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t. In this paper we study endomorphisms of thefollowing subalgebras of the dis
 algebra A(D ) : The natu-ral uniform subalgebras of A(D ), the analyti
 Lips
hitz al-gebras LipA(D ; �) of order � (0 < � � 1) and the n-timesdi�erentiable Lips
hitz algebras Lipn(D ; �) of order � (0 <� � 1): Every nonzero endomorphism T of many 
ommuta-tive semisimple Bana
h algebras in
luding these subalgebrasof A(D ) has the form Tf = f Æ ' for some ' : D �! D inthem. We show that a suÆ
ient 
ondition for ' to indu
e a
ompa
t endomorphism of these algebras is that either ' is
onstant or k'kD < 1. We then show that these 
onditions arealso ne
essary when � = 1.
1. Introdu
tionIn this note we 
onsider endomorphisms of three types of Bana
halgebras of analyti
 fun
tions on the open unit dis
 D . We re
allthat a 
ompa
t endomorphism of a Bana
h algebra B is a 
ompa
tlinear map from B into B whi
h preserves multipli
ation. Let Bbe a Bana
h fun
tion algebra on a 
ompa
t Hausdor� spa
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2 Behrouzi and Mahyari.e., an algebra of 
omplex-valued 
ontinuous fun
tions on X whi
hseparates the points of X; 
ontains the 
onstants and is 
ompleteunder an algebra norm. A Bana
h fun
tion algebra B on X is
alled natural, if its maximal ideal spa
e is X; i.e., ea
h 
omplexhomomorphism on B has the form f 7! f(x) for some x 2 X: Itis well known that, if B is a natural Bana
h fun
tion algebra onX and T is a nonzero bounded endomorphism of B, then thereexists a self-map ' on X su
h that Tf = f Æ ' for all f 2 B:Conversely, if ' is a self-map on X su
h that for every f 2 B; f Æ' 2 B; then T : f ! f Æ ' is an endomorphism of B: In ea
h
ase, we say that T is indu
ed by ': If X is a 
ompa
t plane setand B 
ontains the 
oordinate map z, then obviously ' 2 B. Itis interesting to see that under what 
onditions su
h ' indu
es
ompa
t endomorphisms. For the dis
 algebra A(D ), the uniformalgebra of 
omplex-valued fun
tions analyti
 on the open unit dis
D and 
ontinuous on its 
losure D ; H. Kamowitz [5℄ showed thatif T is a nonzero endomorphism of the dis
 algebra A(D ) indu
edby a map ' : D ! D ; then T is 
ompa
t if and only if ' is either
onstant or k'kD = supfj'(z)j : jzj � 1g < 1. H. Kamowitz and S.S
heinberg [6℄ also showed that an endomorphism T of the Lips
hitzalgebra Lip(X; d) indu
ed by a map ' : X �! X is 
ompa
tif and only if ' is super
ontra
tion, that is d('(x);'(y))d(x;y) �! 0 asd(x; y) �! 0 where (X; d) is a metri
 spa
e. In [1℄ it was shown thatan endomorphism of Dn, the algebra of fun
tions on the 
losed unitdis
 D with 
ontinuous nth derivatives, is 
ompa
t if and only if 'is either 
onstant or k'kD < 1. Now we 
onsider the following threetypes of subalgebras of A(D ) : The natural uniform subalgebras ofA(D ); the analyti
