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ASYMPTOTIC BEHAVIOR OF MULTIVARIATE
REWARD PROCESSES WITH NONLINEAR REWARD
FUNCTIONS

K. KHORSHIDIAN AND A.R. SOLTANI

ABSTRACT. In this work we study a multivariate reward process
Z(t) = (Z1(¢),...,2p(t)), t > 0, defined on a semi-Markov pro-
cess {J(t), t > 0} with a Markov renewal process {(Jn, Zn), n =
0,1,2,...} and non-linear reward functions pl""’ P, respec-

tively. We follow the definitoin of Soltani 1996, for nonlinear
reward processes.Usually in practice, reward functions are not of
constant rate, i.e., are not linear in time, e.g., for water and elec-
tricity consumption costs. Hence we have tried to deal with gen-
eral forms of reward functions, say nonlinear. Using the relation
between Laplace transforms of different components of the pro-
cess, the Laplace transforms of mean vector EZ(t), and the covari-
ance matrix X(t), are specified. Differentiating the Laplace trans-
forms near the point 0, and inverting them provides asymptotic
formulas for EZ(t) and 3(t), as t — oco. Interestingly our results
indicate that for general reward functions B =( pl s pp) ,

EZ(t) = Co+Cy t+o(1), B(t) = Wo t4+ Wy t240(t), t — o0,

where the vectors Cyy , C; and the matrices Wy , Wy are fully spec-
ified. These results, in particular, provide asymptotic formulas for
mean and variance of a univariate reward process. An example is
given and followed through the paper.
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1. Introduction

Let {J (), t > 0} be a semi-Markov process with a Markov renewal
process {(Jn, 7n),n = 0,1,2,...}. The state space of {J,} is as-
sumed to be N = {0,1,2,...,}. A Markov renewal process could be
considered as an extension of a renewal process tied with a Markov
chain. {7, , n=0,1,2,...} is a Markov chain, {7, ,n=0,1,2,...}
are renewal epochs of visiting successive states in underlying Markov
chain, and J(t) is the state of the process at time ¢ > 0. For more
details, see [2], [3] and [14] .

Based on {J(t), t > 0}, a multivariate reward process may be de-
fined as Z(t) = (24(t),..., Z,(t)), where

Zt)= > Pj(Tn Toss — To) + P;(T(), X(#), i=1,...p,

n: Tpy1<t
(1.1)

where X (t) is the age process, that is the sojourn time since the last
transition until £. Each function O, in (1.1) is called a reward function
, and is a real function of two variables; p; N x R — R, where
p; (7, 7) measures the excess reward when time 7 is spent in the state j ,
and Z;(t) is the total reward gained up to time ¢ by the i-th component
of the system. If O, (j,7) = jr, i = 1,...,p then the reward process
Z(t) becomes the multivariate reward process treated by Sumita and
Masuda 1987, Masuda and Sumita 1991, Sumita 1993, Ball 1999, etc.
In the case that 0 is of the polynomial form

pi(kv z) = Z gin(k)z", (1.2)
n=1
where g;,, n = 1,...,m; are given functions, an explicit formula for

the mean vector EZ(t); t > 0, is given in Soltani 1996, which is
based on G(z,t) the joint distribution of (J(t), X(¢) ). The prob-
lem with earlier results, is that in more realistic systems and situa-
tions they don’t work well, because of linearity or at most polynomial
nature of corresponding reward functions and the unknown distribu-
tions. Soltani and Khorshidian 1998, arrived at a formula for FZ(t)
, t — 00, in univariate case with general reward functions using
Markov Renewal Theory approach , which is difficult to extend to the
multivariate case.
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In the present study we will try to relax these assumptions and con-
sider more general reward functions. Using Laplace transform tech-
niques we determine the asymptotic behavior of EFZ(t), the mean vec-
tor and X(t), the covariance matrix of Z(t), for each t > 0, t — 0.
Interestingly our results indicate that for general reward functions p,

Eg(t)ICO—i‘Clt—i‘O(l), t — 00,

and
S(t)=Wot+ Wi t* +o(t), t— oo,
where the vectors C , C; and the matrices Wy, , Wj are fully specified.

For more details on semi-Markov processes see [2], [3] and [14]. Con-
cerning the asymptotic behavior of a semi-Markov process see [4] and

5].

