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COMPACT ENDOMORPHISMS OF CERTAIN
SUBALGEBRAS OF THE DISC ALGEBRA

F. BEHROUZI AND H. MAHYAR*

ABSTRACT. In this paper we study endomorphisms of the
following subalgebras of the disc algebra A(D) : The natu-
ral uniform subalgebras of A(D), the analytic Lipschitz al-
gebras Lipa(D,a) of order a (0 < a < 1) and the n-times
differentiable Lipschitz algebras Lip"(D,a) of order a (0 <
a < 1). Every nonzero endomorphism T of many commuta-
tive semisimple Banach algebras including these subalgebras
of A(D) has the form Tf = f o for some ¢ : D — D in
them. We show that a sufficient condition for ¢ to induce a
compact endomorphism of these algebras is that either ¢ is
constant or ||¢||p < 1. We then show that these conditions are
also necessary when a = 1.

1. Introduction

In this note we consider endomorphisms of three types of Banach
algebras of analytic functions on the open unit disc D. We recall
that a compact endomorphism of a Banach algebra B is a compact
linear map from B into B which preserves multiplication. Let B
be a Banach function algebra on a compact Hausdorff space X,
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i.e., an algebra of complex-valued continuous functions on X which
separates the points of X, contains the constants and is complete
under an algebra norm. A Banach function algebra B on X is
called natural, if its maximal ideal space is X, i.e., each complex
homomorphism on B has the form f +— f(x) for some z € X. It
is well known that, if B is a natural Banach function algebra on
X and T is a nonzero bounded endomorphism of B, then there
exists a self-map ¢ on X such that Tf = f o for all f € B.
Conversely, if ¢ is a self-map on X such that for every f € B, fo
¢ € B, then T : f — f o is an endomorphism of B. In each
case, we say that T is induced by . If X is a compact plane set
and B contains the coordinate map z, then obviously ¢ € B. It
is interesting to see that under what conditions such ¢ induces
compact endomorphisms. For the disc algebra A(D), the uniform
algebra of complex-valued functions analytic on the open unit disc
D and continuous on its closure D, H. Kamowitz [5] showed that
if T is a nonzero endomorphism of the disc algebra A(D) induced
by a map ¢ : D — D, then T is compact if and only if ¢ is either
constant or ||¢|lp = sup{|p(2)| : |2| < 1} < 1. H. Kamowitz and S.
Scheinberg [6] also showed that an endomorphism 7" of the Lipschitz
algebra Lip(X,d) induced by a map ¢ : X — X is compact
if and only if ¢ is supercontraction, that is W — 0 as
d(z,y) — 0 where (X, d) is a metric space. In [1] it was shown that
an endomorphism of D", the algebra of functions on the closed unit
disc D with continuous nth derivatives, is compact if and only if ¢
is either constant or ||¢|lp < 1. Now we consider the following three
types of subalgebras of A(D) : The natural uniform subalgebras of
A(D), the analytic Lipschitz algebras Lip(D, «) of order o (0 <
a < 1), and the n-times differentiable Lipschitz algebras Lip™ (D, «)
of order o (0 < o < 1). We show that a self-map ¢ : D — D in
any of these subalgebras induces a compact endomorphism of the
subalgebra, if ¢ is either constant or ||¢||p < 1, and in the case that
a = 1 these conditions are also necessary. In general we have the
following:
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Proposition 1.1. Let B be a subalgebra of A(D) which is a natural
Banach function algebra on D under a norm. If ¢ € B and ||¢||p <
1, then ¢ induces an endomorphism of B.

Proof. By the naturality of B, the spectrum o(¢) = ¢(D). So
o(p) C D, since ||¢|lp < 1. Therefore, every f € B is analytic on
a neighborhood of o(¢), so f o ¢ € B, by the Functional Calculus
Theorem. That is, ¢ induces an endomorphism of B. O

2. Natural uniform subalgebras of A (D)

Let B be a natural uniform subalgebra of A(D) with the uniform
norm || f|lp = sup{|f(2)|: |z| <1}, (f € B). Then we have

Theorem 2.1. A nonzero endomorphism T of B induced by ¢ is
compact if and only if, ¢ is either constant or ||¢||p < 1.

