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Lemma 3.2. If Cay(G1,S) is a connected normal edge-transitive Cayley graph
on S, then S consists of elements of order 4. Moreover, |S| > 2 is even.

Proof. By Proposition 2.2, elements in S have the same order. Since < § >=
G4, the set S cannot contain elements of order p?, 2p, 2, p or 2p?, and should
contain elements of order 4 only. By Proposition 2.3, |S| > 2 and it is even. [

Lemma 3.3. Leti # j. The set S = {a'b,a’b>,a’b,a’b®} generates Gy if and
only if 0 < 4,7 < p?, i # j (mod p), Moreover, in this case, Aut(Gy,S) =
ZQ X ZQ.

Proof. Generating condition of S comes from the relations (a*b)~! = a*b? for
0 <k < p? aba’b® = a*=J. If i # j (mod p), then we can conclude that
a€e<S>andsobe< S > Nowlet S={x,271,y,y71} and G = Aut(Gy, S).
Then by Proposition 2.9, G acts on S faithfully, and so is a subgroup of S4. But
G does not have elements of order 3 or 4, because if f € G has order 3, then it
should fix an element on S such as s, thus f(s~1) = 57!, contradiction with the
order of f. Also if f is an element of order 4, then its cycle structure on S have
the form (z y 7' y=1) or (x y~! 271 y), where z = a’b, y = a’band f = f, 5
(as mentioned in Lemma 3.1, (r,p?) = 1,1 <7 < p?,0 < s < p*,k = 1,3))
and we may assume i > j. In the first case, we have 7i + s = j (mod p?),
k=3 (mod 4) and rj + s =i (mod p?), 3k = 3 (mod 4). But in this case we
obtain k = 3 (mod 4) and 3k = 3 (mod 4) that is impossible. In the second
case, we have k =3 (mod 4) and k =1 (mod 4) that is impossible. Therefore,
G is a subgroup of Sy which does not have any element of order 3 or 4, but
at least it has two elements of order 2 such as f_1 ;4,3 and fq,,3, imply that
G= ZQ X ZQ. J

Lemma 3.4. Let I' = Cay(G4, S) be a Cayley graph of valency 4. The T is a
connected normal edge-transitive Cayley graph if and only if S = {a’b, a'b®, a’b,
a’b®} where 0 < i,j < p?, i # j (mod p). Moreover, in this case, I' is not a
normal Cayley graph, i.e., there is a connected normal edge-transitive Cayley
graph which is not normal Cayley graph.

Proof. Tt is enough to show that Aut(Gy,S) acts transitively on S. The ele-
ments f_1,i4;1, f1,03, f-1,i+5,3 are in Aut(G1,S) and send a’b to a’b, a'b?,

a’b3, respectively. So Aut(Gy,S) acts transitively on S and T is a connected
normal edge-transitive Cayley graph. The set S is equivalent to S’ = {b, b3, ab,
ab®}, since (S’)fi-#i1 = S. For the second part, it is enough to check the case
S’'. We have T'(b) = {b?, ab?, a, 1} = I'(b3) thus o = (b b?) € (Autl');, but
1,03, f-11,1, f-11,3 € Aut(G1,S) and Lemma 3.3 show that o ¢ Aut(Gy, 5),
ie., (Autl'); # Aut(Gy,S) and by Proposition 2.1, T is not a normal Cayley
graph. |

In the next theorem, we present the main condition under which the Cayley
graph of group (G; becomes connected normal edge-transitive.
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Theorem 3.5. T' = Cay(G1,5) is a connected normal edge-transitive Cayley
graph if and only if its valency is even, greater than two, S C {a'b,a’b3| 0 <
i,j <p? i#Zj (modp)}, S=S"1 and Aut(G1,S) acts transitively on S.

Proof. If ' is a connected normal edge-transitive Cayley graph, then by Propo-
sition 2.3, its valency should be even. Since < S >= (7, then by Lemma
3.3 and Lemma 3.4, S C {a'b,a’b®|i # j (mod p)}, the graph is undirected,
S = S~1. Hence S C {a’b,a’b3| forsome 0 <i,j <p?, i#j (mod p)}. From
Proposition 2.2, either Aut(Gy,S) acts on S transitively, or S = TU T~ 1,
where T' and T—! are orbits of the action of Aut(G1,S) on S. But we observe
f1.0.3 € Aut(G1,S), which implies both of a’b and (a’b) ™! = a'b® belong to the
same orbit for 0 < i < p? in which a’b € S, and that contradiction with the
assumption S = T UT L. Hence Aut(G1,S) acts transitively on S. O

Corollary 3.6. If I' is a connected Cayley graph of the group Gy, then T is
not normal 1/2-arc-transitive.

Theorem 3.7. Let I' = Cay(Gy, S) be a normal edge-transitive Cayley graph
of valency 2d. Then either d = p? or d|p(p — 1) and d # p. Moreover, for each
of the above numbers, there is, up to isomorphism, one normal edge-transitive
Cayley graph of valency 2d.

Proof. By Theorem 3.5, S C {a’h,a’b®| 0 <i,j < p?, i # j (mod p)}. Set U =
{a’b,a’b®| 0 < i < p?}, in this case, U is an orbit of the action of Aut(G1) on G4
and so Cay(G1,U) is a connected normal edge-transitive graph of valency 2p?.
Now suppose S C {a’b,a’b®| 0 <i,j < p? i#j (mod p)}, < S >=Gy and I’
is a Cayley graph of valency 2d. Since Aut(Gy,S) < Aut(G1) and Aut(Gy, S)
is transitive on S (Theorem 3.5), we have |S| = 2d | |Aut(G1, S)| | [Aut(G1)| =
2p3(p — 1), implying d|p®(p — 1). On the other hand, we have d < p?, hence
either d = p? or d|p(p — 1) proving the first assertion of the theorem. To prove
the existence and uniqueness part in the theorem, if d = p?, then as mentioned
above, Cay(G1,U) is the unique normal maximal edge-transitive Cayley graph
of valency 2p?. Now suppose d|p(p — 1),d > 1. The stabilizer of b under
A = Aut(Gh) is the group Ay = {fi 011 <i <p?i #0 (mod p)} = Up2. Let t
be a generator of Upz, so that A, =< fi 1 >. Since d|p(p — 1), the group U,
contains a unique subgroup of order d, and if we set u = t%, then < fyu 0,1 >
is a subgroup of A, with order d. Now consecutive effects of f,, 01 on ab yields
the set T' = {ab, a"b, ..., a"(d_l)b} whose size is d and is invariant under f, 1.
Let us set T = {z~ 1|z € T} = {ab?,a"b?, ...,a"" "3} and § = TUT~'. We
claim that Cay(G1,5) is a connected normal edge-transitive Cayley graph. By
the argument used in Lemma 3.4, where d # p, we have < § >= (. It is easy
to see that f, 3 interchanges elements of 7" and T~!, also the automorphism
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group of Cay(G1,S) is < fu,0.1, fu,0,3 >, implying Cay(G1, S) is connected
normal edge-transitive of valency 2d. |

4. Normal edge-transitive Cayley graphs on group Gs

We consider the group G2, which is defined in the section 2 and we will prove
that its Cayley graph on some set can be connected normal 1/2-arc-transitive
Cayley graph. Recall that we assume p is an odd prime. The existence of A
satisfying the condition (A\)?2 = —1 (mod p?) implies that 4|(p — 1), hence p
must be a prime of the form p = 1+ 4k. The order of non-identity elements of
G4 are as follows:

i p? I if (i,p?) =p
o) = (,p?) _{ p® if (i,p?) =1
We have O(a'b?) = 2, O(a’b*) = 4, 0 < i < p?, k = 1,3. Using the above
facts, we can find Aut(Gs). Thus if ¢ € Aut(Gz), then o(a) = a* and either
a(b) = a’b or a(b) = a’b3 for 1 < i < p?, (i,p?>) = 1 and 0 < j < p?, but we
also have o(b~tab) = o(a), thus in the latter case we obtain a contradiction.
Therefore, we have:

AUt(G2) = {gi,j| gi,j<a) = aia gz,j(b) = ajba 1 < 1< p27 (27}72) =1
and 0 < j < p°} = Zpe x Uy

and it has the following orbits on Gg : {1}, {a’|1 < i < p?, (4,p?) = 1}, {a™P|1 <
m < p},{a'b3|0 < i < p?},{ab|0 < i < p*} and {a’b?|0 < i < p?, (i,p*) = 1}.

