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COMPLETE GROWTH SERIES OF COXETER
GROUPS WITH MORE THAN THREE

GENERATORS

M. J. MAMAGHANI

Abstract. In this paper invoking several methods we com-
pute the complete growth series of Coxeter groups with more
than three generators. In the most general method we apply
the algebraic version of Moebius inversion formula of number
theory and obtain a recursive analog of the usual growth series
for complete growth series. This formula will show that the
complete growth series is a rational function.

1. Introduction

In [3] Grigorchuk and Nagnibeda introduced the notions of com-
plete growth series and operator growth series for discrete groups
and proved several facts about surface groups and hyperbolic groups
using these notions. In [6] we computed complete growth series of
Coxeter groups which are generated with a set of cardinality 3 using
a complete set of rewriting rules and showed that these series are
all rational. In this paper we continue our work in [6] for Coxeter
groups with more than three generators and noting that in this
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case the technique of rewriting rules cannot be invoked as in [6]
efficiently we apply other methods.

2. Prelminaries

In this section we recall the various notions of growth and growth
series in groups that we will use in the course of our work. For more
information we refer to [3] and [6].

Definition 2.1. To each element g of the finitely presented group
G = 〈S, φ〉 we assign the length |g| of g as follows:

|g| = inf{l | g = t1t2 · · · tl, ti ∈ S ∪ S−1, 1 ≤ i ≤ l}

With this definition of length we define the notion of growth
function of G as follows

Definition 2.2. The function γ : N∪ {0} → N defined by

γ(0) = a0 = 1

γ(n) = an = #{g ∈ G | |g| = n} (n 6= 0)

is called the growth function of G with respect to S, and the series

F (z) =
∞∑

n=0

anz
n (2.1)

is called the growth series of G.

We observe that an ∈ Z for each n ∈ N∪ {0} and F (z) belongs
to the ring of formal power series Z[[z]].
Now let R be any ring with identity and let R[G] be the group ring
with coefficients in R. Recall that each element of R[G] is a finite
sum of the form

∑k
1 aigi where ai ∈ R and gi ∈ G.

Definition 2.3. The function

γc : N∪ {0} → R[G]
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γc(0) = 1

γc(n) =
∑

g∈G,|g|=n>0

g (2.2)

is called the complete growth function and the series

F c(z) =
∑
g∈G

gz|g| =
∞∑

n=0

∑
|g|=n

g

 zn (2.3)

is called the complete growth series of G with respect to S and R.

Observe that the coefficients of this series belong to R[G] and
so F c(z) ∈ R[G][[z]]. Comparing (2.1) and (2.3) we observe that
taking R = Z the image of γc under the augmentation function
ε : Z[G] → Z, ε(g) = 1, g ∈ G is γ and therefore we have ε(F c(z)) =
F (z). We deduce that the notion of complete growth series general-
izes the notion of growth series. For more information on complete
growth series refer to [3].

Definition 2.4. Let S = {s1, s2, . . . , sm} be a finite set. The pair
(W, S) is called a Coxeter system if

(1) W is a group generated by S ;
(2) for each 1 ≤ i ≤ m and 1 ≤ j ≤ m, there are mij ∈

{1, 2, 3, . . . ,∞} with mii = 1 and mij ∈ {2, 3, . . . ,∞} when
i 6= j such that the relation (sisj)

mij = 1 holds in W .

The Coxeter group W associated with the Coxeter system (W,S) is
the group with presentation

W = 〈s1, s2, . . . , sm|(sisj)
mij = 1; 1 ≤ i ≤ m; 1 ≤ j ≤ m〉.

Thus the order of each generator in S is 2, mij = mji and when
there is no relation between si and sj we have mij = ∞. S is called
a Coxeter generating set of the Coxeter group W .

Now let (W, S) be a Coxeter system and X ⊂ S. In [4 section 5.5]
it is shown that WX , the subgroup of W generated by X, is itself
a Coxeter group and (WX , X) is a Coxeter system. This subgroup
is called a parabolic subgroup of W .
Coxeter groups enjoy a rich literature. We refer the interested
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reader to [1], [4] and [7] for more information on the subject.

