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ABSTRACT. Let G be a finite group and X be a conjugacy class of G.
The rank of X in G, denoted by rank(G:X), is defined to be the minimal
number of elements of X generating G. In this paper we establish the
ranks of all the conjugacy classes of elements for simple alternating group
Aj1p using the structure constants method and other results established
in [A.B.M. Basheer and J. Moori, On the ranks of the alternating group
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1. Introduction

Generation of finite groups by suitable subsets is of great interest and has
many applications to groups and their representations. For example, the com-
putations of the genus of simple groups can be reduced to the generations of the
relevant simple groups (see Woldar [24] for details). Also Di Martino et al. [11]
established a useful connection between generation of groups by conjugates and
the existence of elements representable by almost cyclic matrices. Their mo-
tivation was to study irreducible projective representations of sporadic simple
groups. Recently more attention was given to the generation of finite groups
by conjugate elements. In his PhD Thesis [22], Ward considered generation of
a simple group by conjugate involutions satisfying certain conditions.

We are interested in generation of finite simple groups by the minimal num-
ber of elements from a given conjugacy class of the group. This motivates the
following definition.
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Definition 1.1. Let G be a finite simple group and X be a conjugacy class of
G. The rank of X in G, denoted by rank(G:X) is defined to be the minimal
number of elements of X generating G.

One of the applications of ranks of conjugacy classes of a finite group is
that they are involved in the computations of the covering number of the finite
simple group (see Zisser [25]).

In [17-19], J. Moori computed the ranks of involutry classes of the Fischer
sporadic simple group Flise. He found that rank(Fise:2B) = rank(Fizg:2C)
= 3, while rank(Fise:2A4) € {5,6}. The work of Hall and Soicher [16] implies
that rank(Fiz:2A) = 6. In a considerable number of publications (for example
but not limited to, see [I-6] or [19]) Moori, Ali and Ibrahim explored the
ranks for various sporadic simple groups. In this article we apply the structure
constants method together with some results on generation to determine all
the ranks of classes of elements for the simple alternating group Ajp.

2. Preliminaries

Let G be a finite group and C1,Cy,...,Ck, k > 3 (not necessarily distinct)
conjugacy classes of G with g1, go, ..., gr being representatives for these classes
respectively.

For a fixed representative g, € Cy and for g; € C;, 1 < i < k — 1,
denote by Ag = Ag(Cy,Cs,...,Ck) the number of distinct (k — 1)-tuples
(91,92, ---,9k—1) such that g1g2- - gr—1 = gx. This number is known as class
algebra constant or structure constant. With Irr(G) = {x1, X2, .-, X~} being
the set of complex irreducible characters of G, the number Ay is easily calcu-

lated from the character table of G through the formula
k—1

[Tl —

=1 Xi(91)xi(92) - xi(9r—1)Xi(gr)
(2.1)  Ag(Ch,Ca,...,Ch) = @ z; o) 2 .

Also for a fixed gi € Cj we denote by AL(C1,Cs,...,Ck) the number of
distinct (k — 1)-tuples (g1, 92,-..,9k—1) € C1 X Cy X -+ x Cj_1 satisfying

(2.2) G192+ ge—1=9r and  {(g1,92,...,9k-1) = G.

Definition 2.1. If A} (Cy,Cy, ..., Cy) > 0, the group G is said to be (Cy, Cs,
..., Cg)-generated.

Furthermore if H < G is any subgroup containing a fixed element g5 €
C, we let Xy (C1,Cy,...,Ck) be the total number of distinct (k — 1)-tuples
(91,92,.--,9k—1) such that g1go---gr—1 = gr and (g1,92,...,9k—1) < H. The
value of X (C1, Cy, ..., Ck) can be obtained as a sum of the structure constants
Ap(ei,ea,- -+ ) of H-conjugacy classes ¢, ca,. .., ¢, such that ¢; C H () C;.
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Theorem 2.2. Let G be a finite group and H be a subgroup of G containing a
fized element g such that ged(o(g), [Ng(H):H]) = 1. Then the number h(g, H)
of conjugates of H containing g is xu(g), where xu(g) is the permutation
character of G with action on the conjugates of H. In particular

Z |Caly
< |Cg () ( wz)

where 1,3, ..., Ty are representatives of the Ng(H)-conjugacy classes fused
to the G-class of g.