Theorem 4.1. T' = Cay(G2, S) is a connected normal edge-transitive Cayley
graph if and only if it has even valency, S = TUT ™', where T C {a’b,a’b| 0 <
i,j < p?i#j (mod p)} and Aut(Ga,S) acts transitively on T. Moreover, if
' = Cay(Gs, S) is a normal edge-transitive Cayley graph of valency 2d, Then
either d = p? or d|p(p—1) and d # p. Moreover, for each of the above numbers,
there is, up to isomorphism, one normal edge-transitive Cayley graph of valency
2d.

Proof. At first we assume that I' is a connected normal edge-transitive Cayley
graph. The fact that I" has even valency follows from Proposition 2.3. By
Proposition 2.2, in the action of Aut(Gs,S) on S, we can deduce either S is
an orbit or S = T UT~!, where T is an orbit. We have (a'b?)~! = a'b?,
thus if a’b? € S for some 0 < i < p?, the case S = T UT~! cannot occur, i.e.,
Aut(Go, S) acts transitively on S, but T is connected, i.e., < .S >= G, therefore
S should contain some element other than a/b%,0 < j < p?, say z, such that
its order is not 2. Hence, there is no g, s € Aut(Gs,5) C Aut(Gz) such that
grs(z) = a'b?, a contradiction. Suppose y = a® € S for some 1 < i < p°.
Since I' is connected, i.e., < § >= G4, S should contain an element x, where
= a’b or x = a’b? for some 0 < j < p?. But since (z)~! # y, without loss
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of generality, we can assume z and y are contained in the same orbit. But
there is no g, s € Aut(Gq,S) C Aut(G2) such that g, s(z) = y, a contradiction.
Therefore, S contains only elements of types a’b and a?b? for 0 < i,j < p%,i # j
(mod p). But S = S~! and for each 0 < j < p?, there is some 0 < i < p?,
where (a’b)~! = a'b?, hence S contains not only a’b but also a’b> for 0 < i, j <
p?. Therefore, Aut(G2) and consequently Aut(Ga,S) is not transitive on S,
hence S = T UT~!, where T C {a'b,a’b| 0 < i,j < p*,i # j (mod p)}, and
Aut(Gs, S) acts transitively on T. The second part of the theorem is similar
to the proof of Theorem 3.7. O

Example 4.2. Let I' = Cay(Ga, S) be a Cayley graph of valency 4. T" is a con-
nected normal edge-transitive Cayley graph if and only if S = {a’b, a’b, a~"*b3,
a7 b3} for some 0 < 4,7 < p?, i Zj (mod p) and in this case |Aut(G3, S)| = 2.
By Theorem 4.1, it is sufficient to put 7 = {a’b, a’b} and consider g_; ;4; €
Aut(Gs, S).

5. Normal edge-transitive Cayley graphs on group G4

The order of non-identity elements of G4 are as follows:

o p if 0<i<2p,iiseven,0<j<p
O(a'¥)=< 2p if 0<i<2p,iisodd,0<j<p
2 if i=p,j=0

and
iin_ ] 2 fi=00rp0<ji<p
Ola bjc)_{ 2p if 1<i<2pi#p,0<j<p

Using the above facts, we can find Aut(G4). If o € Aut(Gy), then o(a) €
{a’b?, a*bicli is odd,0 < i,k < 2p,0 < j < p}, o(b) € {a’b/]i is even,0 <
i <2p,0<j<p}ando(e) € {a'bcli =0 or p,0 < j < p}, but we also have
o(ab) = o(ba), o(ac) = o(ca) and o(cbc) = o(b~1). According to this relations,
we have:

Aut(Ga) = {fijunl fijar(a)=a', fijiu®) =V, fi;1x(c) = a'bre,
1<i<2p,(i,2p) =1,1<j<p, k=0,p, 0 <k <p}
= (ZQ X Zp) X (ng X Up)

and it has the following orbits on G4 : {1}, {a’|1 <i < 2p, (4,2p) = 1}, {a’|1 <
i < 2p,(i,2p) = 2}, aP, {b*|1 < k < p},{a’bic|]l < i < 2p,i # p,0 <] <
ph{aWeli = 0,p,0 < j < ph{a'V|l < i < 2p,(i,2p) = 1,1 < j < p},
{a'b’|1 <i < 2p,(i,2p) = 2,1 < j < p} and {aPV’|1 < j < p}.

Theorem 5.1. I' = Cay(Gy, S) is a connected normal edge-transitive Cayley
graph if and only if its valency is even, greater than two, S C {a'bc,a"b'c|
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0<ik<2p0<jl<pj#li+kisodd}, S=S""t and Aut(Gy,S) acts
transitively on S.

Proof. At first, we assume that I" is a connected normal edge-transitive Cayley
graph. The fact that I" has even valency follows from Proposition 2.3. Since
G4 =< S > and the elements of S have same order, so S consist of elements of
order 2p. Thus if a’b’ € S for some 0 < i < 2p and 0 < j < p, S should contain
some element other than a’b’ € S, say x, such that its order is 2p. If 2 = a*b’,
for some k, [, then < S >< Gy, a contradiction. So z must be a*b'c but in this
case, there is no fi ;i x € Aut(Gy,S) C Aut(G4) such that f; ;; x(z) = a'b/, a
contradiction. If a*b/ ¢ and a¥blc are in S for some 0 < i,k < 2pand 0 < j,1 < p,
then we have (a’b/c)? = ¢ and (a’b/ca®bic)P = aP+9) if i + j is odd, then
aPt? € S implying a € S and by i # j, we can conclude that b € S andsoc € S.
So we have S C {a‘bic,akb'c|0 < i,k < 2p,0 < 4,1 < p,j # l,i +k is odd}.
By Proposition 2.2, in the action of Aut(G4,S) on S, we can deduce either S
is an orbit or S = T UT~!, where T is an orbit. But we observe f_110,0 €
Aut(Gy,S), which implies both of a’b’c and (a’b’c)~' = a~b’c belong to
the same orbit for 0 < i < 2p and 0 < j < p in which a’b/c € S, and
that contradiction with the assumption S = T UT~!. Hence Aut(Gy,S) acts
transitively on S. ]

Lemma 5.2. Let ' = Cay(Gy, S) be a Cayley graph of valency 4. ThenT is a
connected normal edge-transitive Cayley graph if and only if S = {a'b’c, a**Pblc,
a~e, aP~lc} or S = {a'blc, aFble, a e, a~Fblc} whenp =1 (mod 4) for
some 0 < i,k <2p, 0<j,1<p,j#l. Inthe first case, Aut(Gy,S) = Zy X Zs.