3. Complete growth series of a free product of groups

In this section we compute the complete growth series of a group
which is the free product of two Coxeter groups amalgamating a
Coxeter subgroup.

Theorem 3.1. Let W1 and W2 be two finitely presented Coxeter
groups such that

(1) H = W1 ∩W2 is a parabolic subgroup of both W1 and W2;
(2) W1 and W2 admit the finite complete rewriting systems R1

and R2 respectively in such a way that R3 = R1 ∩ R2 is a
complete rewriting system for H.
Then we have

1

F c
W1∗HW2

(z)
=

1

F c
W1

(z)
+

1

F c
W2

(z)
− 1

F c
H(z)

where W1 ∗H W2 is the amalgamated free product of W1 and W2

amalgamating H and F c
X(z)is the complete growth series of X.

Proof. The rewriting system R1∪R2 is a finite complete rewriting
system for W1 ∗H W2. Therefore by theorem 2 of [3] the proof is
complete.�
As a special case of the theorem we have the following corollary.

Corollary 3.2. Let (Wi, Ai), i = 1, 2, . . . n be Coxeter systems
such that Ai ∩ Aj = ∅ for i, j ∈ {1, 2, . . . n} and i 6= j . Let
W = W1 ∗W2 ∗ . . . ∗Wn be the free product of Wi, i = 1, 2, . . . n . If
each of the groups Wi admits a finite complete rewriting system Ri

with respect to Ai, then we have

1

F c
W (z)

=
1

F c
W1

(z)
+

1

F c
W2

(z)
+ · · ·+ 1

F c
Wn

(z)
− (n− 1)
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Proof. In fact the set of rules R = ∪n
i=1Ri is a finite complete

rewriting system for W with respect to A = ∪n
i=1Ai . Therefore

using induction and noting that Ai ∩ Aj = ∅ for 1 ≤ i < j ≤ n the
proof is complete.�

Example. We would like to find the complete growth series of the
group

W = 〈a, b, c, d | a2 = b2 = c2 = d2 = (ab)p = (ac)q = (bc)r = (cd)s = 1〉
where p, q, r and s are positive odd integers.
We observe that W = W1 ∗H W2, where

W1 = 〈a, b, c | a2 = b2 = c2 = (ab)p = (ac)q = (bc)r = 1〉
W2 = 〈d, b, c | d2 = b2 = c2 = (bc)r = (cd)s = 1〉

and
H = 〈b, c | b2 = c2 = (bc)r = 1〉

Here the set of rewriting rules for W are
p︷ ︸︸ ︷

aba . . . a →
p︷ ︸︸ ︷

bab . . . b (3.1)

q︷ ︸︸ ︷
cac . . . c →

q︷ ︸︸ ︷
aca . . . a (3.2)

r︷ ︸︸ ︷
bcb . . . b →

r︷ ︸︸ ︷
cbc . . . c (3.3)

a2 → 1 (3.4)

b2 → 1 (3.5)

c2 → 1 (3.6)

s︷ ︸︸ ︷
dcd . . . d →

s︷ ︸︸ ︷
cdc . . . c (3.7)

d2 → 1 (3.8)

From these the rules 1, 2, 3, 4, 5, 6 are the rules for W1, 3, 5, 6, 7, 8 are
the rules for W2 and 3, 5, 6 are the rules for H. Since H is a finite
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dihedral group with Coxeter element( the element with greatest
length) w = cb . . . c of length r we have

F c
H(z) = 1+(b+c)z+(bc+cb)z2+· · ·+((bc . . . bc)+(cb . . . cb))zr−1+wzr.

If r = ∞ then we have

F c
H(z) =

1

1− bcz2
(1 + bz) +

1

1− cbz2
cz(1 + bz).

