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SUBORDINATION AND SUPERORDINATION RESULTS
INVOLVING CERTAIN CONVOLUTION OPERATORS

R. AGHALARY, A. EBADIAN AND Z.-G. WANG*

Communicated by Fereidoun Ghahramani

ABSTRACT. We introduce a new convolution operator £ (b, ¢; B).
Several subordination and superordination results involving this op-
erator are proved.

1. Introduction and Preliminaries

Let H(U) be the linear space of all analytic functions in the open unit
disk,
U:={z: zeC and |2]| <1},
and
A:={feHU): f(0)=f(0)—1=0}

For a positive integer number n and a € C, let
H[CL, n] = {f S H([U) . f(Z) =a-+ anzn —+ an+1zn+1 —+ .. }

Furthermore, denote @ to be the set of all analytic and univalent func-
tions on the set U\ E(f), where,

B(f):={¢ €U lim f() = oo},
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and such that f/(¢) # 0 for ¢ € U\ E(f). The subclass of @ for which
f(0) = a is denoted by Q(a).

For two functions f and g, analytic in U, we say that the function f
is subordinate to g in U, and write

f(z)<g9(z)  (2€D),
if there exists a Schwarz function w, which is analytic in U with
w0)=0 and |w(z)]<1 (2€U)
such that
f(z)=g(w(z) (2€0).
Indeed, it is known that
f(z) <g(z) (z2€U) = [f(0)=g(0) and [f(U)Cg(U).

Furthermore, if the function g is univalent in U, then we have the fol-
lowing equivalence,

f(z) <9(z) (2€U) <« [f(0)=g(0) and [f(U)Cg(U).
For two functions f;(z) (j = 1,2), given by

fiz) =2+ a2 (1=1,2),
k=2
we define the Hadamard product (or convolution) of f1(z) and fa(z) by

(fr# f2)(2) =2+ Y _appar2z” = (f2% f1)(2)  (z€D).

k=2
In terms of the Pochhammer symbol (or the shifted factorial), define
(K)n by
('V”')O =1,
and
(K)n=k(k+1)(k+2)---(k+n—1) (neN:={1,2,3,...}),
and then define a function ¢} (b, ¢; z) by

o0 A
a (D)n,
(1.1 Ga(byc;z) =1+ AP z € U),
) — <a+n> (c)n ( )

where
beR; ceR\Zy; acC\Zy (Zy :=1{0,—-1,-2,..}); A >0.
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Corresponding to the function ¢ (b, c; z), given by (1.1), we introduce
the following convolution operator,
(1.2)

5 B
LMb,es ) f(2) = 3 (b, 5 2) 3 (f(z)> (feA BeC\{0}: 2cT).

It is easy to see that

13 2(R70.62) = dbez) —agd (b6 )
and
(1.4) p (¢g(b, ¢ z))' = b (b+ 1, 2) — b (b, : 2).

Hence, from (1.3) and (1.4), we easily obtain:

(15) = (L3 0.6 0)f) (2) = aLdb,e, B)f(2) — aLX (b, B)f(2),
and
(16) = (L30,e8)1) (2) = LA+ 1, ) (=) — BEA(b, 5 F) (=)

The operator Efl‘(b, ¢, @) includes, as its special cases, Komatu integral
operator (see [3, 4, 10]), some fractional calculus operators (see [2, 11,
12]) and Carlson-Shaffer operator (see [1]).

The following definition and lemmas play key roles in the proofs of
our main results.

Definition 1.1. A function P(z,t) (z € U; t > 0) is said to be a
subordination chain if P(.,t) is analytic and univalent in U, for all ¢ >
0, P(z,0) is continuously differentiable on [0,00), for all z € U, and
P(z,t1) < P(z,t2), for all 0 < t; < ts.