 Lips
hitz algebras LipA(D ; �) of order � (0 <� � 1); and the n-times di�erentiable Lips
hitz algebras Lipn(D ; �)of order � (0 < � � 1). We show that a self-map ' : D ! D inany of these subalgebras indu
es a 
ompa
t endomorphism of thesubalgebra, if ' is either 
onstant or k'kD < 1; and in the 
ase that� = 1 these 
onditions are also ne
essary. In general we have thefollowing:



Compa
t endomorphisms of 
ertain subalgebras of A(D ) 3Proposition 1.1. Let B be a subalgebra of A(D ) whi
h is a naturalBana
h fun
tion algebra on D under a norm. If ' 2 B and k'kD <1; then ' indu
es an endomorphism of B.Proof. By the naturality of B, the spe
trum �(') = '(D ): So�(') � D ; sin
e k'kD < 1: Therefore, every f 2 B is analyti
 ona neighborhood of �('), so f Æ ' 2 B, by the Fun
tional Cal
ulusTheorem. That is, ' indu
es an endomorphism of B. 22. Natural uniform subalgebras of A(D )Let B be a natural uniform subalgebra of A(D ) with the uniformnorm kfkD = supfjf(z)j : jzj � 1g; (f 2 B): Then we haveTheorem 2.1. A nonzero endomorphism T of B indu
ed by ' is
ompa
t if and only if, ' is either 
onstant or k'kD < 1:Proof. Obviously, the 
onstant map ' indu
es a 
ompa
t endomor-phism of B. Let ' be non-
onstant and k'kD < 1. For 
ompa
tnessof T , suppose ffng is a bounded sequen
e in B with kfnkD � 1.Then by Montel Theorem, ffng has a subsequen
e ffnkg whi
h isuniformly 
onvergent on every 
ompa
t subset of D , in parti
ularon '(D ). So kTfnk � TfnjkD = kfnk Æ ' � fnj Æ 'kD = kfnk �fnjk'(D ) ! 0 as k; j ! 1. By 
ompleteness of B, Tfnk = fnk Æ 'is 
onvergent in B. That is, T is 
ompa
t.Conversely, let T be a nonzero 
ompa
t endomorphism of B in-du
ed by ': Suppose for some 
, j
j = 1 and j'(
)j = 1. De�nefn(z) = ( z'(
))n on D . By the 
ompa
tness of T , the bounded se-quen
e ffng has a subsequen
e ffnkg su
h that Tfnk = fnk Æ ' =( ''(
))nk 
onverges to a fun
tion f in B. Sin
e fn('(
)) = 1 for ea
hn, f(
) = 1. If ' is not 
onstant, the maximum modulus prin
ipleimplies that j'(z)j < 1 whenever jzj < 1: So ('(z))nk ! 0 whenjzj < 1: Therefore, f = 0 on D and hen
e on D ; by the 
ontinuityof f; whi
h is a 
ontradi
tion. 2



4 Behrouzi and Mahyar3. The analyti
 Lips
hitz algebras of order � (0 < � � 1)Let the analyti
 Lips
hitz algebra LipA(D ; �) of order � (0 <� � 1); be the algebra of all 
omplex-valued fun
tions f on Dwhi
h are analyti
 on D and satisfy the Lips
hitz 
ondition p�(f) =supf jf(z)�f(w)jjz�wj� : z; w 2 D ; z 6= wg < 1: The algebra LipA(D ; �) isa Bana
h fun
tion algebra on D ; if it is equipped with the normkfk = kfkD + p�(f): As it is shown in [1℄, the maximal ideal spa
eof LipA(D ; �) is D ; i.e., LipA(D ; �) is natural.To give ne
essary 
onditions under whi
h ' indu
es a 
ompa
tendomorphism of LipA(D ) = LipA(D ,1) we need the following lemma[2; Chapter I of Part Six, p 32℄.Lemma 3.1. Let f(z) be a non-