Proof. Obviously, the constant map ¢ induces a compact endomor-
phism of B. Let ¢ be non-constant and ||¢||p < 1. For compactness
of T, suppose {f,} is a bounded sequence in B with |[|f,|p < 1.
Then by Montel Theorem, {f,} has a subsequence {f,, } which is
uniformly convergent on every compact subset of D, in particular

on ¢D). S0 [Tfu, — Thuylo = Ifus © ¢ — f, 0 ¢l = Ifoy -
f"j”w(ﬁ) — 0 as k,j — oo. By completeness of B, Tf,, = fn, 0 ¢
is convergent in B. That is, T' is compact.

Conversely, let T' be a nonzero compact endomorphism of B in-
duced by ¢. Suppose for some ¢, |¢|] = 1 and |¢(c)| = 1. Define
fa(z) = (ﬁ)” on D. By the compactness of T, the bounded se-
quence {f,} has a subsequence {f,, } such that T'f, = f,, op =
(%)"’c converges to a function f in B. Since f,(¢(c)) = 1 for each
n, f(c) = 1. If ¢ is not constant, the maximum modulus principle
implies that |p(2)| < 1 whenever |z| < 1. So (¢(2))™ — 0 when

2| < 1. Therefore, f = 0 on D and hence on D, by the continuity
of f, which is a contradiction. O
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3. The analytic Lipschitz algebras of order a (0 < a < 1)

Let the analytic Lipschitz algebra Lipa(D,a) of order o (0
a < 1), be the algebra of all complex-valued functions f on
which are analytic on D and satisfy the Lipschitz condition p,(f)
sup{% cz,w € D,z # w} < co. The algebra Lips(D, o) is

o

ISl

a Banach function algebra on D, if it is equipped with the norm
If1l = Ifllp + pa(f). As it is shown in [1], the maximal ideal space
of Lipa(D, @) is D, i.e., Lipa(D, @) is natural.

To give necessary conditions under which ¢ induces a compact
endomorphism of Lip (D) = Lip4(ID,1) we need the following lemma

[2; Chapter T of Part Six, p 32].

Lemma 3.1. Let f(2) be a non-constant analytic function of bound
one in the disc |z| < 1, and consider any triangle in this disc that
has one of its vertices at z = 1. Then for any sequence {z,} of
points from the interior of the triangle that converges to z = 1, the
limit

lim L= (n)

n—oo 1 — z,

exists and either always (that is, for every such sequence) equals
infinity or always equals a positive number «y.

In the second case, we refer to the number ag as “the angular
derivative”of the function f at z = 1.

Corollary 3.2. If ¢ € Lipa(D) is non-constant and ||¢|p =
p(c)| = 1 for some ¢ with |¢| = 1, then ¢ has a nonzero angu-
lar derivative at c.

Theorem 3.3. Let T be a nonzero endomorphism of Lip4(D, ),
0< a < 1, induced by a map ¢ : D — D. Then T is compact, if
@ 1is either constant or ||¢|lp < 1. For a = 1, these conditions are
necessary.

Proof. If ¢ is constant, clearly T is compact. Let ||¢||p < 1. For
the compactness of T', we assume that {f,} is a bounded sequence
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in Lipa(D.a) with [full = [falls + pa(fu) < 1. Then {£,} is a
bounded sequence of analytic functions on ). By Montel Theorem
{f»} has a subsequence {f,,} such that {f,, } and its derivative
{fn,} are uniformly convergent on every compact subset of D. We
claim that {f,, o ¢} is convergent in Lips(D,a). Let A, = {z :
z] < r} where ||¢|lp < r < 1. Then A, is a compact subset of D
containing the compact set ¢(D). Hence

||fnk oY — f’ﬂj © QOHD = ||fnk - fnj||<p(ﬁ) — 0 as k:] — 00,
and for all z,w € D, with z # w and k., j € Z, we have

[(far 0 = fo; 0) (W) = (fu, 00 = fn, 0 9)(2)]

w — 2
U = fu)) o)) = (fa, = fa;)(0(2))]
- jw — 2]
Mo fnjlfr_i?zu) P I F s
Hence

Palfor 00 = fu; 00) < Pal(@) fr, = fa,lla, = 0 ask,j — o0.
Therefore, {f,, o ¢} is a Cauchy sequence in Lip4 (D, o) and hence
T is compact.