Example 1. This is the same example as [6], with an extra vector
of nonlinear reward functions entering to the multivariate case. Con-
sider a manufacturing system which produces perfect products as well
as defective products in a random manner. The system has two modes
of operations: state 1 indicates that the system is under low-quality
production mode in that the system produces defective with high rate
while state 2 is the high-quality production mode with smaller defec-
tive production rate. There is one state corresponding to failure/setup,
which is represented by state 0 . The total production rate (includ-
ing both defective and perfect items) in state 1 is the same as that in
state 2 , and we cannot distinguish these two modes of operation. The
machine may switch its states within 0 , 1 , and 2 . Suppose that the
machine produces perfect items by rate 0.1 per unit of time at state 1
, and by rate 2 at state 2 . If we define p, (0,2) =0, p,(1,z) = 0.1z,
P1(2,z) = 2z, then Z,(t) becomes the total number of perfect items
produced during (0,¢] . Let 0, represent the costs of production and
other services,

p2(0,£L’) - 2.1'3, p2(1,l’) = 5(60.051 - 1)’ p2<2,l’) = 3<e236 - 1)5

then Z5(t) becomes the total cost during (0,¢]. In matrix form,

p(0,z) = ( 223 ) o P) = ( 5(e0%51~’0x— 1) )
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2x
) p(27x)_<3(62x_1>>

2. Notations and Preliminaries

Corresponding to a semi-Markov process {J(t), t > 0}, let A;;(z)
measures the transition probability from state i to the state j within
the time interval (0, z] ,i.e

Ajj(x) = P{TJw1 =5, Th1 — T, < x| T, =1}
Let a;j(x) denote the density of A;;(x) and let

Al(LU) = Z Azg , A ) 1 — AZ(SL’),

Bty = P{J{) =j [ JO) =i}

The Markov renewal kernel is denoted by R(t) = Y70 ; A™, where A™
is the n-fold convolution of A(z) with itself, A(z) is the matrix with en-
tries A;;(z). The joint distributions corresponding to the bivariate pro-
cess {(J(t),X(t)),t > 0} and the process {(J(t), X(t), Z(t)), t >
0}, respectively, are given by

Gij(z,t) = P{I(t) =j, X(t) <z | J(0) =i},
Fy(r,2,t) = P{I@) = j, X(t) <z Z() <z [ J(0) =i},

where by Z(t) < z we mean (Z,(t) < z1, ..., Z,(t) < z,). A vector
(wy, ...,w,) in RP is denoted by w. The following Laplace transforms
are of frequent use in subsequent sections.

O[ij(S) = /0 e_sm dAZJ(l’),

e T dA;(x),

OO/ /oo “vrmwizst £ (z, 2, t) do dz dt,
re Jo

- wist g (0%, 2, t) dz dt,
/Rpe fJ ) Z
Crj(w,s) = )75 4 Ay (),

e~ w'pjw)—sz Aj(x)dz.

S
E
&
I
S—S—S—5—3—
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Throughout this paper a matrix with entries v;;, 4,7 € N, is denoted
by y = [vi;] and a diagonal matrix with entries y;, i € N, is denoted
by yp = [0iy;]. The initial probability vector is denoted by p(0),
and the unit vector by e = [1 1 ... 1]. The following important
and informative relation between Laplace Transforms is established in

[7] and [11],

o(v,w,s) = o(w,s)Ep(w,s+v)
= (I -C(w,s)) 'Ep(w,s+v). (2.1)

Recall from [11] that in the univariate case, when the reward function
is given by

plk.2) = 3 gu(he",

it has been shown that

t m
E(Z,(t) = /0 P(0) S nE (r)p . edr, (2.2)
n=1
where g, (k), k € N, are the entries of the matrix Pp.,: n=1...,m;
and '
E(t) = / T 2 G(da, b). (2.3)
0

The formula (2.2) enables one to compute the mean of the cumulative
reward up to time t, whenever the reward function is a polynomial.
The problem with (2.2), is the unknown structure of G(x,t) in (2.3),
therefore we try to evaluate the asymptotic value of E(Z,(t)), t —
oo. What we need in theory is to obtain (2.1) and it’s derivatives, but
as seen in the following example, even for simple forms of A(.) and
P(.,.) it is not an easy task and therefore we proceed as next sections.