onstant analyti
 fun
tion of boundone in the dis
 jzj < 1, and 
onsider any triangle in this dis
 thathas one of its verti
es at z = 1. Then for any sequen
e fzng ofpoints from the interior of the triangle that 
onverges to z = 1, thelimit limn!1 1� f(zn)1� znexists and either always (that is, for every su
h sequen
e) equalsin�nity or always equals a positive number �0.In the se
ond 
ase, we refer to the number �0 as \the angularderivative"of the fun
tion f at z = 1.Corollary 3.2. If ' 2 LipA(D ) is non-
onstant and k'kD =j'(
)j = 1 for some 
 with j
j = 1, then ' has a nonzero angu-lar derivative at 
.Theorem 3.3. Let T be a nonzero endomorphism of LipA(D ; �);0< � � 1; indu
ed by a map ' : D �! D . Then T is 
ompa
t, if' is either 
onstant or k'kD < 1. For � = 1; these 
onditions arene
essary.Proof. If ' is 
onstant, 
learly T is 
ompa
t. Let k'kD < 1. Forthe 
ompa
tness of T , we assume that ffng is a bounded sequen
e



Compa
t endomorphisms of 
ertain subalgebras of A(D ) 5in LipA(D ; �) with kfnk = kfnkD + p�(fn) � 1. Then ffng is abounded sequen
e of analyti
 fun
tions on D . By Montel Theoremffng has a subsequen
e ffnkg su
h that ffnkg and its derivativeff 0nkg are uniformly 
onvergent on every 
ompa
t subset of D . We
laim that ffnk Æ 'g is 
onvergent in LipA(D ; �). Let �r = fz :jzj � rg where k'kD < r < 1. Then �r is a 
ompa
t subset of D
ontaining the 
ompa
t set '(D ): Hen
ekfnk Æ '� fnj Æ 'kD = kfnk � fnjk'(D ) ! 0 as k; j !1;and for all z; w 2 D , with z 6= w and k; j 2 Z+ we havej(fnk Æ '� fnj Æ ')(w)� (fnk Æ '� fnj Æ ')(z)jjw � zj�= j(fnk � fnj )('(w))� (fnk � fnj )('(z))jjw � zj�� kf 0nk � f 0njk�r j'(w)� '(z)jjw � zj� � p�(')kf 0nk � f 0njk�r :Hen
ep�(fnk Æ '� fnj Æ ') � p�(')kf 0nk � f 0njk�r ! 0 as k; j !1:Therefore, ffnk Æ'g is a Cau
hy sequen
e in LipA(D ; �) and hen
eT is 
ompa
t.Conversely, let � = 1 and let 0 6= T be a 
ompa
t endomor-phism of LipA(D ) indu
ed by '. Suppose for some 
, j
j = 1 andj'(
)j = 1: So k'kD = 1: De�ne fn(z) = znn . Then kfnkD = 1n andp1(fn) � 1. Therefore, ffng is a bounded sequen
e in LipA(D ). Bythe 
ompa
tness of T , there exists a subsequen
e ffnkg su
h thatTfnk = fnk Æ' 
onverges in LipA(D ). Sin
e fnk �! 0 uniformly onD , fnk Æ ' �! 0 in LipA(D ). Thusp1(fnk Æ ') = supz;w2Dz 6=w �����'nk(w)� 'nk(z)nk(w � z) ����� �! 0; as k �!1:



6 Behrouzi and MahyarFix � > 0. Then supz;w2Dz 6=w �����'nk(w)� 'nk(z)nk(w � z) ����� < �;for some nk. In parti
ular,1nk supz2Dz 6=
 �����'nk(z)� 'nk(
)z � 
 ����� < �; (1)for some nk. We note that, the self-map ' is in LipA(D ), sin
eLipA(D ) 
ontains the identity map z on D . If ' is non-
onstant,then ' 2 LipA(D ) satis�es the hypotheses of Corollary 3.2, so 'has a nonzero angular derivative at 
. However, by (1)1nk limz!
