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ABSTRACT. Let complex matrices A and B have the same sizes. Using
the singular value decomposition, we characterize the g-inverse B() of B
such that the distance between a given g-inverse of A and the set of all
g-inverses of the matrix B reaches minimum under the unitarily invariant
norm. With this result, we derive additive and multiplicative perturba-
tion bounds of the nearest perturbed g-inverse. These results generalize
and improve the existing results published recently to some extent.
Keywords: g-inverse, additive perturbation bound, multiplicative per-
turbation bound, unitarily invariant norm.
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1. Introduction

Let C™*™ and C"*™ be the set of all m x n complex matrices and its subset
with rank r, respectively. For a given matrix A € C™*" the symbols A*, Af,
IA]l2, and ||A]|, respectively, stand for the conjugate transpose, the Moore-
Penrose inverse, the spectral norm, and the unitarily invariant norm of A. By
I, we denote the identity matrix of order m. Moreover,

Py = AA", Py =1, — AAT, Py. = ATA, and PL. =1, — ATA

stand for four orthogonal projectors induced by A.
Recall that the Moore-Penrose inverse Af of a matrix A € C™*™ is defined
to be the unique solution of the four Penrose equations [2]:

(1.1) (1) AGA = A, (2) GAG =G, (3) (AG)" = AG, (4) (GA)* = GA.

If G satisfies the first equation of (1.1), then G is called a g-inverse or a {1}-
inverse of A and is denoted by A1), As is known, g-inverse is not unique in
general. The set of all g-inverses of A is denoted by A{1}. We refer the reader
to [2,15] for basic results on the g-inverse.
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Perturbation bounds for g-inverses 2656

The perturbation theory of the Moore-Penrose inverse is a classical topic
in matrix analysis and numerical linear algebra. The additive perturbation
theory (when A is perturbed to B = A + E, where A, E € C™*™) of the
Moore-Penrose inverse was studied by many authors with respect to different
norms, see [1,2,5,8,12-14, 16] and the references therein. Lately, there has
been an increasing of interest in the multiplicative perturbation theory (A is
perturbed to B = DyAD,, where Dy and D, are, respectively, m x m and
n X n nonsingular matrices) of the Moore-Penrose inverse due, in part, to
its application to the error analysis of algorithms that solve structured least
squares problem with high relative accuracy, see [3-6,8,9, 18].

As is known, the Moore-Penrose inverse, {1,3}-inverses, {1,2,3}-inverses,
and the group inverse all belong to g-inverses. Owning to the extensive ap-
plications in matrix theory and computation [2], g-inverses receive lots of con-
sideration. Liu et al. [7] studied the continuity properties of g-inverse under
condition of rank invariant perturbations. Wei and Ling [17] obtained the addi-
tive perturbation bounds of g-inverse under the spectral and Frobenius norms.
Recently, Meng et al. [10] studied the multiplicative perturbation bounds of g-
inverses with respect to the spectral and Frobenius norms. The spectral norm
and the Frobenius norm are special instances of unitarily invariant norms, i.e.,
norms || - || that satisfy |[UXV| = || X|| for all X € C™*™ and unitary matri-
ces U € C™*™ and V € C™*™; gee [11] for a general background of unitarily
invariant norms. In this paper, we further undertake the perturbation analysis
for g-inverses with respect to the unitarily invariant norm.

Given A,B € C™ ™ and AN € A{1}, we first specify formula of the g-
inverse B(!) € B{1} singular value decomposition (SVD), such that B(") is
closest to A under the unitarily invariant norm. Then we present the additive
and multiplicative perturbation bounds for the nearest perturbed g-inverse with
respect to the unitarily invariant norm. To our knowledge, there is no article
yet discussing these problems in the literature.

Before starting our discussion, we list some lemmas which will be used in
the sequel.

Lemma 1.1 ([2]). Let A € C"*™, then the general expressions of g-inverses
of A can be written as:

A{1} ={AT + ATAZ(I,, — AA") + (I, — AYA)Z : Z € C™™™}.

1 0
0 0
(SVD) of A, where U € C™ ™ V € C™™ are unitary matrices, and
¥y = diag(oy,...,0.). Then the general g-inverse of A can be expressed as

Furthermore, let A = U[ V* be the singular value decomposition

—1
1 _ Y0 K | .
(1.2) A v[ H M]U,
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where K, L and M are arbitrary matrices of appropriate sizes. In particular,
the Moore-Penrose inverse is (1.2) with K =0, L =0 and M = 0.

Lemma 1.2 ([16]). Let A,B= A+ E € C"™*™, then
BY — A" = —BYEAT 4+ B'(1,, — AA") — (I, — BTB)A".
Lemma 1.3 ([10]). Let A,B € C™*™ and B*A =0 or A*B=0. Then
[Al < [[A+ Bl.