Lemma 1.2. (See [9]) The function,
P(z,t): Ux[0,00) = C
of the form
P(z,t) = a1(t)z + ag(t)z* + - - (a1(t) #0; t >0),
and tlirgo lay(t)] = 00, is a subordination chain if and only if

(000

. > .
8P/8t>>0 (z€U; t>0)
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Lemma 1.3. (See [5]) Suppose that the function H : C*> — C for all

real s and for all

nl+s7) ;_ ) (n € N)

satisfies the condition R(H (is,t)) < 0. If the function
p(2) = L4 ppz" + 1z 4o

is analytic in U and

R(H(p(2),2p'(2))) >0 (2€0),

t < —

then
R(p(z)) >0 (z € U).

Lemma 1.4. (See [6]) Let k,v € C with k # 0 and let h € H(U) with
h(0) =c. If

R(kh(z)+v) >0 (z € U),
then the solution of the following differential equation,

7%]/(2) = h(z z ; =c
1)+ e =) (€T (0) = 9

is analytic in U and satisfies the inequality given by
R(kq(z) +~) >0 (z € U).
Lemma 1.5. (See [7]) Let p € Q(a) and
q(2) =a+apz" + api1 2"+ (¢ #a; neN)

be analytic in U. If q is not subordinate to p, then there exist two points

z0=roe? €U and & € OU\E(f)
such that
a(Uy,) Cp(U), qlz0) =p(&) and zq'(20) = mé&op'(&) (m =n).
Lemma 1.6. (See [8]) Le tq € Hla,1] and ¢ : C* — C. Also, set

o (q(2), 2q ) = h(z) (z €U).
If P(z,t) :== ¢ (q(2),t2¢'(2)) is a subordination chain and p € Hla,1] N

Q(a), then
h(z) < ¢ (p(2),20'(2)) (2 €T)
implies that
q(z) <p(z)  (2€0).
Furthermore, if ¢ (q(2), 2¢'(2)) = h(z) has a univalent solution q € Q(a),
then q is the best subordination.
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2. Main results

We begin by presenting our first subordination property given by
Theorem 2.1 below. For convenience, let

Api={f € A: L3(b,c;8)f(2) 0 (2 €U}
Theorem 2.1. Let f, g € Ag, A >0, a € C, R(a) >0 and g € C\{0}.
If

<m>mQ+WW§>ﬂs (zeU: v() = L0 s B)a(2) )

Y'(2)
where,
1+ af? - |1 —a?|
2.2 0=
( ) 4%((1) )
then the following subordination relationship,
(2.3) Lo, B)f(2) < La(b.c;B)g(2) (2 €U)

implies that
Ly b, B)f(2) < Lo (b, e:8)g(2) (2 €U).
Moreover, the function L2T(b,c; B)g is the best dominant.

Proof. Let F, GG and g be defined by

2G"(2)
G
We can assume, without loss of generality, that G is analytic and uni-
valent on U and that G’(¢) # 0 (|¢| = 1). If not, then we can replace F
and G by F(pz) and G(pz) with 0 < p < 1. These new functions have

the desired properties on U, and we can use them in the proof of our
result. Therefore, our result would follow by letting p — 1.
We first show that

R(q(z)) >0 (z € U).
In view of (1.5) and the definitions of G and v, we know that

(2.5) ¥(2) = G(2) + 22G’(z).

Differentiating both sides of (2.5), we get

(2.6) W(z) = (1 + i) Q') + %G "(2).

(2.4) F:=L2TYb,e;8)f, G:= Lo (b,¢;8)g and ¢ :=1+
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After a simple manipulation, we obtain the following relation,

27 1+ Z:f(g) = q(2) + azjf/;“’é) =h(z) (zeD).

From (2.1), we deduce that
(2.8) R(H(z)+a)>0 (z € U).
Furthermore, by Lemma 1.4, we conclude that the differential equation

(2.7) has a solution ¢ € H(U) with h(0) = ¢(0) = 1. Let

H(u,v):u—i-L%—é,
u—+a

where ¢ is given by (2.2). From (2.7) and (2.8), we obtain
R (H(q(2),2¢'())) >0 (z € U).
To verify the condition R(H (is,t)) < 0, we proceed as follows:

N 5) _ tR(a) 5 < k

IERTE = 2la+is|?’