z2� �����'nk(z)� 'nk(
)z � 
 ����� < �;where � is a triangle in D that has one of its verti
es at 
. Thismeans that the angular derivative of ' at 
 is zero and this is a
ontradi
tion. 2We 
onje
ture that the same 
onditions are ne
essary for the
ompa
tness of an endomorphism T of LipA(D ; �), 0 < � < 1.4. The di�erentiable Lips
hitz algebras of order� (0 < � � 1)A 
omplex-valued fun
tion f on D is di�erentiable on D if at ea
hpoint a 2 D , f 0(a) = limz!az2D f(z)� f(a)z � aexists. Note that, every di�erentiable fun
tion on D is analyti
 onD .Let the n-times di�erentiable Lips
hitz algebra Lipn(D ; �) of or-der � (0 < � � 1); be the algebra of all 
omplex-valued fun
-tions f on D whose derivatives up to order n exist and for ea
hk (0 � k � n); f (k) satisfy the Lips
hitz 
ondition p�(f (k)) =



Compa
t endomorphisms of 
ertain subalgebras of A(D ) 7supf jf(k)(z)�f(k)(w)jjz�wj� : z; w 2 D ; z 6= wg < 1. These algebras areBana
h fun
tion algebras on D , if they are equipped with the normkfk = nXk=0 kf (k)kD + p�(f (k))k! ; (f 2 Lipn(D ; �)):These algebras were introdu
ed in [3℄, and it was shown that theyare natural Bana
h fun
tion algebras. By Proposition 1.1, everyself-map ' : D ! D in Lipn(D ; �) with k'kD < 1 indu
es anendomorphism of Lipn(D ; �). However, for these algebras this istrue without extra 
ondition on ', that isTheorem 4.1. Every map ' : D ! D in Lipn(D ; �) indu
es anendomorphism of Lipn(D ; �).Proof. We 
arry out the proof for the 
ase n = 1; the 
ase n > 1is similar. It is enough to show that f Æ ' 2 Lip1(D ; �) for everyf 2 Lip1(D ; �). For every z; w 2 D with '(z) 6= '(w) (so z 6= w)and for every f 2 Lip1(D ; �) we havejf Æ '(z)� f Æ '(w)jjz � wj� � kf 0kD j'(z)� '(w)jjz � wj�� kf 0kD p�(')and j(f Æ ')0(z)� (f Æ ')0(w)jjz � wj� = jf 0('(z))'0(z)� f 0('(w))'0(w)jjz � wj��jf 0('(z))� f 0('(w))jj'(z)� '(w)j� j'0(z)jj'(z)� '(w)z � w j�+ j'0(z)� '0(w)jjz � wj� jf 0('(w))j�p�(f 0)k'0k1+�D + p�('0)kf 0kD :This implies that f Æ ' 2 Lip1(D ; �). 2We now 
onsider suÆ
ient 
onditions that su
h ' indu
es 
om-pa
t endomorphisms of Lipn(X;�), and we show that in the 
ase� = 1, these 
onditions are also ne
essary. For this we need thefollowing lemma due to Julia [2, Part Six℄.



8 Behrouzi and MahyarLemma 4.2. Let f be a 
ontinuously di�erentiable 
omplex-valuedfun
tion on the 
losed unit dis
 D . If f is non-
onstant and f(1) =1 = kfkD , then f 0(1) is a stri
tly positive number.Theorem 4.3. Let T be a nonzero endomorphism of Lip1(D ; �),0 < � � 1; indu
ed by a map ' : D ! D . Then T is 
ompa
t,if ' is either 
onstant or k'kD < 1: In the 
ase that � = 1, these
onditions are ne
essary.Proof. When ' is 
onstant, it is 
lear. Let k'kD < 1: For the
ompa
tness of T , we assume that ffng is a bounded sequen