Now using Theorem 3.1 we observe that the complete growth series
of W will be computed if we obtain the complete growth series of
W1 and W2. To this end one can invoke the methods obtained in
[6] for triangle Coxeter groups.
For more information on rewriting systems we refer to [2], [5] and
[6].

4. Smallest spanning tree

In this section using a spanning tree for the Cayley graph of a
Coxeter group we obtain the complete growth series of the group.

Theorem 4.1. The complete growth series of the Coxeter group

Wm = 〈s1, s2, . . . , sm | s2
1 = s2

2 = . . . = s2
m = 1〉

with respect to the Coxeter generating set S = {s1, s2, · · · sm} is

W c
m(z) =

1− z2

1− Az + (m− 1) · z2
(4.1)

where A = s1 + s2 + · · ·+ sm.
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Figure 1

Proof. Consider the rooted tree T whose vertices are the elements
of Wm (the root corresponds to the neutral element) and the vertex
g is connected to the vertex h if there exists s ∈ {s1, s2 . . . sm} such
that h = gs. Figure 1 shows a small part of the spanning tree for
W3. Using this tree we obtain

W c
m(z) = 1 + F1(z) + F2(z) + . . . + Fm(z),

where Fi(z) is that part of the complete growth series of the group
whose spanning tree has si as its root. It is clear that for i =
1, 2, . . . m we have

Fi(z) = siz + si(
m∑

j=1,j 6=i

Fj(z))z (4.2)

From these and the relations s2
i = 1 for i = 1, 2, . . . , m in the

group we have

siFi(z)z = z2 + (
m∑

j=1,j 6=i

Fj(z))z2. (4.3)
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Summing these up we obtain(
m∑

i=1

siFi(z)

)
z = mz2 + (m− 1)

(
m∑

i=1

Fi(z)

)
z2 (4.4)

Therefore we have

(
m∑

i=1

siFi(z))z = mz2 + (m− 1)(W c
m(z)− 1)z2 (4.5)

On the other hand letting A = s1 + s2 + . . . + sm we have
m∑

i=1

Fi(z) = Az +
m∑

i=1

(A− si)Fi(z)z = Az + A
m∑

i=1

Fi(z)z −
m∑

i=1

siFi(z)z
(4.6)

Therefore we conclude that

(1− Az + (m− 1)z2)W c
m(z) = 1− z2 (4.7)

The proof is complete. 2

We note that we can use the method of the last section and obtain
the same result. In fact

s2
i → 1, i = 1, 2, . . . m (4.8)

is a complete rewriting system for Wm.

5. Complete growth series using the Moebius inversion
formula

In this section, after proving the Moebius inversion formula, we
follow [6] and compute the complete growth series of the Coxeter
group W with Coxeter generating set S = {s1, s2, · · · , sm}.
First we prove a combinatorial lemma.

Lemma 5.1. If Z is a finite set and X ⊂ Z is fixed then∑
Y

(−1)|Z−Y |+1 = (−1)|Z−X|,

where the sum is taken over all subsets Y satisfying Z ⊇ Y ⊃ X
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Proof. Let |Z − X| = n. By assumption we have 0 ≤ |Z − Y | ≤
n− 1. We note that |Z − Y | = 0 corresponds to the choice Y = Z.
Therefore the number of choices of Y with |Z−Y | = i, i = 0, . . . n−1

is

(
n
i

)
. Now we have

∑
Z⊇Y⊃X(−1)|Z−Y |+1 = −∑n−1

0

(
n
i

)
(−1)i

= −
[∑n

0

(
n
i

)
(−1)i − (−1)n

]
= (−1)n.

The proof is complete.�

Lemma 5.2. Mobius inversion formula. Let P (S) be the set
of all subsets of S and let G be an abelian group. If the functions
f : P (S) → G and g : P (S) → G satisfy

f(X) =
∑

Y⊇X

g(Y ), ∀X ∈ P (S)

then they satisfy

g(X) =
∑

Y⊇X

(−1)|Y−X|f(Y ), ∀X ∈ P (S)

where |Y −X| is the number of elements in the set Y −X.

