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ABSTRACT. Let A be an algebra. A sequence {d,} of linear map-
pings from A into A is called a higher derivation if d,(ab) =

r_odr(a) dn_r(b) for each a,b € A and each nonnegative integer
n. We say that a sequence {d,} of linear mappings on A is a prime
higher derivation if dn (ab) = 3_,,, dr(a)dz (b) for each a,b € A and
each n € N. Giving some examples of prime higher derivations, we
establish a characterization of prime higher derivations in terms of
derivations.

1. Introduction

Let A be an algebra and o : A — A be a linear mapping. A linear
mapping 0 : A — A is called a o-derivation if it satisfies the Leibniz
rule §(ab) = d(a)o(b) +o(a)d(b) for all a,b € A. In the case o = I 4, the
identity mapping on A, a o-derivation is called a derivation. (For other
approaches to generalized derivations and their applications, see [1, 2,
4,9, 10] and references therein. In particular, an automatic continuity
problem for (o, 7)-derivations is considered in [8] and an achievement of
continuity of (o, 7)-derivations without linearity is given in [6].)
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A sequence {d,,} of linear mappings on A is called a higher derivation
if dn(ab) = > p_y dx(a)d,—j(b) for each a,b € A and each nonnegative
integer n. Higher derivations were introduced by Hasse and Schmidt
[5], and algebraists sometimes call them Hasse-Schmidt derivations. For
an account on higher derivations the reader is referred to the book [3].
Taking idea from this notion under a number theoretic view, we are
motivated to consider all sequences {d,} of linear mappings on A satis-
fying the relation dy(ab) = >_y, di(a)dz (b) for each a,b € A and each
n € N. If p is prime then dp(ab) = di(a)dy(b) + dp(a)di(b) (a,b € A)
which shows that d, is a di-derivation. In the case that d; is the identity
mapping on A, d, is a derivation for each prime p. On the other hand,
for each prime p, the subsequence {d,»} of {d,} is a higher derivation.
These are the reasons for prefering to use the terminology prime higher
derivation for such a sequence of linear mappings on A. Let d, be an
arbitrary derivation on A for each prime p. As a typical example of a

prime higher derivation, one can define d,, : A — A by d, = [[;_, i” 4
where n = p{"---p2 with p; < ... < p,. However, there are other

examples of prime higher derivations on algebras.

In [7], the author gives a characterization of higher derivations on an
algebra A in terms of derivations on A, provided that dj is the identity
mapping on A. Here, we characterize all prime higher derivations on an
algebra A in terms of derivations on A, provided that dy is the identity
mapping on A. Though the notion of a prime higher derivation has some
interests in its own right, regarding the fact that the subsequence {d, }
of a prime higher derivation {d,,} is a higher derivation, we can say that
prime higher derivation is a generalization of higher derivation and in
fact we generalize the result of [7]. Throughout the paper, all algebras
are assumed over the field of complex numbers.

2. Preliminaries

Throughout the paper, P stands for the set of all prime numbers and
I, is the identity mapping on A. We also denote the greatest prime
divisor of n by g(n). If p®|n but p®*t! fn for a prime p, then we write
p||n and we denote « by e(p, n).

Let A be an algebra and ¢ : A — A be a linear mapping. A linear
mapping 6 : A — A is called a o-derivation if it satisfies the Leibniz
rule §(ab) = d(a)o(b) + o(a)d(b) for all a,b € A. In the case 0 = I4, a
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o-derivation is called a derivation. A sequence {d,} of linear mappings
on A is called a higher derivation if d,(ab) = >"}_, dr(a)d,—k(b) for
each a,b € A and each nonnegative integer n.

Definition 2.1. Let A be an algebra. We say that a sequence {d,} of
linear mappings from A into A is a prime higher derivation if d,(ab) =
>_kjn dk(a)dz (b) for each a,b € A and each n € N.

Lemma 2.2. Let {d,} be a prime higher derivation on an algebra A.
Then, for each p € P the sequence Dy, = dpn is a higher derivation on

A.

Proof. We have

Dn(ab) = dpr(ab) =Y dye(a)dyn-r(b) = > Dy(a)Dp_g(b),

for each a,b € A. O

The following lemma guarantees the existence of a notable source of
examples of prime higher derivations.