ein Lip1(D ; �) with kfnk = kfnkD + kf 0nkD + p�(fn) + p�(f 0n) � 1.Then ffng is a bounded sequen
e of analyti
 fun
tions on D . So byMontel Theorem ffng has a subsequen
e ffnkg su
h that ffnkg andits derivatives ff (r)nk g of ea
h order are uniformly 
onvergent in every
ompa
t subset of D . We denote this subsequen
e by ffng again.We want to show that ffn Æ 'g is 
onvergent in Lip1(D ; �). Set�r = fz : jzj � rg where k'kD < r < 1: So �r is a 
ompa
t subsetof D and '(D ) � �r. Clearly, kfn Æ 'kD = kfnk'(D ); k(fn Æ ')0kD �kf 0nk'(D )k'0kD and for all z; w 2 D with '(z) 6= '(w) (so z 6= w) wehavejfn Æ '(z)� f Æ '(w)jjz � wj� � j'(z)� '(w)jjz � wj� kf 0nk�r � p�(')kf 0nk�r ;so that p�(fn Æ ') � p�(')kf 0nk�r ; andj(fn Æ ')0(z)� (fn Æ ')0(w)jjz � wj� = jf 0n('(z))'0(z)� f 0n('(w))'0(w)jjz � wj��jf 0n('(z))� f 0n('(w))jj'0(z)jjz � wj� + j'0(z)� '0(w)jjf 0n('(w))jjz � wj��kf 00nk�r j'(z)� '(w)jjz � wj� k'0kD + kf 0nk�rp�('0)�kf 00nk�rp�(')k'0kD + kf 0nk�rp�('0);so that p�((fn Æ ')0) � kf 00nk�rp�(')k'0kD + kf 0nk�rp�('0):Hen
e all sequen
es fkfn Æ'kD g; fk(fn Æ')0kD g, fp�(fn Æ')g andfp�((fn Æ ')0)g are Cau
hy sequen
es. Thus ffn Æ 'g is a Cau
hy



Compa
t endomorphisms of 
ertain subalgebras of A(D ) 9sequen
e in Lip1(D ; �), and hen
e it is 
onvergent, by the 
omplete-ness of Lip1(D ; �).Conversely, let � = 1, 0 6= T be 
ompa
t and j
j = 1; j'(
)j = 1for some 
. De�ne fn(z) = znn(n� 1). Thenkfnk = kfnkD + kf 0nkD + p1(fn) + p1(f 0n)� 1n(n� 1) + 2n� 1 + 1:Therefore, ffng is a bounded sequen
e in Lip1(D )=Lip1(D ,1). Bythe 
ompa
tness of T , there exists a subsequen
e ffnkg su
h thatTfnk = fnk Æ ' is 
onvergent in Lip1(D ). Sin
e fnk ! 0 uniformlyon D , fnk Æ '! 0 in Lip1(D ). Thusp1((fnk Æ ')0) = supz;w2Dz 6=w j'nk�1(z)'0(z)� 'nk�1(w)'0(w)j(nk � 1)jz � wj= 1nk � 1 supz;w2Dz 6=w j'nk�1(z)� 'nk�1(w)z � w '0(z)+ '0(z)� '0(w)z � w 'nk�1(w)j ! 0 as k !1:Considering1nk � 1 supz;w2Dz 6=w j'0(z)� '0(w)z � w 'nk�1(w)j � 1nk � 1p1('0)! 0as k!1;we have1nk � 1 supz;w2Dz 6=w j'nk�1(z)� 'nk�1(w)z � w '0(z)j ! 0 as k !1:In parti
ular,1nk � 1 supz2Dz 6=
 j'nk�1(z)� 'nk�1(
)z � 
 '0(z)j ! 0 as k!1;



10 Behrouzi and Mahyarand hen
e 1nk � 1 supz2Dz 6=
 j'nk�1(z)� 'nk�1(
)z � 
 '0(z)j < �;for arbitrary � > 0 and some nk. Then1nk � 1 limz!
z2D j'nk�1(z)� 'nk�1(
)z � 
 '0(z)j � �;so j'0(
)j2 = j('0(
))2'nk�2(
)j � �, for any � > 0. Hen
e '0(
) = 0.On the other hand, g = ''(
) 2 Lip1(D ), has 
ontinuous 
omplexderivative on D , and g(
) = 1 = kgkD . Then by Lemma 4.2, thefun
tion g is 
onstant on D , so ' must be 
onstant. 2Remark 4.4. Using a similar method, one 
an 
on
lude Theorem4.3 for Lipn(D ; �) when n � 1; 0 < � � 1.Referen
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hitz algebras ofin�nitely di�erentiable fun
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