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ABSTRACT. Let G be a finite p-group of order p™ and |M(G)| =
p%"("_l)_t(c), where M(G) is the Schur multiplier of G and #(G) is a
nonnegative integer. The classification of such groups G is already known
for t(G) < 6. This paper extends the classification to ¢(G) = 7.
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1. Introduction

The Schur multiplier of groups was introduced by Schur in 1904 [22] to study
projective representations of groups. Since then, several works have been done
to determine the structure of the Schur multiplier for some classes of groups.
Also, one of the main themes of the group theoretical part of research on the
Schur multipliers of groups has been to determine all p-groups according to
their multipliers.

By a well-known result of Green [9] we know for any group G of order p™ for
n > 1, there exists an integer ¢(G) > 0 such that the Schur multiplier M(G)
has order p%”(”_l)_t(c). Those finite p-groups with ¢(G) = 0 or 1 have been
classified by Berkovich [1]. The classification has been extended to ¢t(G) = 2 by
Zhou [24], and to t(G) = 3 by Ellis [6]. Later the characterization continued for
t(G) =4 or 5 by Khamseh et al. [17] (Also by Niroomand [19,20]), and finally
for t(G) = 6 by the author [12]. In this article the nonabelian tensor square of
groups and the Lazard correspondence is applied to extend the classification
to t(G) =T.

Notation:

Dg, Qs = Dihedral or Quaternion group of order 8 respectively;

E;37 EZ2, = Extra special group of order p? with exponent p or p? respectively,

p
for p odd;
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Characterization of finite p-groups 2568

Esin, E;MH = Central product of m copies of Dg’s or E;s ’s;
E§2m+1 = Central product of (m — 1) copies of Dg’s and a single Qs;
Ezz,nﬂ = Central product of (m — 1) copies of E}lﬁ’s and a single Eia;

GE;HT = Generalized extra special group of order p*>*” with exponent p”
and presentation

T r—1

(2,9, | 2P = g = 27" =1, [m,9) = 2" [y, 2] = [, 2] = 1);

GE;MM = Central product of m copies of GE;2+T’S ;

T; = 2-groups as described in Table 1;

®; = Isoclinic families of groups of order p™, (n < 6, p # 2) given in [14].

Main Theorem. Let G be a group of order p™ and |M(G)| = pan(n=1—H&),

Then t(G) = 7 if and only if G is isomorphic with one of the following groups:

n==5: Cpa X (Cp)27 Dg X 04, T67 T7, Tgl, TQQ, T23, T24, (132(22) X Cp,
D9(221)c, ®o(221)d, ®3(211)a x C,, B3(211)b, x C,, P3(2111)c,
$4(2111)a, D4(2111)b, B4(2111)c, Bg(15) for p > 3, B7(2111)a,
O(2111)b,, B7(2111)c, Do(1%), B10(1%) for p > 3;

n=6: B x B, ©11(1%), @15(1°), ®15(1°);

n="7: Qs x (Ca)*, Ty x (C2)*, B x (Ca)?, El x (C2)?, ES:, El

27

E;;, x (Cp)?, E;5 x (Cp)?, EEB x (Cp)*, ®2(211)bx (Cp)?, GE§6 x Cy,
El; Efﬂ'
P ) )
n=2_8: sz X (Cp)67 Dg X (02)5,'
n=9: EZI)3 x (Cp)°.

2. Preliminaries

Let G and H be groups acting upon each other in a compatible way, that is,
= 97 g) and " = M)
for g,g € G and h,h' € H, and acting upon themselves by conjugation. The
nonabelian tensor product G ® H of G and H is a group generated by the
symbols g ® h, where g € G and h € H, with defining relations
99 ©h=(9g' @ 9h)(g@h) and g hh' =(goh) ("g ")

where ¢g,¢' € G and h,h/ € H. In the case G = H and the actions are
conjugation, G ® G is called nonabelian tensor square of G, this concept of
the nonabelian tensor product of groups was introduced by Brown and Loday
in [3].

It is shown in [2] that for all g, ¢, h, A" € G,

lg.h] @K =(goh) " (goh)™ and ¢ @[g.hl= (9@ h)(g@h)".