Proof. By Theorem 5.1, we have S = {a’b/c, a*ble, a~'b/c, a=*blc} such that
i+ j is odd number and j # [. In this case, G4 =< S > and then T" is con-
nected. Now Aut(Gy4, S) must be transitive on S. Let fo, nts € Aut(Ga,S)
and fo, n.t.s(a’bic) = a*ble. Since i+k is odd number (suppose i is odd number
and k is even number) we must have ¢ = p, then we have one of the following
cases:

case 1: fm,n,t’s(akblc) =aible.

In this case, we have im +t = k (mod 2p) and km +t =i (mod 2p), from this
relations we conclude that k = p+1, fi,—1p1+j, f-1,1,00 and f_1, 1,14, arein
Aut(Gy, S) implying that Aut(Gy4, S) is transitive on S. We have Aut(Gy, S) <
Sy and Aut(Gy, S) has no elements of order 3 or 4 but have 3 elements of order
2, then Aut(Gy,S) = Zs X Zs.

case 2 frmnt.s(able) =a " be.

In this case, we have im +t = k (mod 2p) and km + ¢t = —i (mod 2p), from
this relations we conclude that m? = —1 (mod p) and this equation has an-
swer when p = 1 (mod 4). In this case, fm,—1p,+; is in Aut(G4,S) forcing
Aut(Gly, S) is transitive on S.

case 3: fm.nt.s(able) = a kvl
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In this case we must have km 4+ p = —k (mod 2p), but k is even number and
then km + p is odd number implying that km + p = —k (mod 2p) can not be
occur. O

6. Normal edge-transitive Cayley graphs on group Gj

The order of non-identity elements of G5 are as follows:
o p if 0<i<2p,tiseven,0<j<p
O@Vv)=<¢ 2p if 0<i<2p,iisodd,0<j<p,i#p
2 if i=p,j=0
and _
Oa'Ve)=2,0<i<2p,0<j<p.

Using the above facts, we can find Aut(Gs).

Aut(Gs) = { frtimig| fetimig(@) = a ', friimi;(b) =a'b",
Frtinig(c)=ablc,0<kl,i<2p,(k2p)=1(,2p) =2,
0<n,t,j <p,and for any 0 < m < 2p
IZmk (modp)ornzZmt (modp)}
and it has the following orbits on G5 : {1}, {a?}, {a?0*[1 < k < p}, {a’b/c|0 <
i <2p,0<j<ph{a¥|l <i<2p,(i2p) =1,0<j<p}, {aV|0<i<

2p, (i,2p) = 2,0 < j <p}.
Lemma 6.1. If Cay(Gs, S) is a connected normal edge-transitive Cayley graph
on S, then S consists of elements of order 2.

Proof. Proof of this lemma is similar to the proof of Lemma 3.2. 0

Lemma 6.2. Let 0 < i, k,t <2p,0<j,l,n <p. Then S = {a't’c,a*blc,
a'b™c} generates Gy if and only if,

1. j =1=mn do not occur.

2. i,k,t are not all even or all odd.

3. If there exist m such that (j —1)m = j —n (mod p), then (i —k)m £i—t
(mod p).

Proof. Proof of this lemma is similar to the proof of Lemma 3.3. U

Example 6.3. Let S = {a’b/c,a’c,b/c,c}. Then I' = Cay(Gs,S) is a con-
nected normal edge-transitive Cayley of valency 4 and Aut(Gs,S) = Zs X Zs.

By Lemma 6.2, we have G5 =< S > so I' is connected. The set S is
equivalent to S’ = {abc, ac, be, ¢} since §'fi-0.0.3.00 = S Therefore, it is sufficient

77777

and send abc to ac,c,be respectively, so Cay(Gs,S’) is a connected normal
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edge-transitive Cayley of valency 4. Since Aut(G5,S) has no elements of order
3 or 4 while it has 3 elements of order 2, so Aut(Gs,S) = Zs X Zs.

Theorem 6.4. T' = Cay(Gs, S) is a connected normal edge-transitive Cayley
graph if and only if S C {a'b/c,aFblc,atb"c|0 < i, k,t < 2p,0 < j,I,n < p}, S
satisfy the conditions of Lemma 6.2, S = S~! and Aut(Gs,S) acts transitively
on S.

Proof. Proof of this theorem is similar to the proof of Theorem 5.1. O

7. Normal edge-transitive Cayley graphs on group Gg

Elements of G can be written uniquely in the form {a’t/c*d', 0 < i <
p, 0<j<p, 0<k,l <2} The order of elements of Gg are as follows:
O(a't’) = p,0(a't’ed) = O(a’c) = O(/d) = 2 where 0 < i,j < p. For
1<i<p, 0<j<p, wehave O(a’bic) = O(a’b’d) = 2p. Using the above
facts, we can find Aut(Gg). Any o € Aut(Gg) is determined by its effect on a,
b,cand d. For 1 <i,5 <p, 0 <[,k < p, we have:

Aut(Ge) = {fijukl figur(a) =a’, fijie®) =, fijin(c) =de, fijun(d) =
Ved} U{gijukl gigaik(a) = b gijix(d) =a’,gijik(c) = bd, fij1x(d) = a¥c}

Lemma 7.1. If Cay(Ge, S) is a connected normal edge-transitive Cayley graph
on S, then S consists of elements of order 2p or 2.

Next, we can express the main condition under which the Cayley graph of
group G becomes connected normal edge-transitive.

Theorem 7.2. T' = Cay(Gs, S) is a connected normal edge-transitive Cayley
graph if and only if, S C {a'b/c,a*b'c} or S C {a’c,alc,b¥d,bld, 1 < j k <
p,0<il<p}, S=S"1 and Aut(Gs,S) acts transitively on S.

Proof. If T is a connected normal edge-transitive Cayley graph, then by Lemma
7.1, elements of S have order 2 or 2p. First assume elements of S hava order
2 and let a’bed € S. Since (a'hl cd)A*H(Ge) = atb™ed for some 1 < t,m < p,
so S C {a'bed}. But in this case < S >< Gg and Cay(Gs, S) can not be
connected. Therefore assume that a’c,b*d € S. Since < S >= G, so S must
contain some element other than a’c,b*d € S, such that its order is 2. If
S = {a’c,b¥d,bld}, then b,d € S but a ¢ S, therefore S must have another
element of the form a’c, hence S C {a‘c,a’c,b¥d,bld}, 1 < j k < p,0 <
i,0 < p. From Proposition 2.2, either Aut(Gg,S) acts on S transitively, or
S = TUT™ !, where T and T~! are orbits of the action of Aut(Gg,S) on
S. But we observe that T = T, therefore, Aut(Gg,S) acts transitively on
S. Now assume that elements of S have order 2p and let a’b’c € S. Since
< S >= (g, so S must contain some element other than a’b’c € S, such that
its order is 2p. If S = {a’b/c,a"bld} such that j, k # 0, then Gg =< S >
and therefore S C {a’b’c,a*b'd}. From Proposition 2.2, either Aut(Gs,S) acts
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on S transitively, or S = TUT ™!, where T and T~ are orbits of the action
of Aut(Gg,S) on S. But we know that that 7= T—1, hence Aut(Gg,S) acts
transitively on S. But we observe f_1 _1 2; 21 € Aut(Gg, S), which implies both
of a’bie,akbld and (a’bic)~' = a'b ¢, (a¥b!d)~1 = a~*b'd belong to the same
orbit for 0 <4, j,k,1 < p in which a*b/c, a*b'd € S, and that contradiction with
the assumption S = T UT~!. Hence Aut(Gg,S) acts transitively on S. O

Corollary 7.3. IfT" is a connected Cayley graph of the group Gg, then I is
not normal 1/2-arc-transitive.