2. The formula of the nearest g-inverse

Given A, B € C"™*" and AM) € A{1}, Wei and Ling [17, Theorems 3.1 and
3.2] proved that

B = Bt + BtBAW(1,, — BB") + (I, — BtB)AW
is the closest g-inverse of B to A under the Frobenius norm and the spec-
tral norm. The following theorem shows that their results still hold when the
spectral norm or Frobenius norm is generalized to any unitarily invariant norm.
Theorem 2.1. Let A, B € C™*". For any given A" € A{1}, there exists a
matriz BYY € B{1} of the form

BW = Bt ¢ Bt BAW(1,, — BBY) + (I, — Bt B)A®

such that
(21) min HB<1> — AW H _ HB;P AW H _ HBT - BTBA(UBBTH .
B eB{1

Proof. Let A € C"*", B € C7"*" respectively have the following SVDs:

_ El O * 77 i1 0 7%
(2.2) A—U[0 O]V andB—U[O O]V,
where U = [Uy U], U = [U) Uo] € C™ ™ and V = [V; Vo], V = [V V3] €
C™*™ are unitary matrices, Uy € C™*", Uy € C™*°, V; € O™, Vi € O™,
Y1 = diag(o1,...,0.), ¥1 = diag(1,...,05), 01 = -+ > 0 > 0 and 01 >
cev>04>0.Let S=U*U and T = V*V have the block form

| St Si2 mxm I AT AT nxn
(2.3) S—[521 SQQ:|€C and T' = To1 T eC

with Sy1,T11 € C**", then S and T are unitary matrices.
For the given AW, from Lemma 1.1 there exist matrices K € C "*(m=7),

~1
L e C=x" and M e C(»=7*(m=7) guch that AN =V { Ellz ]\Iz } U-.

s7tK

Since any B € B{1} has the form B1) =V U*, where K €
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C sx(m=s) L € C=3)%s and M € O(n=9)x(m=s) gre arbitrary matrices, we
have

1K |~ ~ > K
(1) _ (1) — Flv i * o * 1
|B AW H 7 uu-v V|: I M } ‘
_ iflSll—i—IN(Sgl—Hl §;1512+E522—H2 i
0 0
0 0
2.4 ~ — - g
(24) +{LS11+M'521H3 L512+M522H4] ’

where S;; and T;; are defined by (2.2) and

Hy =TS+ TioL, Hy =Ty K + TiaM,

H3 =Ty X7 + TooL, Hy = To1 K + Too M.
Applying Lemma 1.3 to (2.4), we obtain

H { iflsu + f~(521 - iflsu + IN(SQQ — Hy ] H
0 0

(2.5) < HB<1> — AD H .
Choosing
Ly = H3S?, + HyS%, and M,, = H3S3, + HuS%,,
it is easy to check that
(2.6)  LpSii+ MyySoy — Hy =0, LySia + My Sos — Hy = 0.

Combining (2.4)—(2.6), we get

min HB(l) — A(l)H
BMWeB{1}

= _ min
Kecsx(m—s)

‘ [ iflsu + f~(521 - H iflsm + 1?522 - H, } H .
Similarly, using the following equality
[ iflsn + K Sy — Hy iflsm + K Soy — Ho }
= [ iflsn — Hy + K, So1 iflsm — Hy + K Sos ]

+ { (K — Kn)S21 (K — Kp,)Saa
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with K,, = H1S3, + H2S3,, we get
min
BMeB{1}

= H[ iflsu — Hy + K S i1_15'12 — Hy + K. Sos ]H

0 o)

= [ Sitsn Sitsie |- (nshi+ HaSh) [ s s |

_ SiU 0 e [ L 0 ) oey [ S0 K ] e[ L 0] 5
_H{O O]UU[OO]VV[L v |TU s o |UT

- HBT _ BTBA(UBBTH,

where
B(l):‘F;v é{l Em 7%
" Lﬂ’l Mm
oS =t 0] I, 0] e, [ 27 K 7, um
= v[ 0 O]U +v[0 O}VV{ 1o |UTUX
0 o0 ~. 5[0 0 (e [ 250 K | emms
[0 Im_s}mv{o In_s}vv{ v M}UUU

= B'+B'BAW(1,, — BBY) + (I, - BT B)AW.

Here the last equality follows from the facts

S-1
17 21 0 Ik t Y Is 0 17
B—V{0 O}U,BB—V[O 0 v,
_ +_~10 0 ~ _ pip_o| 0 0 ~
I BB_U[0 Ims}U and I, BB_V[O LoV
The proof is completed. O

Remark 2.2. Tt is worthy to point out that, for any given A € A{1}, the
nearest g-inverse is unique under the Frobenius norm. However, the nearest
g-inverse may not be unique under the other unitarily invariant norms [17].