Conversely, let @« = 1 and let 0 # T be a compact endomor-
phism of Lips(D) induced by ¢. Suppose for some ¢, |¢| = 1 and

2" 1
o(c)| = 1. So ||¢|lp = 1. Define f,(2) = - Then || fnllp = - and

p1(fn) < 1. Therefore, {f,} is a bounded sequence in Lip, (D). By
the compactness of T, there exists a subsequence {f,, } such that
T fn, = fn, 0@ converges in Lips (D). Since f,, — 0 uniformly on
D, f,, o — 0 in Lips(D). Thus

P (w) — " (2)
ng(w — 2)

pl(fnk o) = sup — 0, ask — oc.

z,wGﬁ
zF#w
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Fix € > 0. Then

g —_ Nk
sup |? (w) =" (2)] _ ‘
zwed nk(w_z)
z#w
for some ny. In particular,

1 Nk —_ Nk
1oolemE -] 0
Nk b zZ—c

z#c

for some ng. We note that, the self-map ¢ is in Lip4 (D), since
Lips(D) contains the identity map 2 on D. If ¢ is non-constant,
then ¢ € Lips(D) satisfies the hypotheses of Corollary 3.2, so ¢
has a nonzero angular derivative at ¢. However, by (1)

]_ N i g
1 |EH@ =@
N ZZ?FC zZ—cC

where I' is a triangle in D that has one of its vertices at c¢. This
means that the angular derivative of ¢ at ¢ is zero and this is a
contradiction. O

We conjecture that the same conditions are necessary for the
compactness of an endomorphism T of Lips (D, a), 0 < o < 1.

4. The differentiable Lipschitz algebras of order
a(0<a<l)

A complex-valued function f on D is differentiable on D if at each
point a € D,

f/(a) — lim f(Z) - f(a)

exists. Note that, every differentiable function on I is analytic on
D.

Let the n-times differentiable Lipschitz algebra Lip™(D, o) of or-
der o (0 < a < 1), be the algebra of all complex-valued func-
tions f on D whose derivatives up to order n exist and for each
E (0 < k < n), f® satisfy the Lipschitz condition p,(f*) =
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{ S P ()= P (w)|

lz—w|®

sup c z,w € D,z # w} < oco. These algebras are

Banach function algebras on D, if they are equipped with the norm

|| k) (k)
o= I 2l ¢ i o).
k=0 :

These algebras were introduced in [3], and it was shown that they
are natural Banach function algebras. By Proposition 1.1, every
self-map ¢ : D — D in Lip"(D,a) with |¢|lp < 1 induces an
endomorphism of Lip" (D, «). However, for these algebras this is
true without extra condition on ¢, that is

Theorem 4.1. Every map ¢ : D — D in Lip"(D, o) induces an
endomorphism of Lip™(D, a).

Proof. We carry out the proof for the case n = 1; the case n > 1
is similar. Tt is enough to show that f o ¢ € Lip'(D, ) for every
f € Lip'(D, ). For every z,w € D with ¢(2) # o(w) (so z # w)
and for every f € Lip'(D, a) we have

‘f o QO(Z) — f 0 gO(’LU)‘ < ||fl|| |50(Z) _ @(w”
EErE
< 1Flo pale)
and
(Fo9) ()~ (Fo @Vl _ IF(e()E) = Flpn))e'ln)
ERE EEE
£~ @] @) = o) ,
e et T
D )

<pa (L5 + Pal@)f o

This implies that f o ¢ € Lip'(D, o). O

We now consider sufficient conditions that such ¢ induces com-
pact endomorphisms of Lip™ (X, «), and we show that in the case
a = 1, these conditions are also necessary. For this we need the
following lemma due to Julia [2, Part Six].
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Lemma 4.2. Let f be a continuously differentiable complez-valued
function on the closed unit disc D. If f is non-constant and f(1) =
1= ||fllp, then f'(1) is a strictly positive number.

Theorem 4.3. Let T be a nonzero endomorphism of Lip'(D, o),
0 < a <1, induced by a map ¢ : D — D. Then T is compact,
if ¢ is either constant or ||¢||p < 1. In the case that a = 1, these
conditions are necessary.