R(H(is, 1)) = R <is +

i1s+a
where,

k= |R(a) — 20|s* — 46 (a)s — 26|a|* + R(a).
But in view of the value of § given by (2.2), we know that k is a perfect
square, which implies that

1 2
R(H(is,t)) <0 <s€R;t<— —;8)

Now, by Lemma 1.3, we conclude that
R(q(z)) >0 (z € ).

By the definition of ¢, we know that G is convex. To prove F' < G,
we let the function P(z,t) be defined by

1
P(z,t) :=G(2) + :t> 2G'(2) (z€U; 0<t<o0),
Since G is convex and R(a) > 0, we have

aP((g?t)z—O:G/((D (1_|_1—|_t)7£0 (zE[U;OSt<OO)

a

and

<z OP(2,t)/0z

OP(z,t)/0t ) =R+ (1+1)q(z) >0 (2€U).
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Therefore, by Lemma 1.2, we obtain that P(z,t) is a subordination
chain. Now, from the definition of subordination chain, it follows that

W(z) = G(2) + ézG’(z) _ P(2,0),
and
P(z,0) < P(z,t) (z€U; 0<t< ),
which implies:
(29)  P(Ct) ¢ P(U,0)=9(U) (CedU; 0<t< o).

If F is not subordinate to GG, then by Lemma 1.5, there exist two points
zo € U and (p € JU such that

(2.10) F(20) = G(Co) and 2F(20) = (1 +1)¢oG'(¢o) (0 <t < 00).
Hence, by virtue of (1.5) and (2.10), we have

P(Go,t) = G(G) + 60 (@)
= F(z0) + - 20F" (z0)

= L (b,¢; B)f(20) € $(U).

But, this contradicts (2.9), and thus we deduce that F' < G. Considering
F = (G, we see that the function G is the best dominant. The proof of
Theorem 2.1 is thus complete.

Suppose that v € C. By settinga =~v+ 6, A=0, b=c=11in
Theorem 2.1, we get the following result.

Corollary 2.2. Let f, g € Ag,and 3 € C\ {0}. If

W)\ 1448l (4 )
" <” ) > > WG+ )

(z €U; P(z) = <f(j)>ﬂ> ,
() ()

Z;ﬁﬂ/@ u“/_l(f(u))ﬁdu< Z;?/O uv_l(g(u))ﬁdu.

then

implies:
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By using the relationship (1.6) and applying the similar method of
the Theorem 2.1, we easily get the following result.

Corollary 2.3. Let f, g€ Ag, A>0, g€ C\ {0} and b>0. If

(211) R (1 ; w"(z)) >n (2eU; p(z) == LN+ 1e: Agl(2)).

¢'(2)

where,
1+ b% — |1 -8

2.12 =
(2.12) U T :
then the following subordination relationship,
(2.13) Lob+1,68)f(2) < Ly(b+1,¢:8)g(2)
implies:

La(b.c; B)f(2) < L3(b.c: B)g(2) (2 € V).
Moreover, the function L)(b,c; 3)g is the best dominant.

We note that n given by (2.12) satisfies the condition 0 < n < 3. By
settinga=1, A=1, b=2, ¢ =1 in Corollary 2.3, we get the following
result.

Corollary 2.4. Let f, g € Ap and g € C\ {0}. If

(225

(z eU; o(z) = g ((f(z ))ﬁ + (f(;:))ﬁl f’(z)>> :

then the following subordination,
(£ (;”))ﬁ +(! ?)61 £) < (5’()>6 " (gf)fl 7).
(fi@)ﬁ < (g”f (= V).

If f is subordinate to F', then F' is superordinate to f. We now derive
the following superordination result.