Lemma 7.4. LetT' = Cay(Gg, S) be a Cayley graph of valency 4 and elements
of S has order 2. The I is a connected normal edge-transitive Cayley graph
if and only if S = {a‘c,a’c,bFd,b'd} where 0 < i,5,k,1 < p,i # 7,1 # k.
Moreover, in this case Aut(Gg,S) = Dg.

Proof. By Theorem 7.2, it is enough to show that Aut(Gg,S) acts transitively
on S. The set S is equivalent to S’ = {¢, d,ac,bd}, since S'fi-ir-tit = G,
Therefore, it is sufficient to check it for S’. But g1,1,0.0, f-1,-1,1,1,9-1,-1,1,1 €
Aut(Gg, S) and send ¢ to d, ac, bd, respectively. Moreover, Aut(Gg,S’) has no
elements of order 3 and has 2 elements of order 4 (g1,-1,0,1,9-1,1,1,0) and 5 ele-
ments of order 2 (f_1,-1,1,1,9-1,-1,1,1,91,1,0,0, f-1,1,1,0, J1,-1,0,1), 50 Aut(Gs, S")
~ Dy, 0

Lemma 7.5. Let I' = Cay(Gg, S) be a Cayley graph of valency 4 and elements
of S has order 2p. Then T is a connected normal edge-transitive Cayley graph
if and only if S = {a't/c,a’b~I¢,ab'd, a=*bld} where 0 < il < p,1 < j k <p.
Moreover, in this case Aut(Gg, S) = Ds.

Proof. Proof of this lemma is similar to the proof of Lemma 7.4. O

Example 7.6. If S = {a’b/c¥|1 <i < p,0<j < p,k=1,3}, then Cay(Gs, S)
is a connected normal edge-transitive Cayley graph of valency 2p(p — 1).

8. Normal edge-transitive Cayley graphs on group G7

Elements of G can be written uniquely in the form {a’b’cF, 0 <i < p, 0 <
Jj <p, 0 <k <4}. The order of elements of G; are as follows:
O(a't’) = p where 0 < i,j5 <p. For1 <i<p, 0<j<p, k=1,3, we have
0(c?) =2, 0/ ) =4, O(a’bckF) = 4p and O(a’b/c?) = 2p. Using the above
facts, we can find Aut(G7).

Lemma 8.1. Aut(G7) & (ZyxZ,)x(U,xU,), and it has the following orbits on
Gy : {1}, {a']1 <i < p}, {V|1 <i<p}, {a'V|1 <i,j < p}, {aP|1 <i < p},
{a'bcf1 < i < p,0<j<pk=13} {abP1l <i<pl<j<pl,
{21 <j<p} and {BcF0<j<pk=1,3}.
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Proof. Any o € Aut(G7) is determined by its effect on a, b and ¢. For 1 < i <
p, 0<ji<p, k=13, 0(a) € {a’b}, o(b) € {a’b} and o(c) € {/c*}, but we
also have o(c¢~1bc) = o(b~1),0(ab) = o(ba) and o(ac) = o(ca), thus according
to this relations we have:

Aut(Gr) = {hi gkl hijik(a) = a’, hijik(®b) =V, hijik(c) = b
1<4,j<p, 0<i<p, k=1,3}
and we have:
(hijak)o(hi jru k) = Rair g g4t kkr

hitie = his gy ik
In the above relations, i; and j; are the numbers such that ii; = 0 (mod p)
and jj; =0 (mod p).
Define A = {hl,l,l,k| k=13 0<I< p} and B = {hi,j,O,ll 1<4,5< p}7 SO
A <QAut(G4), AN B =id and Aut(G7) = AB. Therefore we have:

Aut(Gr) = (Zy x Zyp) x (Up x Up).
(|

Lemma 8.2. If Cay(G7,S) is a connected normal edge-transitive Cayley graph
on S, then S consists of elements of order 4p and |S| > 2 is even. Moreover,
for odd prime number p, S = {a*t/c,aFblc,aFble3 a1 < ik < p,0 <
J, 1 < p} is generate Gy if and only if j #1.

Proof. Proof of the first part is similar to Lemma 3.2. Generating condition
of S comes from the relations, (a’b/c)* = a*, (a’b/c)? = a%c? and blcbic =
bl =Ic2. |

Lemma 8.3. Let I’ = Cay(Gr,S) be a Cayley graph of valency 4. ThenT is a
connected normal edge-transitive Cayley graph if and only if S = {a'bc,a™b'c,
a” e, aTib' 3} where 1 < i,j < p,0 <1 <p, j#1. Moreover, in this case
AUt(G7,S> = ZQ X Z2.

Proof. According to Lemma 8.2, S have elements of order 4p. First set S/ =
{ac, abe, a=1c3, a=1bc?}. Inthiscase by —11.1, h—11.03, h—1,-113 € Aut(Gr,
S) and (ac)*-111 = abe, (ac)h-1103 = g71c? and (ac)?-1-113 = a7 1be3,
so Aut(Gr,S") is transitive on S and Cay(G7,S") is connected normal edge-
transitive Cayley graph. Moreover, Aut(Gr,S’) & Zy X Zy. Similarly, if
S" = {ac, a=tbe, a~'c3, abcd}, then Cay(Gr,S") is connected normal edge-
transitive Cayley graph. Now h;;_; ;1 € Aut(Gr), (S")hit-3i1 = {a'bc, a'blc,
a” e, a7 e} and (S7) it = {a'b e, a” e, a T P alb Y. SoT = Cay(Gr,
S) is connected normal edge-transitive Cayley graph. Now set S = {z, y, ™%, vy~ '},
if 2 = a'b ¢, then since G7 =< S >, y must be either a*b'c or a®b'c® such that j # I.
Suppose I' = Cay(G7, S) is a connected normal edge-transitive Cayley graph. By
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Proposition 2.2, in the action of Aut(G7,S) on S, we can deduce either S is an orbit or
S = TUT™!, where T is an orbit. In the last case we have T = {z, y}or T = {2, vy~ '},
but h_1,1,03 € Aut(G7,S), Th-11.03 = T~ therefore Aut(G7,S) must be transitive
on S. Since Aut(G7,S) is transitive on S, so there exist hm,n,t,s € Aut(G7,S), such
that hmon,ts(2) =y and hmn,e,s(y) = z or 27! or y~!. First suppose hmonts(T) =y
and N ,n.t,s(y) = . In this case we must have im = k (mod p) and km =4 (mod p),
therefore p|(i — k)(m + 1). Since 1 < i,k,m < p, we have i = k or m = —1. So
S = {a'tc,a’blc,a” B B, 0" A} or S = {a'bc,a” bl e, a3, albl Y.

Now suppose hm,n,t,s(2) =y and hum,nt,s(y) = xil, in this case we must have s = 1
(mod 4) and s = 3 (mod 4) that is impossible.

In the last case suppose Amnt,s(z) = y and hmnes(y) = y~!, in this case we
must have s = 1 (mod 4) and s = 3 (mod 4) that is impossible. So we have
S = {a'tc,atbc,a” W 3, aT ' P} and Aut(Gr,S) = Zs X Zo. O

Next, we can express the main condition under which the Cayley graph of
group G7 becomes connected normal edge-transitive.

Theorem 8.4. I' = Cay(G7,S5) is a connected normal edge-transitive Cayley
graph if and only if its valency is even, greater than two, S C {a't’c, a"b'c?|
1<i,k<p,0<g,l<p, j#1}, S=85"" and Aut(Gr,S) acts transitively on S.