Proof. We use induction on n = |S − X|. If |S − X| = 0 then
S = X and Y = S and the conclusion follows immediately. Let the
lemma be true for n < k and let X ⊂ S be such that |S −X| = k.
Then we have f(X) = g(X) +

∑
Y⊃X g(Y ). Since Y ⊃ X we have

|S − Y | < k and so by induction

g(Y ) =
∑
Z⊇Y

(−1)|Z−Y |f(Z)

Thus

f(X) = g(X) +
∑

Y⊃X

∑
Z⊇Y

(−1)|Z−Y |f(Z).

Therefore by substitution we have

g(X) = f(X) +
∑

Z⊇Y⊃X

(−1)|Z−Y |+1f(Z).
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Thus using the result of lemma 5.1 and changing the symbol Z to
Y we obtain

g(X) = f(X) +
∑

Y⊃X

(−1)|Y−X|f(Y ) =
∑

Y⊇X

(−1)|Y−X|f(Y ).

The proof is complete.�

Definition 5.3. Let (W, S) be a Coxeter system and X ⊂ S. We
say that v ∈ W is a left X− minimal element if |v| = minw∈vWX

|w|.
Let AX be the set of all left X− minimal elements of W and let

BX be the set of all left X− minimal elements that are not left
Y− minimal for every Y ⊃ X. Consider the functions Ac(z) and
Bc(z) from P (S) to Z[W][[z]], the formal power series ring with
coefficients in the group ring Z[W], defined as follows

Bc
X(z) =

∑
v∈BX

vz|v|, Ac
X(z) =

∑
v∈AX

vz|v|.

It is easily seen that AX =
⊔

Y⊇X BY . Therefore we have Ac
X(z) =∑

Y⊇X BY (z) and by the Mobius inversion formula we compute

Bc
X(z) =

∑
Y⊃X

(−1)|Y−X|Ac
Y (z). (5.1)

Theorem 5.4. Let (W, S) be a Coxeter system with finite Coxeter
generating set S. If W is infinite and W c(z) is the complete growth
series of W with respect to S then

W c(z) = Ac
X(z)W c

X(z),

where W c
X(z) is the complete growth series of WX with respect to

X ⊂ S.

Proof. Using the definition of the complete growth series and the
identity W =

⊔
v∈AX

vWX we have

W c(z) =
∑

w∈W

wz|w| =
∑

v∈AX

∑
u∈WX

vuz|v|+|u| = Ac
X(z)W c

X(z).
(5.2)
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The proof is complete.�
We note that in general one cannot change the order of multiplica-
tion factors. Observe that from equation 17 we have

Bc
X(z) =

∑
Y⊇X

(−1)|Y−X| W
c(z)

W c
Y (z)

Since W is infinite we have B∅ = ∅ and therefore Bc
∅(z) = 0. This

implies that

0 = Bc
∅(z) =

∑
Y ∈P (S)

(−1)|Y |
W c(z)

W c
Y (z)

In this summation we separate the term corresponding to Y = S
and obtain

(−1)|S|

W c(z)
=

∑
Y ∈P (S)\S

(−1)|Y |+1 1

W c
Y (z)

.

The proof is complete.�

Corollary 5.5. The complete growth series of W is rational.

Proof. We prove this assertion using induction on |S|. For S =
{r, s}, W is the infinite dihedral group. Using corollary 3.2 we have

1

W c(z)
=

1

1 + rz
+

1

1 + sz
− 1,

which is rational. Let the assertion be true for all S with |S| < n.
Then for any Y ∈ P (S) \ S the function 1

W c
Y (z)

and so the sum on

the right hand side of equation 19 and therefore W c(z) is rational.
The proof is complete.�

One can observe that (as in page 4) the complete growth series
of any finite Coxeter group is a polynomial. Therefore our final
conclusion is

Corollary 5.6. The complete growth series of any Coxeter group
with respect to its Coxeter generators is rational.
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