Also by [2, Proposition 9], given a central subgroup Z of any group G, there is
an exact sequence

(2.1) GeZ)x (Z0G) GG — G/ZxG|Z — 1,
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where t(g® 2,2/ ®¢') =(g®2)(2’®¢') for all 2,2’ € Z and g,¢' € G. Besides,
if Z C @, the above equations imply that the sequence

(2.2) ZG—GG —G/ZG/Z —1

is exact.

In the next theorem, the order of the nonabelian tensor square of a group
G is expressed in terms of the orders of G, M(G) and M(G®), where G is
the derived factor of G.

Theorem 2.1 ([13, Lemma 2.3]). Let G be a d-generator finite p-group.
() I'p> 2, then |G @ G| = |GIM(G)IM(G)]
d

(i) If p = 2 and G = HCQ‘%‘ where 1 < e; < ej, for all i, j with 1 <

i=1
i < j <d, then |G ® G| = 2%|G||IM(G)||M(G®)|, for some nonnegative
integer k < d.

We recall a bound for the order of the Schur multiplier of finite p-groups.

Theorem 2.2 ([7]). Let G be a d-generator group of order p"™. Suppose that
G has order p™ and exponent p¢, and that the central quotient G/Z(G) is a
d-generator group. Then

IM(G)| < plm=e)/2+@=1)(n—m)=maz{0,6-2}

Finally we recall the Lazard correspondence which is used in proof of
main theorem. It has been known since the 1950s that the Baker—Campbell—-
Hausdorff formula gives an isomorphism between the category of nilpotent Lie
rings with order p™ and nilpotency class ¢ and the category of finite p-groups
with order p™ and nilpotency class ¢, provided p > c¢. This is known as the
Lazard correspondence. We will apply an effective version of it [4] to transform
questions on order of the Schur multipliers of p-groups (of class < p) to the
same questions on Lie rings.

3. Proof of the main theorem

Throughout the rest of the paper we always assume that G is a d-generator
group of order p™ for n > 1 with
(3.1) IM(G)| = pan D7D

Note that as n(n — 1) — t(G) > 0, the equality ¢(G) = 7 holds only for n > 5.

We will also assume that G/Z(G) is a d-generator group, |G'| = p© and the
Frattini subgroup ®(G) is of order p® so that a = n — d. Ellis [6] established
the following inequalities:

(3.2) 2t(G) —c(d+1—-06)>a®>—aanda>c>0 d>4
(3.3) 2(t(G) —c¢) =2 a* —a
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Lemma 3.1. Ift(G) =7, then the possible values of (¢,a) are (0,0), (0,1),
(0,2), (0,3), (L,1), (1,2), (1,3), (2,2), (2,3) or (3,3).

Proof. 1t is readily obtained by inequality (3.3). Also as

c<a<V2(G)—¢

which is given in [7], so that the possibilities with a = 4 do not occur. O

We will prove the main theorem by a series of propositions, each with a
statement detailing the groups satisfying the possible values of (¢, a).

Proposition 3.2. Ifc =0, then G = Cps x (C)? or Cpz x (Cp).

Proof. Suppose that (c,a) = (0,0). Then |[M(G)| = p2™(™=Y. Therefore
t@) = 0. If (¢,a) = (0,1), then n > 2 and |[M(G)| = pz(»~D(=2) g
equation (3.1) holds if and only if n = 8 and G = C)2 x (C})", similarly for the
case (0,2) we observe that ¢(G) = 7 if and only if G = Cs x (Cp)?. Also (3.1)
does not hold when (¢, a) = (0, 3). O

Proposition 3.3. If ¢ = 1, then G is isomorphic with one of the following
groups:

Dg X 04, T67 T7, T247 (132(22) X C;m (132(221)07 (132(221)d, Qg X (02)47 T4 X
(C2), Eg x (C2)?, Eg; x (C2)?, Efr, Eg, Bl < (Cp)?, EZ x (Cp)?, EZ X
(Cp)*y @2211)b x (Cp)?, GEZs x Gy, Ejr, EZ:, Dg x (C2)°, Ely % (Cyp)°.
Proof. Assume (c,a) = (1,1). By a result of [18, Lemma 2.1] we have t(G) =7
if and only if G is isomorphic with the groups E;77 E§7, Egﬁ, E3:, Qg x
(Co)*, Tax (C2)?, Egs x (C2)?, Egs x (C2)?, Els x (Cy)?, EXs x (Cp)?, B2 %
(Cp)t, ®2(211)b x (Cp)3, G’E;6 x Cp, Dg x (C3)® or E;B x (Cp)°.