Proof. If I is a connected normal edge-transitive Cayley graph, then by Propo-
sition 2.3, its valency should be even. By Lemma 8.2 and Lemma 8.3, S C
{a'bic,ab' 3|1 < ik < p,0 <4l <p, j#I1}and S = S~!. From Propo-
sition 2.2, either Aut(G7,S) acts on S transitively, or S = T U T~!, where
T and T~! are orbits of the action of Aut(G7,S) on S. But we observe
h_1103 € Aut(G7,S), which implies both of a’b/c and (a’b/c)~! = a~"b/c?
belong to the same orbit for 1 <i < p,0 < j < p in which a’b’c € S, and that
contradicts the assumption S = T'UT~!. Hence Aut(G7,S) acts transitively
on S. 0

Corollary 8.5. IfT" is a connected Cayley graph of the group Gz, then I is
not normal 1/2-arc-transitive.

Example 8.6. If S = {a’b/c¥|1 <i < p,0<j < p,k=1,3}, then Cay(Gr, 5)
is a connected normal edge-transitive Cayley graph of valency 2p(p — 1).

Theorem 8.7. Let I' = Cay(Gr,S) be a normal edge-transitive Cayley graph
of valency 2d. Then d = p or d|p(p—1) or d|(p—1)%. Moreover, for each of the
above numbers, there is, up to isomorphism, one normal edge-transitive Cayley
graph of valency 2d.

Proof. By Theorem 8.4, S C {a'tic,a*b!c®|l < ik < p,0 < 4,1l <p, j#1}
and by Example 8.6, Cay(G7,U) is a connected normal edge-transitive graph
of valency 2p(p — 1), where U = {a'bicF|l < i < p,0 < j < p,k = 1,3}
Now suppose S C {a’bt/c,a*blc3|l < i,k < p,0< 4§l <p, j#I1}and T is a
Cayley graph of valency 2d. Since Aut(Gr,S) < Aut(G7) and Aut(Gr,S) is
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transitive on S (Theorem 8.4), we have |S| = 2d | |Aut(G7, 5)| | |Aut(G7)| =
2p(p — 1)2, implying d|p(p — 1)2. On the other hand, d < p(p — 1), hence
d=pord(p—1)ordplp—1)ordf(p—1) but d|(p — 1)?, proving the
first assertion of the theorem. To prove the existence and uniqueness part in
the theorem, if d = p(p — 1), then as mentioned above, Cay(G7,U) is the
unique normal maximal edge-transitive Cayley graph of valency 2p(p — 1).
Now suppose d = p. Consecutive application of h; 1,11 on ac yields the set
T = {ac,abe,ab’c, ..., ab(pfl)c} whose size is p and is invariant under hq 1 1,1.
Let us set 7! = {a7 Yo € T} = {a~'c?,a 0%, a 1023, ...,a” b~ D3} and
S =T UT~!. By the argument used in Lemma 8.2, we have < S >= G7. It is
easy to see that h_1 ;0,3 interchanges elements of 7" and T also Aut(Gy,S)
is transitive on S, implying Cay(G7,S) is connected normal edge-transitive
of valency 2p. Now let d|(p — 1),d > 1. The stabilizer of a and ¢ under
A = Aut(G7) is the group A, . = {h101]|1 < i < p} =2 Up,. Let t be a gener-
ator of Up, so that A . =< hi40,1 >. Since d|(p — 1), the group U, contains
a unique subgroup of order d, and if we set u = t%, then < hi 0,1 > is
a subgroup of A, . with order d. Now consecutive application of hy 40,1 on
abe yields the set T = {abc, ab¥c, ...,ab“d_lc} whose size is d and is invariant
under hy401. Let usset 771 = {272z € T} and S = TUT~1. We claim
that Cay(Gr, S) is a connected normal edge-transitive Cayley graph. Similar
to the above, < S >= G7 and h_; 0,3 interchanges elements of 17" and Tt
also the automorphism group of Cay(G7,S) is < h1,4,0,1,h—1,1,0,3 >, implying
Cay(Gr,S) is connected normal edge-transitive of valency 2d. Now let d t p—1
and d # p but d|p(p—1), in this case we have d = tp such that ¢t | p—1. Set E =
{huii1| vt =1 (mod p),0 < i < p} < Aut(Gr), consecutive effects of hy 141
on ac yields the set T = {ac, a"c, ...,a"" ¢, abe,a%be, ...,a™ be,..,a® b 1lc}
whose size is d and is invariant under E and set S = T UT~!, similar to the
above, Cay(G7,S) is connected normal edge-transitive of valency 2d. Finally
let d ¥ (p — 1) but d|(p — 1)2, in this case d = ms such that m | p — 1
and s | p—1. Set H =< hy1,01,h1,4,01 > such that ™ = 1 (mod p)

and u®* = 1 (mod p). Consecutive application of H on abc yields the set
T = {abc,a"be, o a® e, abte, atble, ..., a bte, ... abt" e, ...7a“571btk710}

whose size is d and is invariant under H and set S = TUT !, hence Cay(G7, S)
is connected normal edge-transitive of valency 2d. |

9. Normal edge-transitive Cayley graphs on group Gg

Elements of Gg can be written uniquely in the form {a’b’cF, 0 <i < p, 0 <
Jj <p, 0 <k <4}. The order of elements of Gg are as follows:
for 0 <i<p 0<j<p k=13 we have O>a't’) = p, O(c?) = 2,
O(a't c*) = 4 and O(a’b ¢?) = 2p. Using the above facts, we can find Aut(Gg).
Let us choose 0 < 4,7, k,l < p with following properties:
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1. If there exist 1 < s < p such that si = k (mod p)), then sj £ (mod p).

2. i=j=0and k =1=0 do not occur.

With this condition we set fi jximni(a) = a'b’, fiikimmne(b) = a*bl and
fijkimmt(c) =a™b"ct, then we have:

AUt(GS) = {fi,j,k,l,m,n,t| 0 S iaj7kal7m7n <p, t= 173}

and for 0 < 4,7 < p, it has the following orbits on Gg : {1}, {a’b’}, {a’b/c?| i
and j are not zero in same time}, {c*} and {a’b’c*|k = 1,3}.

Lemma 9.1. If Cay(Gs, S) is a connected normal edge-transitive Cayley graph
on S, then S consists of elements of order 4. Moreover, |S| > 6 is even.

Proof. By Proposition 2.2, elements of S have the same order. Since < § >=
G, the set S cannot contain elements of order p, 2p or 2, and should contain
elements of order 4 only. By Proposition 2.3, |S| is even. Now set |S| = 4, then
S = {a'bc,akble,a’b 3, a*b' 3|0 < 4,4, k,1 < p}. We have:

o m=2
(@'bc)™ =< a'ble m=1
m=3

a't? ca®b'c = a' ke and a'b’ ca¥b'c® = o' Fb7 L. So according to the above
relations, < § >< G&s.

Now set |S| = 6, then S = {a'b ¢, aFbic, atbf ¢, a’t’ 3, a*b 3, atb/ 3|0 < i, 4, k, 1,
t, f < p}. Inthis case < S >= Ggifand only if 0 < i,5,k,1, ¢, f < p and if there
exist 1 < s < p such that s(k —4) = (¢ —4) (mod p), then s(I —j) £ (f — j)
(mod p). Because we have a*blca’t’c® = a*~b'=7 and a'b/ca’b’c® = a' =i 7.
According to the above relations, b*(=9)~(f=7) e¢< § > and so b €< S >, also
a€<S>andce< S >, O

Theorem 9.2. Let T' = Cay(Gs, S) be a Cayley graph of valency 6. Then T is
a connected normal edge-transitive Cayley graph if and only if S = {a't/c, a"b'c,
atbfe,a’v 3, a*b'c3, atbf 3|0 < i, 4, k, 1 t, f < p}, where if there exist 1 < s < p
such that s(k —i) = (t — i) (mod p), then s(l —j) Z (f —j) (mod p).