Proof. See for example Ganief and Moori [13,14]. O

The above number h(g, H) is useful in giving a lower bound for A (Cy, Cs,
,Ck), namely AE(C&, 02, ceey Ck) > 60(01, Cg, ‘e Ok) where

(23)  Og(Cr,-+,Ck) = Ag(Ch, -+ ,Ck) = Y hlgr, H)Su(Ch,. .., Cr),

gr. is a representative of the class Cj and the sum is taken over all the repre-
sentatives H of G-conjugacy classes of maximal subgroups containing elements
of all the classes C1,Cs, ..., Ck.

Since we have all the maximal subgroups of the sporadic simple groups
(except for G = M the Monster group), it is possible to build a small subroutine
in GAP [15] or Magma [8] to compute the values of O¢ = O¢(C1,Ca,...,Cy)
for any collection of conjugacy classes of a sporadic simple group.

If ©¢ > 0 then certainly G is (Cq,Co, ..., Ck)-generated. In the case C7 =
Cy =---=Ck_1 =C, G can be generated by k — 1 elements suitably chosen
from C and hence rank(G:C) <k — 1.

We now quote some results for establishing generation and non-generation
of finite simple groups. These results are also important in determining the
ranks of the finite simple groups.

Lemma 2.3 (See Ali and Moori [5] or Conder et al. [9]). Let G be a
finite simple group such that G is (IX,mY,nZ)-generated. —Then G is
(IX,1X,...,IX,(nZ)™)-generated.

—_——

m—times

Proof. Since G is (IX,mY,nZ)-generated group, it follows that there exists
x €1X and y € mY such that 2y € nZ and (z,y) = G. Let

2 m—1
N::<x,xy,:ry, s, xY >

Then N < @G. Since G is simple and N is non-trivial subgroup we obtain that
N = (. Furthermore we have

m—1

zava? x = a(yzy H(WPry %) (y" oy
= (zy)™ € (nz)"
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Since z¥' € 1X for all 1, the result follows. O

Corollary 2.4 (See Ali and Moori [5]). Let G be a finite simple group such
that G is (IX,mY,nZ)-generated. Then rank(G:1X) <m.

Proof. Follows immediately by Lemma 2.3. O

Lemma 2.5 (See Ali and Moori [5]). Let G be a finite simple (2X,mY, nZ)-
generated group. Then G is (mY, mY, (nZ)?)-generated.

Proof. Since G is (2X,mY,nZ)-generated group, it is also (mY,2X,tK)-
generated group. The result follows immediately by Lemma 2.3. 0

Corollary 2.6. If G is a finite simple (2X,mY,nZ)-generated group. Then
rank(G:mY) = 2.

Proof. By Lemma 2.5 and Corollary 2.4 we have rank(G:mY) < 2. But
a non-abelian simple group can not be generated by one element. Thus
rank(G:mY) = 2. O

The following two results are in some cases useful in establishing non-
generation for finite groups.

Lemma 2.7 (See Ali and Moori [5] or Conder et al. [9]). Let G be a fi-
nite centerless group. If AL(C1,Co,...,Ck) < |Calgr)], gr € Ck, then
A%L(Ch,Ca, ..., Ck) =0 and therefore G is not (Cq,Cy, ..., Ck)-generated.

Proof. We prove the contrapositive of the statement, that is if A%L(Cq,Ca,
-+, Ck) > 0 then AL(Cy,Cs,...,Ck) > |Ca(gr)|, for a fixed g, € Cx. To do
this let us assume that A% (Cq,Cy, ..., Ck) > 0. Thus there exists at least one
(k—1)-tuple (g1,92,---,9k-1) € C1 x C3 x -+ - x Cj_1 satisfying Equation (2.2).
Let z € Cg(gx). Then we obtain

(9192 -+ ge—1)z " = (zgr1z T ) (2gea ") - (wgrora ) = (zgrzT) = gie
Thus the (k — 1)-tuple (xg12~ !, xgox™1, ... 2gr_127 ") will generate G. More-
over if x; and x2 are distinct elements of Cg(gr), then the (kK — 1)-tuples

(zrgrayt wrgeay s mage ey t) and (zogiay ' Xagewy s e Tagr o125 )
are also distinct since G is centerless. Thus we have at least |Ca(gx)| (k — 1)-
tuples (g1, ..,gk—1) generating G. Hence AL (Cy,...,Ck) > |Ca(gr)|- O

The following result is due to Ree [20].