3. Perturbation bounds for the nearest g-inverse

By using the result obtained in the previous section, we can derive the
additive and multiplicative perturbation bounds for the nearest g-inverse under
the unitarily invariant norm. Notice that in the analysis of the previous section,
we do not enforce the condition rank(B) = rank(A). Liu et al. [7] proved that,
for stable perturbations the condition rank(B) = rank(A) is necessary. Hence,
in this section, we study the additive perturbation bounds for the nearest g-
inverse under the condition rank(B) = rank(A).
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Theorem 3.1. Let A,B = A+ E € C™*" with rank(B) = rank(A) and
|AT|l2||Ell2 < 1. For any given A € A{1} of the form
AW = AT+ ATAZ(I,, — AAY) + (I, — ATA)Z, Z € O™,
let Bfﬁ) be as in Theorem 2.1. Then
1BG) — AV < (AT (I|P Ell2]| AT + (I, — ATAZ)| +
3.1) |P4 EPp-||2| AYAZ (1, — AAT)|) + O(|| Bll2 || E])).
Proof. Tt follows from Lemma 1.2, (2.1), B = B'BBT and B = A + E, that

HB,(,P - A<1>H - HBT - BTBAU)BBTH - HBTB (B —am) BBTH
_ HBTB( — B'EA' + B (I, — AAT) — ATAZ(I,, — AAT)

(I, — ATA)Z)BBTH

IA

|BTEA" + BTE(I, — ATA)Z|| + | B'(I,, — AA")EBT||
+|ATAZ(I,,, — AAT)EBT||
1B 12 (| P Ell2| AT + (I, — ATA)Z] + || P4 EPg.

IA

o||ATAZ x

(Ln — AAD]) + I BV E21| B
Also from the conditions of this theorem, we observe
AT
1Bz < —F 5
1= AT[2]| B2
from which the inequality of (3.1) follows. O
Remark 3.2. The bound (3.1) in Theorem 3.1 is reduced to the bound (4.2) in

[17] when the applied unitarily invariant norm is the spectral norm or Frobenius
norm.

Theorem 3.3. Let A € C™*" and B = DjADy, where Dy and Ds are re-
spectively m x m and n x n nonsingular matrices. For any given A1) € A{1}
of the form

AW = At ¢ AYAZ(I,, — AAY) + (I, — ATA)Z, Z € ™™,

let BY be as in Theorem 2.1. If max{||In — Dil|2, ||[In — D2ll2} < 1, then we
have

B — AW < |[L, — s1D3 2| AT + (1, — ATA)Z||
+m — 53D7 2| ATAZ (1, — AAT))|
£ — 31D1l2 + [[Im — 52D
®(Dy, Dy)

a4t
A,
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where ®(Dy, Ds) = (1—||I, — D1ll2)(1—|| I, — D2l|2) and s1, s2, s3 are arbitrary
complex numbers.

Proof. Since B = D} AD», we have

(3.2) BD;' = DiA and D;*B = AD,,

where D" denotes the inverse of the conjugate transpose of Dp. It follows
from Lemma 1.2 and (3.2) that for any complex numbers s, so and s3

Bt — Bt BAW BB'
- BU?(BTAAT — B'BAT 4 BY(I,, — AAY) — ATAZ(I,, — AAY)
(I — ATA)Z) BBt
- BTB(BT(Im — 5D AA — BTB(I, — s, DY) AT + B (I,, — AAT) x
(In — 82D7*) — ATAZ (I, — AATY(I,, — s3D7*) — (I, — s1D5 ") x
(I, — ATA)Z) BB,
Now, combining the above equality with (2.1), we get
1B — A0 = | Bt - B BAD BB|
< (IHm = 51Dl + 1 — s2D1*|12) | BT
(3.3) H[In = 5105t |2]| AT + (T = ATA) Z]|
L — 5505 2| ATAZ(T - AAD).
Using (3.2), it is easy to verify that Bf = BIBD;'ATD* BB, 1f max{||I,,, —
D1||2, ||In — D2||2} < 1, then
IBY < 1Dy 2 Dy |2 l1AT)
= [ (In = (In = D2) ™" [lolllm = (T = D)™ [lo]| AT
|AT]
®(Dq, Dy)’
which together with (3.3) complete the proof of this theorem. |
Remark 3.4. Choosing s; = s; = s3 = 1, Theorem 3.3 is reduced to [L0,

Theorem 5.1] when the applied unitarily invariant norm is the spectral norm
or Frobenius norm.
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