Example 1.( continued ): Let w = (wy,w,)’, and

d 0 0.8.2¢72% 0.2.9¢—2¢
a(r) = d*A(w) =1 0.9.0.2¢7 02 0 0.1.0.3¢— 032
. 0.8.7%  0.2.0.8¢ 08 0

W.L.O.G. it is assumed that there is no self transition ( if there is
a self transition, the transition functions can be modified so that the
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self transition function to be 0 ). Also

e 2 0 0
A(r) = 0 0.9¢792% 4 0.1.e7 032 0
0 0 0.8.e7 +0.2.e” 05"
To arrive at (2.1), suppose we want to evaluate Coy(w,s) and

Es(w,s),
Czl(w, 8) = /

0

00
_ _ 2 _1\_ _
016 2wiz—3wa (e 1)—sz 0.8x lfL’,

EQ(M, S) — A 6—2w1x—3w2(621—1)—5z( 0.8.6_]; + 0.2.6—0.823)(11,'

As is seen, it is not easy to compute the above integrals, even for
such uncomplicated transition probability matrix and reward func-
tions, therefore we proceed as next sections.

3. Asymptotic Behavior Of EZ,(t)

In this section we assume that Z,(¢) is a univariate reward pro-
cess corresponding to a general reward function P(k,z). Recall from
[11]that

LBz = -0 P20 )

where L, stands for the Laplace transform of the given function with
respect to the parameter s, and

0¢(0,w, s) e
ow w=0
— (I—a(s) [— /0 Dk, x)e_sxAkj(dx)} (I —a(s

(I - afs)™! [—%. /0 U, x)e A, (x)dz] . (3.2)

Recall from [4] that as s — 0,

(I—a(s) ™' = Hy + iHl +o(1)

where
1 0o
H=—er', m=rtAece, Ai:/ 2 A(d),
0

ma
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« is the unique stationary distribution, i.e., 7’ A(c0) = 7/,
1 / 1 / 1 / ]‘ /
= er{-A+—— S ZoH{P——A I

Hy o~ em'{ A1+2m1A2QE H{Zo €T A1ZoH{ e I,
Zj is the fundamental matrix associated with the discrete time Markov
chain governed by P, ie. Zy={I — P+en'}!, and o(1) — 0, as
s — 0.

Let
Bj; = /0 z' P(k, x) Agj(dx),

6’; = /Om/oxuip(j,u)du/lj(dx),

and B* = [Bj;], O} = [0;0}]. The following theorem provides the
behavior of EZ,(t), t — oc.

Theorem 3.3. Let Z,(t) be a reward process given by (1.1) with
reward function p(k,z) and suppose that B', and ©%, i = 0,1,2
exists, then as t — o0,

EZ,(t) = p'(0) (HB® — H\B' + H,0Y + H\B"t) e+ o(1).

Proof. By applying the Taylor’s Theorem to the term e™** in the
integrals in (3.2) we obtain that

I5° Pk )e Ay ()
= [Pl = sw D) Ay ()
= [ Ptk ) Ausde) — s [ apih, @) Ay (da)

2 oo )
—i—%/ 2’ Pk, x)e™* " Ay;(dz)
0
= B}, — sBy; +op;(s), s —0
where 0 < s* < s and

§? oo . §* oo

ou(s) = 5 | aplka)e Ay (de) < 3 [T aplk,x) Ay (do)
2

57 h2
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In matrix form
[ |7 otk A (do)| = B = s B +o(s), (3.4)
where o(s) = [ox;(s)]. Also
Joo Pl x)e=> Ay(z)dx
-/ " Ay(dx) / " U u)edu
- /0 h /0 " =503, u)du A, (dx)
_ /0°° /Ox(1 — su+ Szﬂe_s*“)p(j,u)duAj(dx) 0<s <s
= /Doo /jﬂ(j, w)duA;(dr) — s /O h /O ", u)duA, (dz)

2
Sl Rl L
+2/0 /Oue Pj, u)duA;(dx)

= 9?—50]1»+oj(s), s —0
where
§* oo qw .
oj(s) = —/ / u’e* " P(j, u)duA;(dz)
2 Jo Jo
< 5/0 /0 u” (7, u)dud;(dx)
2
S p2