(2.14)

implies
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Theorem 2.5. Let f, g € Ay, f € C\ {0} and R(a) > 0. If

"
R <1 + Z;/},(iz))> >0 (ze U 9(2) = L3(b,¢; B)g(2)),
where § is given by (2.2), and if the function L) (b, c; B)f is univalent in
U and L) (b,c; B)f € Q, then the following subordination relationship

Lob,c;B)g(z) < La(b,e; B)f(z) (2 €T)

implies:
L7 b, e f)g(2) < LT (b, B)f(2) (2 € D).
Moreover, the function ,Cé“(b, ¢; B)g is the best subordinant.

Proof. Let the functions F', G and ¢ be defined by (2.4). By applying
the similar method as in the proof of Theorem 2.1, we get

R(g(z)) >0 (z € U).

Next, to arrive at our desired result, we show that G < F'. For this, let
the function P(z,t) be defined by

P(ot) = G(2) + %za’(z) (z € 1)

Since R(a) > 0, and G is convex, we can prove as in Theorem 2.1 that
P(z,t) is a subordination chain. Therefore, by Lemma 1.6, we conclude
G < F. Furthermore, since the differential equation,

(2.15) P(z) = G(z) + ézG’(z) = ¢ (G(2),2G'(2)),

has a univalent solution G, it is the best subordination. The proof of
Theorem 2.5 is evidently complete. ]

By using similar arguments as in the proof of Theorem 2.5, we get
the following superordination result.

Corollary 2.6. Let f, g€ Ay, B € C\ {0} and b > 0. If

z¢" (%) A
R(1 - U; =L)b+1,¢

< + 90/(2) > n <Z € ) SD(Z) a,( + ,C,ﬂ)g(z)),
where n is given by (2.12), and if Lo(b+ 1,¢;3)f is univalent in U and
LMb,c; B)f € Q, then the following subordination relationship,

Lob+1eaB)g(z) < L0+ 1,60 f(z)  (2€D)
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implies that:
Ly(b,e; Bg(z) < Lyb.: ) f(z) (2 € ).

Moreover, the function L) (b, c; 3)g is the best subordinant.

Combining Theorems 2.1 and 2.5, we easily get the following sandwich-
type result.

Corollary 2.7. Let f, g € Ao (k = 1,2), g € C\ {0}, A > 0 and
R(a) > 0. If
291 (2)
¥ (2)
where § is given by (2.2), and if let the function L)(b,c; B)f is univalent
in U and L2TY(b,¢; B)f € Q, then the following subordination relation-
ship,

Lo(b,c B)on(2) < L3 (b, B)[(2) < L3(b.c; Bga(2) (2 € D)
implies:
L3 0,6 B)g1(2) < LM (0, B)f(2) < L2 (b, Bloalz) (2 € 1),

Moreover, the functions L)t (b,c; 8)g1 and L) (b, c; B)go are, respec-
tively, the best subordinant and the best dominant.

R(1+2H) >0 (se U ) = L0 a) (=1.2).

Combining of Corollaries 2.3 and 2.6, we readily get the following
sandwich-type result.

Corollary 2.8. Let f, g € Ay (k =1,2), 8 € C\ {0}, A > 0 and
b>0. If

2¢i(2) . — . _
9%(1 + %‘?z) ) >—1) (z e U; or(2) = L0+ 1,6 8)gr(2) (k= 1,2)),

where 1 is given by (2.12), and if L)(b+ 1,¢;8)f is univalent in U and
LNb,c; B)f € Q, then the following subordination relationship,

Ly(b+1,¢;8)91(2) < La(b+1,¢;8)f(2) < Lo(b+1,¢;8)g2(2) (2 € 1)
implies:
Lo(b,c; B)g1(z) < Lo(b,c; B)f(2) < La(b,c;B)g2(2) (2 € D).

Moreover, the functions L) (b,c; 3)g1 and L) (b, c; )ga are, respectively,
the best subordinant and the best dominant.
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