Suppose (¢,a) = (1,2). Then G* = C,2 x (C,,)" 3 and Theorem 2.2 together
with our hypothesis imply that n = 5. According to the main results of [13],
let |G ® G| = p™™»~V~ for some non-negative integer I. So it follows from
Theorem 2.1 and [13, Theorem 3.1] that [ = 9 when p is odd, and 6 <1 <9
when p is even. Hence G = T, T7, Dg x Cy, $2(22) x C), or $2(221)c.

Suppose (c¢,a) = (1,3). Then G = (C}2)? x (C,)"~® and by Theorem 2.2
we have n = 5. Therefore Theorem 2.1 and the Remark on [12, p. 541] imply

that G = $5(221)d for p > 2 and G = Toy for p = 2. O

Proposition 3.4. If (c,a) = (2,2), then G is isomorphic with one of the
following groups:

T21, TQQ, '1)3(211)(1><Cp, @3(211)1% XCP, @3(2111)0, @4(2111)&, @4(2111)1)7
®4(2111)c, B7(2111)a, B7(2111)b,, B7(2111)e, El x Ely, ®15(1%), @15(1°).

Proof. Suppose (¢,a) = (2,2). Then inequality (3.2) forces d = §, 0+1 or 6+ 2.
We will proceed by investigating each of these possibilities.
Case 1. Suppose d = §. Then it follows from Theorem 2.2 that n < 8.
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Suppose n = 8. Then G must have exponent p. We claim that there is no
such group that satisfying ¢(G) = 7. By sequence (2.2), the upper bound of
|G ® G| given in [11, Theorem 2.3], and by Theorem 2.1 it is sufficient to find
a central subgroup Z of order p such that |[Im(Z ® G — G ® G)| < p°.

We have by [23] that our group G must be a descendant of the following
algebras:

(a,b | class 2) ® (c) ® (d) ® {e) ® (f), {(a,b,c,d,e, f | class 1)

Let G have class three, and let the 6 generators of G be a,b,c,d, e, f. Assume
that modulo the v3(G), the derived subgroup is generated by [b,a] and that
¢, d,e, f are central.

Then we can assume that v3(G) is generated by [b, a, a] and that [b, a, b] = 1.
All commutators of ¢,d,e, f with any of a,b,c,d, e, f are powers of [b,a,al.
Replacing ¢, d, e, f by elements of the form c[b, a]*, d[b, a]', e[b, a]™, f[b,a]™ for
suitable k,l, m,n (as necessary), we can assume that [c,b] = [d,b] = [e,b] =
(b= 1.

So c,d,e, f generate a group which is either abelian, or has class 2 with
derived subgroup (b, a,b). In other words (c,d, e, f) is either abelian or extra-
special. Thus ¢, d, e, f satisfy one of the following three sets of relations:

(i) ¢,d,e, f all commute,
(H) [Cvd] = [bvaaa]v [Cve] = [Caf] = [dve] = [daf] = [eaf] =1,
(ili) [e.d] = e, f] = [b,a,al,[c,e] =c, f] = [d,e] = [d, f] = 1.
In case (i), we can assume that ¢, d, e, f all commute with a, or that [c,a] =
[b,a,a] and [d,a] = [e,a] = [f,a] = 1.
In case (ii), replacing a by ac”d® for suitable r, s we can assume that [c,a] =
[d,a] = 1. We either have [e,a] = [f,a] =1, or [b,e] = [b,a,al,[f,a] = 1.
In case (iii), replacing a by ac’"d®e’ f* for suitable r,s,t,u we can assume
that [c,a] = [d, a] = [e,a] = [f,a] = 1.
Therefore for p > 3, just the group

(a,b,c,d,e, f | [b,a,b] = [a,c] = [a,d] = [a,e] = [a, f] = [b,c] = [b,d] = [b, €]