In matrix form, with o(s) = [d; o, (s)],

[%- /0 ¥ oG )e A (x)dx| = 0% — sOL +o(s).  (3.5)
The fact (I — a(s))e = (I —ap(s)) e, provides that

(I —a(s) "I —ap(s))e = e.
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Substitute (3.4) and (3.5) in (3.2) and use Keilson’s result for the term
(I —a(s))™" to obtain that

_ 09(0.w,5)

" lomoe = (Hy+ iHl +o(1))(B° — s B' +o(s))e
+ s(Hp+ iHI +0o(1))(0% — 501 +0o(s)) e

1
_ (HoBO—HlBl "_Hl@OD+ ngBO)Q—FO(l)

The proof is complete by (3.1).

Example 1.( continued ): In this section we compute EZ;(t) i=1,2
as discussed in section 1,
EZ(t) = p'(0) (HOBS — H\B} + H,0Y,, + H,B} t) e+o(l), i=1,2.

At first we compute the needed matrices and vectors,

0 0.8 0.2
P=A(c)=109 0 01 |,
0.8 02 0
7P =7 = 7' =(0.46,04,0.13).
0 04 0.1 0 04 01
Ai=145 0 1/3 |,A,=1]45 0 20/9 |,
0.8 025 0 1.6 5/8 0

giving that

0 04 0.1 1
my =m'Are = (0.46,0.4,0.13) | 45 0 1/3 1| =2.306,
0.8 025 0

, {0.2023 0.1734 0.0578 ]

em
leiz
ma

0.2023 0.1734 0.0578
0.2023 0.1734 0.0578

0.9805 0.0051 0.0033
Hy=| 0.1873 4.6027 0.9311
—.0613 0.1519 1.0546

Now consider the bivariate reward process B(k, x) of Example 1,

p(0,z) = ( 223 ) o P) = ( 5(e0%51~’0x— 1) )
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, P2x) = ( 3(62327_ ) ) :

Then
0 0 0 0 0 0
BY=1045 0 003 |,Bl=|45 0 022 |,
1.6 05 0 32 125 0
00 0 0 1.2 444
Q=10 2361 0 ,BY=115 0 0.1 ,
00 14.1 06 02 0
0 24 06 0.75 0 0
Bi=1638 0 343 |,8=| 0 2783 0
1.35 583 0 0 0 .283

Assume that the initial probabilities are p’(0) = (0.2, 0.3, 0.5). It
follows from Theorem 3.3, that as t — oo,

2.548 0.205
BZ,(1) = [ 5.697 ] * l 0.558 ] tol).
The next section is devoted to the asymptotic behavior of 3(t), the

covariance matrix of multivariate process Z(t) = (2;(t), Za(t), ..., Z,(t)).

4. Asymptotic Behavior Of The Covariance Matrix

In this section we consider a multivariate reward process Z(t) =
(21(2), 25(2),
<y Zp(t)), with a multidimensional reward function P = (0, ..., pp),

and obtain an asymptotic formula for X(¢), ¢ — oo, under mild
conditions on B First note that from the relation

/ T et B{e 20} dt = p/(0)6(0,w, 5) e,
i p

it follows that

/ ¥ B2 2,(0)) di = p(0) 20 L:5)

0 8w28wj
Also it follows from (2.1) that
¢(0,w, s) = o(w, s)Ep(w, s).

\QZO €. (4.1)
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Theorem 4.2. Suppose that P _(k,z), r=1,2,...,p, satisfy the follow-
g conditions

By, = /0 ', (k,x)Ap;(dz) < oo i=0,1,2,
Bl = /0 ' P, (k,x) P (k,x)Api(dr) < oo i=0,1,2,
Q}T = /0 /0 uipr (7, u)duA,;(dx) < 0o i =0,1,2,

O = [ [ wp ()P, G w)duds(de) < 00 i =0,1,2

and denotmg B’f‘ = [B;L’k:j]’ B;L“s = [B:’sk]L @iDZT = [5k]9;T]’ iD:rs =

[0k0%.,.5]. Then as t — oo,
E Z,(t)Z,(t) = p(0){Yit* + Yot} e + o(t) ,
where
Yi.s = H(BYH,B? + BYH, B)
and

YE):rs = HO(BSHlBg + BngBS)
+H\(B)HoB, + B{HyB, — B)H,B; — B/H, B,
~B'H,B° — B'!H,B° + B’H,09Y, .+ B°H,0%, + BP).