Lemma 2.3. Let A be an algebra, {d,}ycp be a sequence of deriva-
tions on A and di = I4. Forn € N, defined, : A — A by d, =

mdg&) dg(ny- Then, {dy,} is a prime higher derivation.

Proof. We have to show that dy(ab) = 3_, di(a)dx (b) for all a,b € A

and all n € N. We use strong multiplicative induction. For n = 1 and
n € P, the result is obvious. Let the result hold for all proper divisors
of n. For a,b € A we have

1
B = gt
= e(g(:b),n)d()(dg( )( )b+ad( )(b))

= Z dgdg(n (n) (b) +d€(a)d -~ dg(n)(b)]
U5tny

g(n) (ab)
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. g

= ) di(a)dz(b

k|n

~—

Definition 2.4. A prime higher derivation {d,} on an algebra A is
called ordinary if it is of the form specified in Lemma 2.3.

The following result is now obvious.

Proposition 2.5. A prime higher derivation {d,} on an algebra A is
ordinary if and only if there is a sequence {dp}pep of derivations on A

g

such that dy, = [].. O, for each n = pi™* - p with p1 < ... < py.

=1 O‘i!

Remark 2.6. Let ¥ be a permutation on the prime numbers. Define <
on P by p < ¢ if and only if ¥(p) < ¥(g). Under this order, we assume
that G(n) be the greatest prime divisor on n. Then, the proof of Lemma
2.3 is still valid for G instead of g. Note that the only fact used in the
proof is that when 6\% we have g(¢g(n)) = g(n). Using this method,
we can find other examples of prime higher derivations.

3. The result

Here, we give a characterization of a prime higher derivation in terms
of derivations.

In what follows, we denote the number of not necessarily distinct
prime divisors of n by €2(n). Note that €2(1) = 0 and if k|n then Q(n) =

Proposition 3.1. Let A be an algebra and {d,} be a prime higher
derivation on A with di = I 4. Then, there is a sequence {0, } of deriva-

tions on A such that
Qn)d, = Y Opda,
for each n > 2. kln, k#1
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Proof. We use strong multiplicative induction on n. If p is prime, then
we put d, = d,. Then, 6, is a derivation and Q(p)d, = d, = J, = ,d;.

Now suppose that d is defined and is a derivation for k|n with k #
Ln. Putting 0n = Q(n)dn — >y, got1,n Okdz, we show that the well-
defined mapping ¢, is a derivation on A. For a,b € A, we have

On(ab) = Qn)dn(ab)— > bpdx(ab)
kln, k#1,n

= Q)Y dila)de(b) = > 6 [ D de(a)dr (b)
kln kln, k#1,n e
Since the & are derivations, we have
n
dnab) = Y Qk)dk(a)dz (b) + ) di(@)(3)dz (b)

= Y Y [adel@)dg () + del@)dn(d ()]

kln, k#1,n €%

Separating the terms k = 1, n from the first and second summation and
¢ =1, % from the last one, we have

Su(ab) = Qn)dn(a)b + aQ(n)dn(b)
— > Sk(dn(a)b— > ady(dx(b))

kln, k#1,n kln, k#1,n

+ Y |Qk)de(a) = jdz ()| dz (b)

kln, kzn ilk, 5#1
n
+ ) di(a) Q3 )dz (b) — > 6jda (b)] -
kln, k#1 i, §#1

By our assumption,
Qk)d(a) = > ddr(a) =0,
ik, A1
n
Q(;)dz (b) — > 8jd . (b) = 0.

g, 3741
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Thus,
On(ab) = Qn)dn(a)b— > bk(da(a))d
kln, k#1,n
+aQn)dn(b) = > ady(dx (b))
kln, k£1,n
= Op(a)b+ ady(b).
hence, 6, is a derivation on A. O

To illustrate the recursive relation mentioned in Proposition 3.1, let
us compute some terms of {d,}.