Theorem 2.8. Let G be a transitive permutation group generated by permuta-
tions g1, go, ..., gs acting on a set of n elements such that g1go--+ gs = lg. If
S

the generator g; has exactly c¢; cycles for 1 < i <'s, then Zci <(s—2)n+2.
i=1

Proof. See for example Ali and Moori [5]. O
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The following result is due to Scott ([9] and [21]).

Theorem 2.9 (Scott’s Theorem). Let gi,92,...,9s be elements generating
a group G with g1g2---gs = lg and V be an irreducible module for G with
dimV =n > 2. Let Cy(g;) denote the fized point space of {g;} on V and let d;

be the codimension of Cy(g;) in V. Then Zdi > 2n.
i=1
With x being the ordinary irreducible character afforded by the irreducible
module V and 1, being the trivial character of the cyclic group (g;), the
codimension d; of Cy(g;) in V can be computed using the following formula

(112):
d = dim(V) — dim(Cy(g0)) = dim(¥V) = (xI§), 1)

1 o(gi)—1 ;

(24) = x(6) = 7 > xtgd).

Jj=0

3. Ranks of the classes of Ajg

In this section we apply the general results discussed in Section 2, to the
group Ajg. We determine the ranks for all its conjugacy classes of elements.

The group Ajg is a simple group of order 1814400 = 27 x 3% x 52 x 7. By
the ATILAS the group A;o has exactly 24 conjugacy classes of its elements and
7 conjugacy classes of its maximal subgroups. Representatives of these classes
of maximal subgroups can be taken as follows:

Hl = Ag H2 = Sg H3 = (A7 X 3)2
H4 = (A5 X A5)Z4 H5 = (A@ X A4)12 H6 = 24155
H7 = Mo

In this section we let G = A1o. We firstly list in Table 1 the values of h(g, H;)
for all the non-identity classes and maximal subgroups H;, 1 <14 <7, of Ajg.

We start our investigation on the ranks of the non-trivial classes of A;y by
looking at the two classes of involutions 24 and 2B. It is well-known that two
involutions generate a dihedral group. Thus the lower bound of the rank of an
involutry class in a finite group G # Dy, (the dihedral group of order 2n) is 3.

The group Ajp has a 9-dimensional complex irreducible module V. For any
conjugacy class nX, let d,x = dim(V/Cy(nX)) denote the codimension of the
fixed space (in V) of a representative of nX. Using Equation (2.4) together with
the power maps associated with the character table of A;g given in the ATILAS,
we were able to compute all the values of d,, x for all non-trivial classes nX of
G, where we list these values in Table 2.

The above values of codimension of the fixed space, will help us much in
determining the ranks of many non-trivial classes of G.
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TABLE 1. The values h(g,H;), 1 < i
classes and maximal subgroups of A;g
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TABLE 2. d,x = dim(V/Cy(nX)), nX is a non-trivial class
of G and dim(V) =9

nX 2A 2B 3A 3B 3C 4A 4B 4C 5A 5B 6A 6B
dpx 2 4 2 4 6 6 4 [§ 4 8 4 6
nX 6C T7TA 8A 9A 9B 10A 12A 12B 15A 21A 21B

dnx 6 6 8 8 8 6 6 8 6 8 8

Lemma 3.1. rank(G:2A) & {3,4}.

Proof. Tt G is (24,2A,2A,nX)-generated group for a non trivial class nX
of G, then by Theorem 2.9 we must have doa + dog + dog +dpx > 2 x 9.
However, it is clear from Table 2 that 3 X dag + d,x < 18, for each nX
of G. Thus G is not (24,2A4,2A,nX)-generated group and it follows that
rank(G:2A) # 3. Similarly G is not (24,2A,2A,2A,nX)-generated group and
therefore rank(G:2A) # 4. Hence the result. O

Lemma 3.2. The group G is (2A,5B,21A)-generated.

Proof. Let a := (7,8)(9,10) € 24 and b := (1,2,3,4,7)(5,6,9,8,10) € 5B.
Then (a,b) = G with ab = (1,2,3,4,7,10,8)(5,6,9) € 21A. Thus G is
(24,5B,21A)-generated. O

Proposition 3.3. rank(G:2A4) = 5.
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Proof. Since by Lemma 3.2, G is (24,5B,21A)-generated group, it follows
by applications of Lemma 2.3 that G is (24,2A4,2A,2A,2A4, (21A)%)-generated
group. Thus rank(G:24) < 5. Since rank(G:2A) ¢ {3,4} by Lemma 3.1, it
follows that rank(G:24) = 5. O

We recall from the PhD thesis of J. Ward [22] that a finite non-abelian
simple group G is said to have Property 1 if G can be generated by 5 conjugate
involutions whose product is the identity. Also G is said to satisfy Property 2
if G can be generated by 3 conjugate involutions a,b and ¢, two of which, a
and b, commute and such that ab is also conjugate to a,b and c.