Proof. Set S’ = {c,ac,bec,c®, ac®,bc®}. First we prove that Cay(Gsg, S’) is con-
nected normal edge-transitive. By Lemma 9.1, < S’ >= Gg and so Cay(Gsg, S")
is connected. The automorphisms fO,l,l,O,O,O,l;f71,0,71,1,1,0,17 f1,0,0,1,0,0,37
f0,1,1,00,0,3 and f_1,0,-1,1,1,0,3 are all in Aut(Gs,S’) and transfer ac to be, c,
ac3, be3 and ¢? respectively. So Aut(Gg, S’) is transitive on S’ and Cay(Gg, S’)
is connected normal edge-transitive Cayley graph. Now according to condition
of theorem, fr—ii—ji—i f—jij1 is in Aut(Gs) and S/ Tk—it=jt—if-iii1 = § and
the proof is completed. O
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10. Normal edge-transitive Cayley graphs on group Gy and Gj

The order of elements of Gg are as follows:
for0<i<p, 0<j<p, k=13, we have O(a’t’) = p, O(a’'t’cF) = 4 and
O(a'b’c*) = 2. Using the above facts, we can find Aut(Gg). Set f; ji(a) =
a't?, fijra(b) = a=90, fijri(c) = aFble, gijri(a) = a'V’, gijri(b) = ab™?,
gijki(c) = afblc3) then we have:

Aut(Go) = {fijris Gijei| 0<4,75,k, 1l <p, and i, j are not both zero}

|Aut(Gg)| = 2p?(p?—1) and for 0 < 4,5 < p,k = 1,3, Aut(Gy) has the following
orbits on Gy : {1}, {a’t’}, {a'b/c*} and {a’b/cF}.

Lemma 10.1. If Cay(Gy,S) is a connected normal edge-transitive Cayley
graph on S, then S consists of elements of order 4. Moreover, |S| > 4 is
even.

Lemma 10.2. Let I' = Cay(Gy, S) be a Cayley graph of valency 4. T is a
connected normal edge-transitive Cayley graph if and only if S = {a'bc, a*b'c,
a=Ibic®, a= kY where 0 <, 5, k,1 < p.

Proof. At first we prove that < S >= Gy. We have a'b/ca='bFc? = a'~*p/ !
and a~'b*c3a’b’c = o/ ~'b* 1, so there exist integer m such that m(k—i) = j—1
(mod p) and m(l — j) # k — i (mod p). So we have (a'*p7~H)mai=lpk—1 =
b =D+ therefore b €< S > and also a €< S > and c €< S >.

Now set S" = {e,bc,a™c®,¢3}. Then < S’ >= Gy and Cay(Gy, S’) is con-
nected. Also we have f_10.0,1,90,-1,0,0,90,1,—1,0 € Aut(Gg, S’) and cf-1001 =
be, c90-1.00 = ¢ and ¢%1-10 = g~ 13 implying that Aut(Gyg,S’) is tran-
sitive on S” and so Cay(Gy,S’) is connected normal edge-transitive Cayley
graph. Now we have fi_j; ri; € Aut(Gg) and S'fi-si-rii = S therefore
' = Cay(Gy, S) is a connected normal edge-transitive Cayley graph. O

Theorem 10.3. T' = Cay(Gy, S) is a connected normal edge-transitive Cayley
graph if and only if its valency is even, greater than two, S C {a’b/ct|0 <i,j <
p,t = 1,3}, S = S and Aut(Go, S) acts transitively on S. Moreover, if T’
is a normal edge-transitive Cayley graph of valency 2d, then d = p?, d = p,
d|(p—1), dlp(p—1) ordt (p—1) but d|(p?>—1). For each of the above numbers,
there is, up to isomorphism, one normal edge-transitive Cayley graph of valency
2d.

Proof. If I' is a connected normal edge-transitive Cayley graph, then by Propo-
sition 2.3, its valency should be even. By Lemma 10.1, S C {a’b’ct|0 < i,j <
p,t = 1,3}, since the graph is undirected, S = S~!, and by Lemma 10.2, if
|S] > 2, then < § >= Gy. From Proposition 2.2, either Aut(Gy,S) acts on
S transitively, or S = TUT !, where T and T~! are orbits of the action of
Aut(Gy, S) on S. But we observe that g_1,0,—j,i—; € Aut(Gy, S), which implies
both of a’bt/c and (a'b’c)~! = a=7bic? belong to the same orbit for 0 <1i,j < p
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in which a*¥c € S, and that contradiction with the assumption S =T U T~!.
Hence Aut(Gy, S) acts transitively on S.

If U= {a'b’c'|0 < i,j < p,t = 1,3}, then U is an orbit of Aut(Gy), therefore
in this case, Aut(Ggy,U) is a connected normal edge-transitive Cayley graph of
valency 2p?. Now suppose S C {a’b/ct|0 <i,j < p,t = 1,3}, < S >= Gy and
I is a Cayley graph of valency 2d. Since Aut(Gy, S) < Aut(Gg) and Aut(Gy, S)
is transitive on S, we have |S| = 2d | |Aut(Go, S)| | |Aut(Ge)| = 2p*(p* — 1),
implying d|p?(p? — 1). On the other hand, we have d < p?, hence d = p? or
d=pord|(p—1)ordplp—1)ordt(p—1)but d(p?>— 1), proving the first
assertion of the theorem. To prove the existence and uniqueness part in the
theorem, if d = p?, then as mentioned above, Cay(Gy,U) is the unique nor-
mal maximal edge-transitive Cayley graph of valency 2p?. Now suppose d = p
and set S = {c,ac,a’c,...,aP e, 3, bc3, ..., P13} whose size is 2p. We have
f=1.0,,0.90,1,0i € Aut(Gy, S), cf-100 = gic and ¢91.0¢ = bic. So Aut(Gy,S)
is transitive on S, implying Cay(Gy, S) is connected normal edge-transitive of
valency 2p.

Now let d|(p—1),d > 1. Define E = {fi 0,0,0/1 <i < p}. Then E is a subgroup
of Aut(Gy) and E = U,,. Let t be a generator of Up, so that E =< fi 0,0 >.
Since d|(p — 1), the group U, contains a unique subgroup of order d, and if
we set u = tpT71, then < fy, 0,00 > is a subgroup of E with order d. Now
consecutive application of f, 00,0 on ac yields the set T' = {ac,a"c, ..., a“dilc}
whose size is d and is invariant under f, 00,0. Let us set 77! = {7tz € T}
and S = TUT 1. We claim that Cay(Gy,S) is a connected normal edge-
transitive Cayley graph. Similar to the above < § >= Gg and go,1,0,0 inter-
changes elements of 7' and T~1. Also the automorphism group of Cay(Gy, S) is
< fu,0,0,0,90.1,0,0 >, implying Cay(Gy, S) is connected normal edge-transitive
of valency 2d.

Now let d t p— 1 and d # p but d|p(p — 1). In this case, we have d = tp
such that ¢ | p— 1. Let s be a number such that s* =1 (mod p) and set T =
{ac,a’c, ..., a*' "¢ abe,atbe, ...,a*' be, ... astflbp_lc} whose size is d and is in-
variant under F = {fs0.0.4, f1.00.1] s* =1 (mod p),0 <i < p} < Aut(Gy,T).
Set S = TUT™!, similar to the above, Cay(Gy, S) is connected normal edge-
transitive of valency 2d.