Example 3.2. Using Proposition 3.1, the first six non-prime terms of
{d,} are

dy = %53 + %54,

de = %5253 + %5352 + %56

ds = SO3+ sl + 50

dy = %55 + %59

dig = %5255 + d10

dis = %6353 + éégégég + é(5256 + é&afg + é5354 + %5453 + é5652
+%512

Theorem 3.3. Let {d,} be a prime higher derivation on an algebra A
with dy = I4. Then, there is a sequence {d,,} of derivations on A such
that

: 1
di=> | > HQ(kj)‘F...—I-Q(ki) OOk | (0 22),

i=1 \n=ky-k; \j=1

where the inner summation is taken over all representations of n as a
multiplication of not necessarily distinct natural numbers greater than 1.
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Proof. We show that if d,, is of the above form then it satisfies the
recursive relation of Proposition 3.1. Since the solution of the recursive

relation is unique, this proves the theorem. Simplifying the notation,
= H] 1 m Note that if ]{21

we put ag, . k;
Q( )akly 7k

Qn)d, = Y

aka 7
Now, we have

n

n

=20 X

1=2 k1|na kl;élvn ﬁ:kaz
n
k1
» Ory Y " kg Ok -
ki|n, k1#1n 1=2 %:kz-“ki

57431 E akz,u-,kidkz .-

> Gndz +6

k1|na kl;élvn

> Oz .

kln, ki#1

Example 3.4. We evaluate the coefficients ay, ..

For n = 12, we can write

12=2-6=6-2=3-4=4-3=2-2-3=2-3-2=3-2-2.
By the definition of ay, .

a12

a2,6

6,2

a3.4

a4,3

a22.3

1
37

[y
el
[\]

DO
=+
—_

—_
=+
[\)

= G232

e R el R A

2+1

k;» we have

1

. Moreover, a, = IR

> Qn)ag,,..

1=2 \n=ki--k;

,ki5k1 0 | O

K3

1 1

_1
=&
_1
=3
_1
=5
_1
=3
=a322 =

1+14+1 1+1

1
1

. Ok,

k3

s

1

-k; = n then
+ 0n
+ 6
O

i, for the case n = 12.
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We can therefore deduce that

1 1 1 1 1 1 1 1
di2 = 5512-1- 65256-1- §5652+ 65354+ 35453-1- 6526253+ 8525352+ 6535252.

Theorem 3.5. Let A be an algebra, D be the set of all higher derivations
{dn} on A with di = I4 and A be the set of all sequences {0n} of

derivations on A with § = 0. Then, there is a one to one correspondence
between D and A.

Proof. Let {0,} € A. Define d,, : A — A by dy = I 4 and

Q(n)

: 1
o= | > HQ(kj)+...+Q(k‘i) Ok O | (0 22).

=1 \n=ki-k; \Jj=1

We show that {d,,} € D. By Theorem 3.3, {d,} satisfies the recursive
relation

Qn)dn = Y Spda.

kln, k#1

To show that {d,} is a prime higher derivation, we use strong multi-
plicative induction on n. For n = 1, we have dy(ab) = ab = dy(a)dy(b)
and if p is a prime then dy(ab) = d,di(ab) = dp(a)b + adp(b). Let us
assume that dy(ab) = >, di(a)dx (b) for kln with k # n. Thus, we

have

Qn)dn(ab) = > Grdz(ab)

k|n, k#1

= ) oYy di(a)dx(b)

kln, kA1 |2

= Z ded%(a) d;(b)
W

+ Z di(a) Z 5kd% (b)
e
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Using our assumption, we can write
Q(n)dn(ab) = Z Q(?)d%(a)di(b)
+ D0 (@) (1)
= 2 0)di(a)dz (6) + §|: Q(=)di(a)dz (b)
= Q(n) ; di(a)dz (b).

Thus, {d,} € D.
Conversely, suppose that {d,} € D. Define ¢,, : A — A by §; = 0 and
Op = Qn)dy— Y Opda.
kln, k#£1,n

Then, Proposition 3.1 ensures that {0,} € A.
Now, define ¢ : A — D by ¢({6,}) = {d,}, where,

Q(n)

! 1
=2 | 2 HQ(I@j)+...+Q(k¢) Ok - Ok,

i=1 \n=ky-k; \j=1

Then, ¢ is clearly a one to one correspondence. g

Let A be an algebra and {d,} be a higher derivation on A. If we
define D, : A — A by Don = d,, (n > 0) and D, = 0 if n is not a
power of 2, then {D,} is a prime higher derivation. Evaluating the 4,
of Proposition 3.1 we see that &, = 0 if n is not a power of 2. This gives
the following result mentioned in [7].

Theorem 3.6. [7, Theorem 2.3] Let {d,} be a higher derivation on an
algebra A with dg = I. Then, there is a sequence {0y} of derivations on
A such that

n %

1

=1 Z;‘:l rj=n \J=1
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