= fl=lce]=[c, fl=[de] =d, f] = e, f] = L, [c,d] = [e, f/] = [b,a,a])
satisfies Z(G) < G'. Tt has a PC presentation of the form

(a1, a2, a3, a4,as,a6,a7,as | [az, a1] = az, [a3,a4] = [as,a6] = [ar,a1] = ag)

in which all other commutators are trivial. It is readily obtained that ag®as =
1. So one can choose Z = (ag). Note that as ag is central it follows that
the relation [a7,a1] = ag holds if one turns the Lie ring presentation into its
Lazard correspondence group presentation. Also if two elements of a Lie ring
commute, then so too do the Lazard corresponding elements in the Lazard
correspondence group. If p = 3 then there is no group of exponent 3 which
satisfies our condition by computing the order of Schur multiplier of groups of
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order 3% in GAP [3]. If p = 2, as a group of exponent 2 would be abelian, then
it is a contrary to ¢ = 2.

As Z(G) < G’ if G has class two, then for an odd prime p it may be generated
by PC generators aj,as,...,as such that G’ = (ay,ag) and some of the PC
relations must be [ag, a1] = ar, and [as, az] = [as,a1] = 1. On the other hand
it is readily seen that a7 ® a5 = 1, as desired. As well as the above case, for
p = 2 the same result follows.

Suppose n = 7. Then by the same argument as above we claim that there
is no group G that satisfies t(G) = 7. So it suffices to find a central subgroup
Z of order p such that [Im(Z ® G — G ® G)| < p®. As d =5, it is clear that
G must be a descendant of the algebras 5.1, 6.2 or 6.3 given in [21].

Suppose G is a descendant of 5.1, then it has class two and hence the pre-
sentation of the given Lie ring is the same as its Lazard correspondence group.
It is readily seen that for all cases discussed in [21] except case 4, we have
[a,c] ® e = [a,c] ® d = 1. Therefore taking Z = ([a, c]) it follows that these
groups do not satisfy t(G) = 7. For case 4, if G has exponent p then G = HxC,
for some subgroup H. Hence by a simple calculation we must have t(H) = 5
contrary to the results of [17]. If the exponent of G is greater than p, then we
have [a,b]|®e = [a,b]|®a = 1, [a,b]®e = [a,b]®@b =1 or [a,b]®e = [a,b|®@c =1,
as required.

Suppose G is a descendant of the algebra 6.2. For p > 3, as 3(G) = <ap2>
by a similar method discussed above and since either a?”’ ®a=a" ®e=1or
@’ @d=a” @e= 1, the desired result holds.

Finally, suppose G is a descendant of the algebra 6.3. In any case given
in [21] one can show that either [b,a,a] ® ¢ = [b,a,a] @ d =1 or [b,a,a] ® e =
[b,a,a] ® d = 1. So choosing Z = ([b, a, a]) establishes our claim. Note that for
p < 3 we use GAP to deduce that there is no group G with ¢(G) = 7.

Suppose n = 6. Then G must belong to one of the isoclinic families of
Do, P13, P15 or Poy given in James’s classification of p-groups of order less
than or equal to p°, p # 2 (see [I1]). In the family @1, if G = E; x E},
for ¢ =1 or 2, then a simple computation implies the group G satisfies our
condition if and only if 4 = 1. In all other groups of the family ®;5 we have
Yi@aj =7 ®B; =1 when i # j. Also if of = 71, then 73 ® a3 = 1 and
if of = v or o] = 172, then 79 ® B2 = 1. By putting Z = (1) or {}2) in
sequence (2.2) and applying the bound given in [11, Theorem 2.3], we have
|G ® G| < p?. Hence Theorem 2.1 yields t(G) > 8.

For any group G in the family ®13 we have 5 ® az = P2 ® ay = 1. Because
a3 commutes with as and oy, and oy commutes with a; and ag. Also for any
group G except the group ®13(1) if either B2 = o or B2 = af, then fa®@as =1
and if B2 = of then 83 ® a3 = 1. In addition for the groups ®;3(2211)e, and
®13(21%)a we observe R = f1Raz = ol ®az = (a1 ®a3)P (a1 ®Bo) 2PP~1) =
a1 ®@ o, = 1, and for the group ®13(21%)d similarly B2 ® ap = 1. Thus the
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central subgroup Z = (fs) together with exact sequence (2.2) and Theorem 2.1
imply that t(G) > 8.