Finally let d|(p?> — 1). The stabilizer of ¢ under A = Aut(Gy) is the abelian
group A, = {fijo00l0 < i,j < p,i,j are not both zero} and |A.| = p* — 1.
Since d|(p? — 1), the group A. contains a unique element of order d, say o.
Now consecutive application of o on ac yields the set T whose size is d and is
invariant under o. Let us set 7! = {z7!|x € T} and S = TUT~!. In this
case Cay(Gy, S) is a connected normal edge-transitive Cayley graph of valency
2d. O
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Next we consider Gj.
Elements of G can be written uniquely in the form {a’b/c*, 0 <i < p, 0 <
Jj <p, 0<k<4}. The order of elements of G are as follows:
for 0 <i,j < p, k= 1,3, We have O(a’t?) = p, O(a’b/c¥) = 4 and O(a'b’c?) =
2. Using the above facts, we can find Aut(Gy). Set f; jxi(a) =a’, fijki(b) =
W, fijri(c) = a*ble, gijri(a) = b, gijri(b) = al, gijri(c) = a"blc?, then we
have:

Aut(Gg) = {fijki» 9igkal 0 < k1 <p, 1<4,5 < p}

|Aut(GYy)| = 2p*(p — 1)? and for 0 < i,j < p,k = 1,3, Aut(G}) has the
following orbits on G : {1},{a’|1 <i < p},{V/|1 < j < p}, {a'b/|1 <i,j < p},
{a'bc?|0 < i,j < p} and {a’b'cF|0 <i,j < p,k=1,3}.

Lemma 10.4. If Cay(G§,S) is a connected normal edge-transitive Cayley
graph on S, then S consists of elements of order 4. Moreover, |S| > 4 is
even.

Lemma 10.5. LetT' = Cay(Gy, S) be a Cayley graph of valency 4. ThenT is a
connected normal edge-transitive Cayley graph if and only if S = {a't’ ¢, a*blc,
a~ I3 aTFAA Y where 0 <, 5kl <p and j # 1,1 # k.

Proof. At first we prove that < S >= Gj. We have a’b/ca= b c? = a?=kpi~!
and a’b cafblc = a'TFAHACR) (0’ c)? = o' A I,

A TRARIHIARImIApTHIA 2 = gIATEAYIA=IA Qo 2N e< § > since § #
then b €< S >. From condition ¢ # k and above relations, we conclude that
ac€<S>andce< S >.

Now let m and n be the integers such that mn =1 (mod p), mA(i — k) =j—1
(mod p) and nA(l —j) =i —k (mod p), then f_1, 1,4k j+1, Gm,n,—kA—jnir—im
€ Aut(GY,S). We have (a'b/c)/-1-vitritt = akple, (a'ble)9mm—mr—mir—im =

a P A3 and (aibjc)ffl,71,i+k,j+lUg'm,,n,fkkfjn,lkfhn = a~"pire3.  Therefore
Aut(Gy, S) is transitive on S and T is a connected normal edge-transitive Cay-
ley graph. |

11. Normal edge-transitive Cayley graphs on group G

The order of elements of G1g are as follows:

O@a’b) = p(0 < i,j <p)and for 1 <i<p, 0<j<p, k=13, we have
Obick) =4, OB c?) = 2, O(a’t/c¥) = 4p and O(a’b'c?) = 2p. Using the
above facts, we can find Aut(G1o).

Lemma 11.1. For odd prime p, Aut(G10) = Z, x (U, x Up), and it has the
following orbits on Gig : {1}, {a’|1 <i < p} {b|1 <j < p}, {a'¥|1 <i,j <
ph{Vel0 < j < p}, {¥e?|0 < j < p}h{p/e’0 < j < p}, {a'ble]l <i<p,0<
j<p}, {aWA1<i<p,0<j<p} and{a’b’c|1 <i<p,0<j<p}.

Proof. Any o € Aut(Gg) is determined by its effect on a, b and c. Tak-
ing orders into account and by relations o(ab) = o(ba), o(ac) = o(ca) and
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o(ctbe) = o(b*), we have o(a) = a’, o(b) = b/ and o(c) = b*c, where
1<14,5 <p, 0 <k <p. It can be verified that ¢ = f; ; 1 defined as above, can
be extended to an automorphism of Gio. Therefore, Aut(Gio) = {fi k|l <
i,j < p,0 <k < p} is a group of order p(p — 1)2. We have f; ;xofir jii =
firr gjrsgweri and [ = fiy gy —kji, hence if we define A = {f1,1]0 < &k < p}
and B = {f; ol < i,j < p}, then Aut(Giy) = Ax B, AN B = id and
A < Aut(Gro). So Aut(Gro) = Z, x (U, x U,) and the lemma is proved. O

Lemma 11.2. If Cay(G10,S) is a connected normal edge-transitive Cayley
graph on S, then S consists of elements of order 4p. Moreover, |S| > 2 is even.

Lemma 11.3. S = {a'Wc,a"b'c®,ab777c3, a=Fb e} generates Gy if and
only if 1 <ik <p, 0<4,1<p,jZI\ (mod p).

Proof. Generating condition of S comes from the relations (a'b’c)* = a*,
a't’ ca®b'c® = a1, Since p is odd, then we can conclude that a €< S >
and so b €< S > and c €< S >. 0

Theorem 11.4. I' = Cay(Ghg, S) is a connected normal edge-transitive Cayley
graph if and only if it has even valency, S = TUT ™!, where T C {a’b/c, a*blc| 1
<ik <p0<4l<pj#I1} and Aut(Gro,S) acts transitively on T. More-
over, if I' is a normal edge-transitive Cayley graph of valency 2d, then d = p,
dl(p—1), dlp(p—1) ordt(p—1) but d|(p— 1)%. For each of the above num-
bers, there is, up to isomorphism, one normal edge-transitive Cayley graph of
valency 2d.

Proof. Assume that I' is a connected normal edge-transitive Cayley graph.
The fact that I' has even valency follows from Proposition 2.3. By Proposition
2.2, in the action of Aut(Gig,S) on S, we can deduce either S is an orbit or
S =TUT™ !, where T is an orbit. By Lemma 11.2 and Lemma 11.3, S contains
only elements of types a’b’c and a*blc?® for 1 < i,k < p,0 < 4,1 < p,j # I\
But in the action of Aut(Gyg) on Gio, a’b’c and a*blc® belongs to the two
separated orbits and since Aut(Gio,S5) < Aut(G1o) then Aut(Gig,S) is not
transitive on S. Therefore S = T UT~!, where T' C {a’blc,akblc| 1 < i,k <
p,0 < 4,1 <p,j#l}, and Aut(G1o,S) acts transitively on T. The second part
of the theorem is similar to the proof of Theorem 10.3. O

Lemma 11.5. LetT' = Cay(Gho, S) be a Cayley graph of valency 4. Then T is
a connected normal edge-transitive Cayley graph if and only if S = {a'b’c, a*blc,
a7 aFTihAe3) where 1 <i<p, 0< 5,1 <p,j#L.