Proposition 3.4. rank(G:2B) = 3.

Proof. From [22, Table 1.1] we see that G has both Property 1 and Property 2.
By the latter one, we infer that G = (a, b, ¢) with a,b and c are all conjugate
and ab = ba and ab € [a]g. Now from Lemma 3.1 we know that these three
involutions are not from class 24 (otherwise we would have rank(G:2A) = 3).
Since G has only two classes of involutions, it follows that these three conjugate
involutions generating G are contained in class 2B. Hence rank(G:2B) =3. O

Proposition 3.5. rank(G:3A) = 5.

Proof. Direct application of [7, Theorem 12]. |

Remark 3.6. The rank of class 34 in G can still be established using the
structure constant method together with the results of Section 2.

Lemma 3.7. FornX € S :={3B,4B,5A,6A}, the group G is (3C,nX, 21A)-

generated.

Proof. Let
a:=(2,3,4)(5,6,7)(8,9,10) € 3C, b:=(1,2,8)(4,5,10) € 3B,
c:=(1,2)(3,4,5,8) € 4B, d:=(1,2,8,5,4) € 54 and
e:=(1,2)(4,5,8)(7,10) € 6 A.

We note that ab = (1,2,3,5,6,7,10)(4,8,9), ac = (1,2,4)(3,5,6,7,8,9,10),
ad = (1,2,3)(4,8,9,10,5,6,7) and ae = (1,2,3,5,6,10,4)(7,8,9) are all ele-
ments of order 21 and in fact are all contained in 21A. Now it is not difficult
to verify that

(a,b) = {a,c) = (a,d) = (a,e) = G = Aqg

and thus G is (3C,nX, 21 A)-generated group for nX € S. |

Proposition 3.8. With S being the previous set, we have rank(G:nX) = 3
for allnX € S.
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Proof. If G is (nX,nX, mY )-generated group for nX € S and for any other non
trivial class mY of GG, then we must have d,,x + dn,x + diny > 2 x 9. However,
it is clear from Table 2 that 2 X d,,x +dy < 18, for nX € S and all non-trivial
classes mY of G and therefore G is not (nX,nX, mY )-generated group. This
establishes the non-generation of G by two elements from nX € S and thus
rank(G:nX) # 2, nX € S. Using Lemma 3.7 we know that G is (3C, nX, 21 A)-
generated group. This implies that G is also (nX, 3C, 21 A)-generated group. It
follows by applications of Lemma 2.3 that G is (nX,nX,nX, (214)3)-generated
group; that is (nX,nX,nX,7A)-generated group. Thus rank(G:nX) < 3.
Since rank(G:nX) # 2 we deduce that rank(G:nX) = 3 for all nX € S,
completing the proof. O

Lemma 3.9. rank(A,:5A) =2, for 5 <n <9.

Proof. The cases As, Ag and Ag follows respectively by [7, Theorem 14,
Propositions 20 and 29]. The group Ag is generated by (1,2,3,4,5) and
(1,3,4,5,6) both are elements of class 54 of Ag. We handle the case A;. We
claim that A7 = ((1,2,3,4,5),(1,4,5,6,7)) . We have (1,2,3,4,5) (1,4,5,6,7)
= (1,5,6,7,2,3,4), which has order 7. This implies that

35[[((1,2,3,4,5),(1,4,5,6,7)) |.

By looking at the maximal subgroups of A7 (see the ATLAS [10] for example)
we can see that there is no maximal subgroup of A7 with order divisible by 35.
It follows that ((1,2,3,4,5),(1,4,5,6,7)) = A; and hence rank(A7:5A) = 2,
completing the result. O

Lemma 3.10. rank(A4,:54) #2, V n > 10.