Proof. Without loss of generality, we evaluate EZ;(t)Z5(t). Differen-
tiating of (2.1) gives that

00(0,w, ) _ do(w, s) OEp(w, s)

Ep(w, s) +o(w, s)

(‘3w1 8w1 awl ’
and
¢(0,w,s)  Po(w,s) do(w,s) OEp(w, s)
0w, 0ws  Qw0we Ep(w,s) + Oow; Owsy
do(w, s) OEp(w, s) O?Ep(w, s)
Tow ow ) G,

(4.3)
Also from (2.1),
o(w,s) =o(w,s)C(w,s)+ 1,
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which implies that,

do(w,s)  Jo(w,s) 0C (w, s)
871)1 n awl C(w7 S> * U(w’ 8) 8w1 ’
80(@, 3) - —1ac(w’ S) -1
dw, I~ Clw9))" —5 = (I = C(w;5)) (4.4)
similarly
80(@, 3) . 1 aC(ng) —1
aw2 - (I - C(w7 S)) TU)Q(I - C(wv 8)) :

By using a similar method and formula (4.4) we obtain that

0?0 (w, s)
8w18w2
— (I - Cw )Y 808(;‘}’1’ 1 - Ow, s))—l%g;”; )
0C (w, s) ,0C(w, s)  0°C(w, s) .
L) 1 - O 2 3 ECS) g gy ),

(4.5)
Now note that
Crj(w, s) = / e i DT Ay (),

0
0o

and therefore Cy;(0,s) = / e **dAy;(z), or C(0,s) = a(s). Also
0

00(@, S) B o] e
C Owy ’ﬂz@ - [_/0 Pk, z)e dAkj(fL‘)} ; (4.6)
and
0?C(w, s) Y .
0w 0wy ‘EZQ o [/0 P1 (k’x)pz(k>$) e dAy;(r)| . (4.7)
Moreover
Ej(@y S) = /OOO e Yor_ wipi(k,x)—st Zj([ﬁ)d{t,
o I
giving that E;(0,s) = M or Ep(0,s) = M‘

S S
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Also
0E;(w, s) B o -
Tl‘w __/o Py (k) e ™ Aj(x)de, (4.8)
and
aQEj(w,s) [ o
Ow 0wy ‘@:9 _/0 Pk, x) Po(k,z) e Aj(z)dz. (4.9)

Similar to one dimensional case, it follows from (4.6)-(4.9) that

0C (w, s
0(101) w0 = —DB)+ sBl +0o(s) (4.10)
0*C(w, s
811;1(811;2) w0 = Bily— sBiy +0(s) (4.11)
E
M w=0 _GOD:I + S ®1D:1 + O(S) (412)
8w1
?Ep(w, s
811)11((911)2) w=0 = Op.2— $Op.s+0(s) (4.13)
Therefore (4.4) together with (4.10) and (4.11) implies that
Do (w, s) 1
g5 o= (I —als))"
S, E(s) [um = (1= afs) 7'

(=B + sB] 4+0(s))(I —a(s)) ' (=Bj + s By +0o(s))
+(=By + s By +0(s))(I —a(s)) (=B} + s B] +o(s))

(B — s Bl +o(s)) } (I —a(s)) L2

s
(4.14)
From (4.4), (4.10) and (4.12) it follows that,
do(w, s) OEp(w, s) ‘
ow Owy

w0 = (I—a(s)) " (=B{ + s Bj +0(s))
([ - Q(S))il(—@%ﬂ + 8@}):2 + O<S))7

(4.15)
and by (2.1) and (4.13),

O?FEp(w, s) ‘

E)wl E)wg

w=0 = (1_0‘<5)>_1<@%:12_ § @%):12"‘0(5)) (4.16)

o(w, s)
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Using the Keilson’s approximation of (I — a(s))™!

(4.14)-(4.16) in (4.3) imply that as s — 0,

9’¢(0,w, s)
— =~ |w=0 €

8w18w2 - T

, and substituting

1 1
= { §H1(B?H1BS + BngB?) + ?HO(B?HIBS + BSHIB?)

1
—l—ng(B?HoBg + ByHoBY — BYH\B, — ByH, B — BiH, By

1)‘

—ByHi BY + BYH\Opy + ByH1Opy + Bly) } e +0( 5

giving the result.