Proof. By Lemma 11.3, < S >= G and by Theorem 11.4, S = TUT !, where
T = {a'tc,a*blc| for some 1 <ik < p,0<j1<p,j#I1}and Aut(Gyo,S)
acts transitively on T. Since Aut(G1o,S) acts transitively on 7. Then there
exist frnt € Aut(Gig,S) such that (a’bic)/mnt = aFblc and (aFblc)fmnt =
a‘blc. Therefore, im = k (mod p) and km = i (mod p) implying k¥ = +i. In
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the case k =14, f1,-1,1+; € Aut(G1o,S) and T is invariant under f1 _q4,. In
the case k = —1i, f_1 _1,4; € Aut(G10,S) and T is invariant under f_1 _1 ;4;.
Therefore in both cases, I' is a connected normal edge-transitive Cayley graph.

|

12. Normal edge-transitive Cayley graphs on group Gi;

The order of elements of Gy; are as follows:
For 0 <4, < p,k = 1,3 we have O(a’t’) = p, O(a’t’cF) = 4 and for 1 < i <
p, 0 <j < p, we have O(b/c?) = 2, and O(a'b’/c?) = 2p. Using the above facts,
we can find Aut(G11).

Lemma 12.1. For odd prime p, Aut(G11) = (Z, x Z,) x (Up x Up), and it
has the following orbits on Gy : {1}, {a’|1 <i < p}, {01 <j < p}, {a'bI|1 <
i,j < p}, {H/c?0 < j < p}, {abc|0 <i,5 < p}, {a' Pl <i<p,0<j<p}
and {a'’c®|0 < i,j < p}.

Proof. Any o € Aut(G1) is determined by its effect on a, b and ¢. Tak-
ing orders into account and by relations o(ab) = o(ba), o(ctac) = o(a™1)
and o(c7'bc) = o(b)), we have o(a) = da’, o(b) = b and o(c) = a*blc,
where 1 < 4,7 < p, 0 < k,I < p. It can be verified that o = f;
defined as above can be extended to an automorphism of Gi;. Therefore,
Aut(Gr1) = {fijreall <i,5 <p,0 <k, < p}is a group of order (p(p — 1)).
We have f; jki0fi k0 = fiir jjr ik 4k, 510 +1 and fg;hl = fi1,j1,—ki1,~1j;» hence
if we define A = {fl,l,k,l|0 S k’,l < p} and B = {fi,j70,0|1 S ’L,] < p},
then Aut(G11) = A x B, AN B = id and A < Aut(G11). So Aut(Gq1) =
(Z, x Z,) x (Up x Up) and the lemma is proved. O

Lemma 12.2. If Cay(G11,S5) is a connected normal edge-transitive Cayley
graph on S, then S consists of elements of order 4. Moreover, |S| > 2 is even.
Lemma 12.3. S = {a'b/c,akbic,a’b=77c3, a*b~c?} generates Gy if and only
if0<i,j,l,k<p,j#l and k # 1.

Proof. Proof of this lemma is similar to the proof of Lemma 11.3. O

Theorem 12.4. T = Cay(G11, S) is a connected normal edge-transitive Cayley
graph if and only if it has even valency, S = TUT 1, where T C {a'b/c, a*blc| 0
<44l k<pk#ij#l} and Aut(Gr1,S) acts transitively on T. Moreover,
if T is a normal edge-transitive Cayley graph of valency 2d, then d = p?, d|(p —
1), dlp(p—1) ordt (p—1) but d|(p—1)2. For each of the above numbers, there
18, up to isomorphism, one normal edge-transitive Cayley graph of valency 2d.

Proof. Proof of this theorem is similar to the proof of Theorem 11.4. |

Lemma 12.5. LetT' = Cay(G11, S) be a Cayley graph of valency 4. Then T is
a connected normal edge-transitive Cayley graph if and only if S = {a'V’ ¢, a*blc,
a’b=I 3 abb A e3) where 0 <, 5,1,k <p, j#1 and k # 1.
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Proof. By Lemma 12.3, < S >= G1; and by Theorem 12.4, S = TU T,
where T' = {a'b/c,a*b'c| for some 1 < i,k < p,0<j,l <p,j#1l,i#k}and
we have f_q1 _14k+1 € Aut(G11) such that (a'blc)f-1-vitratt = gFble. So
Aut(Gh1, S) acts transitively on T and T is a connected normal edge-transitive
Cayley graph. O

13. Normal edge-transitive Cayley graphs on group Gio

The order of elements of G145 are as follows:
For 0 <i,j < p,k = 1,3 we have O(a't’) = p, O(a'b’c*) = 4 and O(a’b/ c?) =
2. Using the above facts, we can find Aut(Gi2). Any o € Aut(G12) is deter-
mined by its effect on a, b and c¢. Using the above facts, we can find Aut(G12).
Let us choose 0 < 4, j, k,l < p with following properties:
1. If there exist 1 < s < p such that si = k (mod p), then sj Z 1 (mod p).
2. i=j=0and k =1 =0 do not occur.
With this conditions, we set f; jx1mmn(a) = a'b?, fijkimmnt(b) = a*bl and
fijklmom,e(c) = a™b"c, then we have:

AUt(G12) = {fi,j,k,l,m,n| 0 é i7j7 ka lamvn < p}
and it has the following orbits on Gia : {1}, {a’¥’}, {a'b'c?}, {a'b/c} and
{a'b’c?} where 0 < i,j < p.

Lemma 13.1. If Cay(Gi2,S) is a connected normal edge-transitive Cayley
graph on S, then S consists of elements of order 4. Moreover, |S| > 6 is even.

Proof. By Proposition 2.2, elements in S have the same order. Since < § >=
G112, the set S cannot contain elements of order p or 2, and should contain
elements of order 4 only. By Proposition 2.3, |S| is even. Now set |S| = 4, then
S = {a'tc,a*ble,a P b7IAc3 a R B0 <4, 5, k, 1 < p}. We have:

al=ApITIA? m=2

(a'tie)™ =< a~PMbAe3 m=3
1 m=4
a'bcafblc = a' P2 and a'bca b3 = o FB L So according to

above relations < S >< Gys.

Now set |S| = 6, then S = {a’b’c, a¥b'c, albl c,a= b= e, a=FAp~1Ac3,

a~ b IA3|0 < 4,4, k, 1, t, f < p}. In this case < S >= G5 if and only if 0 <
i,7,k, 1, t, f < pand if there exist 1 < s < p such that s(k—i) = (t—i) (mod p),
then s(I — 7) # (f —j) (mod p). Because we have a*blca= b7 3 = aF—ipl =7
and a’bf ca= " bIr 3 = ot~ 7. According to above relations, b*(—)—(F=1) e<
S>andsobe< S > alsoae< S >and ce< S >. d

Theorem 13.2. Let I' = Cay(Gi2,S) be a Cayley graph of valency 6. T' is a
connected normal edge-transitive Cayley graph if and only if S = {a'b’c, a¥V'c,
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atblc,a’t/c?,akbic®, atb/ 2|0 < i, 5, k1, t, f < p} such that if there exist 1 <
s < p such that s(k —i) = (t —4) (mod p), then s(l —j) Z (f — j) (mod p).

Proof. Set S" = {c,ac,bc,c,a=*c®,b=*c*}. With Lemma 13.1, < S’ >= G
and so Cay(Gi2,5’) is connected. Set T = {c,ac,bc}, the automorphisms
f0,1,1,0,0,0 and f_10-1,1,1,0 are in Aut(G12,5’) and transfers ac to be, ¢. So
Aut(G12,8") is transitive on T, therefore Cay(Giz,S’) is connected normal
edge-transitive Cayley graph. Now according to the conditions of theorem,
fh—ii—ji—if—jij is in Aut(Gyz) and S'fr—ii-it—ii-iii = S and the proof is
completed. O

According to the above results, we can state the following theorem.

Theorem 13.3. Let I' be a connected Cayley graph of order 4p?, where p is a
prime number. Then T' is normal %—arc-tmnsitive if and only if T is a normal
edge-transitive Cayley graph of a group isomorphic to one of the groups Ga,
Gio, G11 or Gia.
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