Proof. Suppose that z,y € 54 of A,,, n > 10 and let x = (a,b,¢,d,e) and y =
(f,g,h,4,7). If xy = ya then (z,y) = Z5 x Zs. If xy # yx, then x and y are not
disjoint cycles and have some common points, i.e, {a,b,¢,d, e} ({f, g, h, 1,5} #
¢. Thus the number of moved points by (z,y) is at most 9 and it follows that
(x,y) < Ag. Hence rank(A,:5A) # 2 for n > 10. O

Note that the non-generation of G by two elements from class 5A was already
shown in the proof of Proposition 3.8 using Scott’s Theorem and Table 2.

We now have the following conjecture concerning the rank of class 54 of A,
for all n > 6.

Conjecture 1. For any n > 6, we speculate that

. B 1| ifn=4kor 4k +1,
(3.1) rank(An:5A) = { H if n =4k + 2 or 4k + 3.

Note that the above conjecture was shown to be true theoretically for 6 <

n < 9 in Lemma 3.9. The author used GAP to verify the correctness of the
conjecture up to n < 50. Moreover, the author is speculating that
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((1,2,3,4,5),(1,5,6,7,8),(1,9,10,11,12), .. .,
(1,n—6,n—5,n—4,n—-3),(1,n—3,n—2,n—1,n)) if n =4k,
((1,2,3,4,5),(1,6,7,8,9), (1, 10,11, 12, 13), . . .,
1,n—-7,n—6,n—5n—-4),(1,n—-3,n—2,n—1,n)) ifn=4k+1,
((1,2,3,4,5),(1,3,4,5,6),(1,7,8,9,10), .. .,
1,n—4,n—-3,n—-—2,n—-1),(1,n—3,n—2,n—1,n)) ifn=4k+ 2,
((1,2,3,4,5),(1,4,5,6,7), (1,8,9,10,11), ...,
(I,n—5,n—4,n—-3,n—2),(1,n—3,n—2,n—1,n)) if n=4k+ 3.

32) A,

Proposition 3.11. rank(G:9X) =2, for X € {A, B}.
Proof. Direct application of [7, Theorem 14]. a

The result of Proposition 3.11 can be established using the structure constant
method. In the next proposition, we give the ranks of all the remaining non-
trivial classes of G.

Proposition 3.12. Let T := {3C,4A,4C,5B,6B,6C,7TA, 84,104,124, 12B,
15A,21A,21B}. Then rank(G:nX) =2 for allnX € T.

Proof. The aim here is to show that G is an (nX,nX,21A)-generated group
for any nX € T. We firstly note that all the maximal subgroups of G do
not contain elements of order 21 except Hs. By h(C, H) we mean the num-
ber of conjugate subgroups of H that contain a fixed element of the conju-
gacy class C. It follows that h(21A,H;) = 0 for all ¢ € {1,2,---,7} \ {3},
while h(21A4, Hj) 1. For all the classes nX € T we give in Table 3
some information about Ag(nX,nX,21A), h(21A, Hs), X g, (nX,nX,21A) and
O¢(nX,nX,21A). The last column of Table 3 establishes the generation of G

TABLE 3. Some information on the classes nX € T

[ [ Ac(nX,nX,21A) [ h(21A, H3) | Su,(nX,nX,214) | Og(nX,nX,214) ||

3C 301 1 28 273
4A 189 1 0 189
4C 1512 1 0 1512
5B 2709 1 0 2709
6B 308 1 14 294
6C 11340 1 840 10500
TA 2541 1 0 2541
8A 25704 1 0 25704
10A 4977 1 252 4725
12A 13104 1 357 12747
12B 11340 1 0 11340
15A 7077 1 84 6993
21A 3936 1 72 3864
21B 3711 1 36 3675

by the triple (nX,nX,21A) for all nX € T. It follows that rank(G:nX) = 2
for all n.X. O
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Remark 3.13. For all nX € T of Proposition 3.12, the result can also be
proved using Lemma 2.6 together with the facts that G is (2B,nX,21B)-
generated group for nX € {3C,4C,5B,6C,7TA,8A4,104, 12B,15A4,21A} and
is (2B,nX, 21 A)-generated group for nX € {44,6B, 124,21B}.

Now we gather the results on ranks of the non-trivial classes of G.

Theorem 3.14. Let G be the alternating group Aig. Then

(1) rank(G:nA) =5, for n € {2,3},
(2) rank(G:nX) =3, for nX € {2B,3B,4B,5A,6A},
(3) rank(G:nX) =2 for allnX ¢ {1A,2A,2B,3A,3B,4B,5A,6A}.

Proof. The result follows from Propositions 3.3, 3.4, 3.5, 3.8, 3.11 and 3.12. O
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