Corollary 4.17. Let P = (py, .., pp), then as t — o0, the asymp-
totic covariance matriz of Z(t) = (Z1(t), ..., Z,(t)) is given by

Z(t) = W()t + W t2 + O(t),
where

Wis = p/(0) { Hy(BYH, B + B’H, BY) — HiB"P(0)H,B° }e ,

Wors = p'(0) [ Ho(B H1B) + BYH,B)
+H,(B°HyB? + B°H,B° — B’H,B! — B°H, B}
~B'H,B° — B!H,B° + B°H,69Y, .+ B"H,0% + BY)
—H,B°P(0)(HB? — H,B! + H,0Y, )
—(HoB) — H,B; + H\6},,)P(0)H, B ] e,
and P(0) = ep'(0).

Corollary 4.18. Let Z,(t) be a one-dimensional reward process cor-
responding to a reward function P(k,x), then

Var(Z,(t)) =p'(0) (Uot + U t2) e +o(t), t— o0,

where
U, =2H,B°H,B" — HB°P(0)H, B"
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Uy = 2H,B°H,B°
+2H, ( B°HyB° — B°H,B* — B'H,B" + B"H,0Y,)
+H,B* — HB"P(0)(H,B" — H,B' + H,0Y)
—(HyB — H,B' + H,6%)P(0)H,B°,

and

B = l /0 ” p2(k;,x)Akj(dx)] .

Example 1.(continued ): Here we show that the analyses performed
in preceding sections can be implemented and are useful to exploit the
partial observations of stochastic systems. Calculations give

0 0 0 0 0 0
BY =1045 0 002 |,B%=145 0 0313 |,
64 25 0 2.7 76 0
0 0.176 0.044
BS, =145 0 0.5
9 225 0

and then corollary 4.17, gives that as t — o0,

0.0421 1.9613 ]ﬂ [0.519 15.093

B(t) = l 19613 91.358 15.003 —358.3 ] b+ o).

5. A Renewal Theory Approach

In this section we use the renewal theory to obtain %(¢) for a more
general function O, (k, ), rather than analytic functions. By condi-
tioning on the first renewal epoch, in the univariate case, we obtain
that

BZ() = (- A6+ Y [ Ayldo)plie) + B2 - )}

JEN
— (=AW + [ Aldn)ptio
+ Z At Aw(d{L’)E]Z(t — CL’)

JEN

— i)+ ZN/; Ay (de) By Z(t — ),
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where F; is the conditional expectation given J(0) = . The above
equation has the form f =g+ A * f, with

(i) = (1= A0)Plist) + [ Aildn) plie).

and has the solution

t
EZ(t) =Y [ Rildw)g(t - ), (5.1)
JEN 0
which provides a formula for F;Z(t), the behavior of E;Z(t), t —
oo is completely specified in [12]. In the multivariate case, by condi-
tioning on the first renewal epoch one obtains that

EiZ,(t) Z,(t)
= (1= AW)P, 0,001
+ 3 [ A B P, (0) + 21t =) H Py li) + Zult =) )

JjeEN
= (1= AP, (8P, (1) +/Ot Ai(da) P, (i) P, (i, 7)
s /Ot Agg(da){ P, (i 7) B 24t — 2) + P (ir2) B 2ot — 7) }

j;/tA () By 2, (¢~ 2) Zo(t )

+ ijde) b Z.(t —x)Z5(t — @

jen 0

— g+ Y /0 Ayj(de)E; Z,(t — @) Z5(t — ).

JEN
The equation given above is a Markov renewal equation with
t
gTS(i7 t) = (1 - Al(t))pr (Z, t)ps (Zv t) + /0 Al(dx)pr (Z7 aj)ps (Z, l‘)
t
+ 3 / Agg(d2) { P, (i 2) By Zo(t — 3) + P, (ir2) Bj Z,(t — 2) }
JEN 0
and has the solution
t
EZWZ0) = 3 [ Riyld)glit - ). (5.2)
JEN 0
The ¥(t) and its asymptotic behavior may be specified by using (5.1),
(5.2) and the Markov Renewal Limit Theorems(due to Cinlar). We
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expect the exact analysis to be hard and interesting and can be the
basis of a further study.

1]
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