Now we show that the remaining group of this family satisfies our condition.
Let G = ®13(1%). We first use the method of [1] to determine a presentation of
its Lazard correspondence Lie ring L,,, which has the same order and nilpotency
class for p > 3. As the class of G is two, the correspondence Lie ring has the
same presentation. Also the Lie ring L, may be regarded as a Lie algebra over
the field Z,,. So computing the multiplier as in Hardy and Stitzinger [10] yields
that the dimension of the multiplier of L, is 8. Also the Schur multipliers of
L, and G are isomorphic by [5]. Therefore ¢(G) = 7 as claimed.

In the family @5 for the group ®15(2211)a set Z = (B1). It is readily seen
that 1 Qa1 = f1®ay = 1 and f1Qaz = o/f@ag = (Oél ®O¢3)p(a1®,82)%p(p_l) =
a; ® o = 1. Hence t(G) > 8 by the same argument as above. In group
@15(2211)&)7,,5 we have 52 X g = 52 ® a3z = 1. Also 61 X o = (52 X 011)7707
Br@az = (2@a3)™", f1®@ay = (B2 ®@ay)™" and f1 ® az € (B2 ® ay).
By taking Z = Z(G) we conclude that [Im(Z ® G — G ® G)| < p? and
consequently t(G) > 9. In the groups ®15(2211)c, ®15(2211)d, and ®15(21%),
since /1 ® a1 = f1 ® ag = B1 ® ag = 1, one can deduce that these groups do
not satisfy our condition.

We claim that for the remaining group G = ®;5(1%) of this family the
condition #(G) = 7 holds. As for the group ®13(1%) above, the presentation of
G and its Lazard correspondence Lie ring are the same. So again computing
the multiplier as in [10] yields that the dimension of the multiplier of L, is 8,
as desired.

Finally in the family ®42 by the same manner we observe that for all groups
of this family a3 ® a1 = a3 @ a = az3 ® 81 = 1. GAP shows that for groups of
order 2% there is no group G with ¢(G) = 7. This result is independent of the
values of ¢, a,d and §, so we will not repeat it here.

Suppose n = 5. Then our group G must belong to one of the isoclinic
families of &4 or ®-.

In the family ®,4 for the group ®4(2111)a take Z = (fs), and for the groups
®,4(2111)b and ®4(2111)c take Z = (B1). Then obviously G/Z = Ell)3 x Cp and
[Im(Z®G — G®G)| = 1. Therefore GRG = G/Z®G/Z and we conclude that
t(G) = 7 for all of these groups. However, for other groups of this family taking
either Z = (81) or Z = (Bs) it follows that |GRG| < |G/Z@G/Z||Im(Z&G —
G ® G)| < p°T1. Hence none of the remaining groups satisfy our condition.

Suppose G belongs to ®7. Then for the group G = ®7(2111)a it is clear that
a3®@a = az3®@a; = 3®B =land so GRG = G/ZRG/Z, where Z = (ag) is the
center of G. Thus Theorem 2.1 yields |M(G)| = p® and we obtain ¢(G) = 7. For
the group G = ®7(2111)b, we have afQ@a = af @a = (1 @) =y @a? =1,
when p > 3. Also a3®a; = az3® S = 1. So again the nonabelian tensor squares
of G and central factor group of G are isomorphic and the required result holds.
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Note that for p = 3, GAP shows ¢(G) = 7. Similarly for the group ®7(2111)c
we conclude that ¢(G) = 7 and finally if G = ®7(1°), then ¢(G) = 6 by results
of [12]. When p = 2 the groups T; and Tss, which are described in Table 1,
satisfy our condition by GAP.

Case 2. Suppose d = § + 1. Then Theorem 2.2 yields n < 7.

Suppose n = 7. The calculations in Case 1 show that there is no group with
t(G)=T.