Proof. When ¢ is constant, it is clear. Let ||¢||p < 1. For the
compactness of T, we assume that {f,} is a bounded sequence

in Lip' (D, ) with [[full = [[fallo + [[fallo + pa(fa) + pal(fp) < 1.
Then {f,} is a bounded sequence of analytic functions on D. So by

Montel Theorem { f,} has a subsequence { f,,, } such that {f,, } and
its derivatives { f,g?} of each order are uniformly convergent in every
compact subset of D. We denote this subsequence by {f,} again.
We want to show that {f, o ¢} is convergent in Lip'(D,a). Set
A, ={z:]z] < r} where ||¢||p < r < 1. So A, is a compact subset
of D and (D) C A,. Clearly, || fn o ¢l = | fall @) [|(fa 0 9)'llp <
| foll o) l1#'[[p and for all 2, w € D with ¢(2) # p(w) (so z # w) we
have

fnow(z) = fop(w)| _ lp(2) —<,0(w)|||ﬂl|

2 —wle -zl
so that pa(fn © @) < pal(@)||f2]]a,, and
(fno9)'(2) = (fao @) (w)| _ If3(0(2))¢'(2) = filo(w))¢'(w)]

1z —wle |2 —wl®

<nlel2)) = fule())[[¢(2)] | [9'(2) = ¢'(w)l fale(w))]

Ay S pa((p)||f7’l| Ars

_l’_
|z —wl® |z —wl|®
[p(2) — p(w)]
§||f;{||Arw||90'||D + {1 falla,pale’)
<[ falla,pa(@) ¢ [lp + L falla.pale),

so that pa((fn 0 @)") < |[follapa(@) ¢ lp + [1f]la,pale).

Hence all sequences {[| f o ¢l[n}, {[|(fn o ¢)'lln}, {Pa(fuo¥)} and
{pa((fn o))} are Cauchy sequences. Thus {f, o ¢} is a Cauchy
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sequence in Lip' (D, o), and hence it is convergent, by the complete-
ness of Lip' (D, a).
Conversely, let @« = 1, 0 # T be compact and |c| = 1, |¢(c)| =1
n

for some c. Define f,(z) = ﬁ Then
1l = 11fallp + [ fullp + p1(fn) + P2 (f)
1 2
+ + 1.

<
“nn-1) n-1

Therefore, {f,} is a bounded sequence in Lip'(D)=Lip' (D,1). By
the compactness of 7', there exists a subsequence {f,, } such that
T fn, = fn, © ¢ is convergent in Lip' (D). Since f,, — 0 uniformly
on D, f,, 0@ — 0in Lip' (D). Thus

™ (2)¢! (2) = ™ w)y! (w)]
(ne — 1]z — w|

P1((fa, 0 @)') = sup

z,weﬁ
z#w
1 (pnkfl 2) — (pnkfl w
— sup_| ) ( )90’(2)
Nk =1, web W
z#w
/ _ !
4 Msﬂk—l(w” —0 as k — oc.
Z—w
Considering
1 80’(2) - gp’(w) k1 !
1 plz)—vw) , < — 0
nk—lzs;lfﬁ| Z—w 4 (w)‘_nk_lpl((p)
’z;éw
as k — oo,
we have
1 ng—1 _ ng—1
sup [ ) 0 s koo
ng —1 z,weD LW
zF#w
In particular,
1 nE—1 _ ng—1
L I O 0w ko,
ng — 1 2€D g—=C

z#c
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and hence
1 (pnk—l - _Spnk—l c
LT i ©) 92y <6
ng—1,5 z—c
z#c

for arbitrary € > 0 and some nj;. Then

1 ng—1 o np—1
I O I C N
ng — 1 v z—c

so ¢’ (¢)2 = |(¢'(¢))?¢™2(c)| < e, for any € > 0. Hence ¢'(c) = 0.

On the other hand, g = @fc) € Lip' (D), has continuous complex

derivative on D, and g(¢c) = 1 = [|g|lp. Then by Lemma 4.2, the
function ¢ is constant on D, so ¢ must be constant. O

Remark 4.4. Using a similar method, one can conclude Theorem
4.3 for Lip" (D, ) whenn > 1,0 < a < 1.
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