Suppose n = 6. Then G must belong to one of the families of &4 or ®7. In
the first family as d = 4 put Z = (3) in the groups G = ®4(2211)g, ®4(2211)h
and ®4(2211)i. Also, we observe that o @ as = fa®@a; = f2@a = fa @y = 1.
Therefore |[Im(Z @ G - G ® G)| = 1, and |G ® G| < p*® by [11, Theorem
2.3], whence t(G) > 9. For the group G = ®,4(21%*)d, using its central subgroup
Z = (f1) we conclude that [Im(Z®G — G®G)| = 0. So by the same argument
as above one can obtain t(G) > 9. Also if G = H x C,, for some subgroup H,
we must have t(H) = 5, contrary to the results of [17]. In the family &,
only the group G' = ®(21%)d has four generators. Obviously if Z = (a3) then
IIm(Z®G — GoG)| < pand |GRG| < p*?, from which follows that t(G) > 8.

Suppose n = 5. Then G must be in the family ®5. Asd = 3, taking Z = (ag)
in group G = ®3(2111)c we have [Im((Z®G) x (G®Z) - G®G)| = 1. Hence
|G ® G| = p!! by sequence (2.1) and consequently #(G) = 7 by using Theorem
2.1. Assume G = H x (), where H is a subgroup of G, then it follows by a direct
computation that ¢(H) = 5 which implies that H = ®5(211)a or ®3(211)b, by
the results of [17]. Therefore for these groups we have ¢(G) = 7. When p = 2,
t(Tos) = 7 from GAP.

Case 3. Suppose d = § + 2. Then n = 6 by Theorem 2.2 and our group G
must belong to the family ®3. Since d = 4, the group G can be expressed as
the direct product of its subgroups and one can easily check that none of these
groups satisfy our condition. 0

Proposition 3.5. There exists no group with (c,a) = (2,3).

Proof. Suppose (¢,a) = (2,3). Then d = n—3 and it follows from the equation
(3.2) and Theorem 2.2 that n =5 and d = § = 2. So our group G must belong
to one of the families ®3 or ®g. For groups of the first family, substituting as
by [ag,a] (or of by [az2,a]”) and using the fact that as ® ag = 1, we observe
that g ® @3 = 1. Also by putting Z = («as), from [13, Theorem 3.1], we know
that the group G/Z ® G/Z has order at most p’. Hence |G ® G| < p® and
t(G) = 8. For the only group in family ®g, set Z = (BP). As P @ a; = 1 we
have again that |G ® G| < p8, and so t(G) # 7. As well as p > 2, there is no
group for p = 2 by GAP. 0

Proposition 3.6. If (c,a) = (3, 3), then G is isomorphic with one of the groups
Pg(1°) for p > 3, ®g(1°), ®10(1°%) for p > 3 or ®11(1°).
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Proof. Suppose (¢,a) = (3,3). Clearly d = 6 = n — 3 from the equation (3.2)
and Theorem 2.2 yields n < 6.

Suppose n = 6. The condition ¢(G) = 7 forces |G ® G| = p'7 by 2.1.
Therefore G = ®11(1°) by [11, Theorem 3.1].

Suppose n = 5. Then we must have |G ® G| = p° by 2.1. So again [I1,
Theorem 3.1] implies that G = ®(1°) for p > 3, ®g(1°) or ®1(1°) for p > 3.
It follows from GAP that the condition ¢(G) = 7 does not hold when p is

even. O
TABLE 1.

Name Relations SmallGroup | (¢, a)
Ty at =02 =c%=1, [bc]=a?, [a,b] = [a,d] =1 (16,13) (1,1)
T at=bp1=c2 =1, [a,b] = a?, [a,] = [b,d] =1 (32,23) (1,2)
T 2=ct=1, [bc]=a? [a,b]=[a,d =1 (32,24) (1,2)
Tor | a*=02=c2=1, [a,c] =a?, [a,b] = [b,c,c] =1 (32,28) (2,2)
Tos |brP=c2=1, [c,a] =a~2, [b,cb? =ad?, [a,b] =1 (32,31) (2,2)
Tog | a®=b02=c%=1, [a,b] =a 2, [a,c] = [b,c] =1 (32,39) (2,2)
T24 a4 — b4 = la [a’ b]2 = 17 [CL, b) a] = [a’ b7 b] =1 (3272) (173)
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