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A NEW CLASS OF BANACH SEQUENCE SPACES

PARVIZ AZIMI

ABSTRACT. We modify the definition of the norm in the class
of Banach spaces constructed by Hagler and this author, as pre-
sented in” Examples of hereditarily [; Banach spaces failing the
Schur property” by mimicking the I, norm rather than /;norm and
obtain a new class of separable Banach spaces. We prove that if
1 < p < oo, any member of this class (i) is hereditarily comple-
mentably, [, (ii) is a dual space, and (iii) the predual contains
complemented subspace isomorphic to [, where % + % = 1. Other
properties of these spaces are investigated.

1. Introduction

In [2] we introduced a class of Banach sequence spaces which among
the other interesting properties, each of the spaces is hereditarily /; and
yet fails the Schur property. In this notes, we modify the definition
of the norm in [2] by mimicking the [, norm rather than /; norm
and obtain a new class of separable Banach sequence spaces, the
Xap spaces. We prove that, if 1 < p < oo, any member of this
class contains [, hereditarily complementably, is a dual space, and
it’s predual contains complemented subspaces isomorphic to [, where
st =1

Our main result is the following.
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Theorem 1.1. Let X, , denote a specific space of the class, we have
the following:

(1) Xapis hereditarily complementably ,,.

(2) The sequence (e;) is a normalized boundedly complete bases for
Xap- Thus, Xo, is a dual space.

(3) The predual of X,, contains complemented subspaces isomor-
phic to l, where ]% + é =1.

Xa,p Spaces have some other properties similar to [1] and [2] Banach
spaces, which we state some of them here.

(i) Each complemented non weakly sequentially complete subspace
of Xa,p contains a complemented isomorph of X, .

(1)) Xop and Xg,, are isomorphic if and only if they are equal as
sets.

(7ii) The sequence (x,,) with x, = eq, 1 — e, is weakly null sequence
in Xqo,p but not in norm.

Since X, contains l, hereditarily complementably thus,

(iv) Xop Spaces are not prime.

Since for p > 1,X,, does not contain I, and is not reflexive, by
(theorem 1.c.12(a)[5])

(v) Xop is a Banach space without unconditional basis.

2. Definition and Notation.

Difinitions and notation are standard. But we list the most impor-
tant of these here. The dual space of a Banach space X is denoted
by X*. Let Y be a subspace of X then we say that X contains Y
hereditarily if every infinite dimensional subspace of X contain an iso-
morphic copy of Y. A subspace Y of X is complemented in X if there
is a bounded projection P : X — Y such that P(X) =Y.

Let 1, = {x = (1,29, ...) || @ |[|= 2202 | |p]%} where x; are scalars
and >2°; | z; |P< oo. An infinite-dimensional Banach space X is said
to be prime if every infinite-dimensional complemented subspace of X
is isomorphic to X.

Now we go through the definition of the X, , spaces. First, by a
block we mean an interval (finite or infinite) of integers. For any block
F, and z = (t1,ts,...) a finitely non-zero sequence of scalars, we let
< z,F >= Y ,crtj. A sequence of blocks Fi, Iy, ... is admissible if



Some Banach sequence spaces 59

max F; < min Fj, for each ¢. Finally, let 1 = a1 > a3 > a3 > ... be a
sequence of real numbers with lim; ,, a; =0 and > %, o; = 00.

We now define a norm which uses the o} s and admissible sequences
of blocks in its definition. Let x = (¢i,t2,...) be finitely non-zero
sequence of reals. Define

1
| [l= max 3L« [< @, Fy >[7]7

where the max is taken over all n, and admissible sequences F}, Fs, ....
The Banach space X, , is the completion of the finitely non-zero se-
quences of scalars in this norm, and 1 < p < oo

Remark. If we consider sequences («;) which satisfy a; = 1 for all
i and p = 2, then X, , is the James space [4], and if we require
> oy oy < oo then the spaces X, , are all isomorphic to co.

For x € X,,, put s (r) = max |< z,G >| where the max is taken
over all blocks G.

3. The results.

For the proof of theorem 1.1 we first collect several results which
are crucial to the proof of theorem 1.1.

Lemma 3.1. There is a constant M such that every normalized block
basis of the unit vectors bases (u;) of Xa, with im; o s (u;) = 0 has
a subsequence (v;) satisfying

| g tovs||P < MY |t P

for all finite scalar sequences (t;).

Proof. We select a subsequence (v;) of (u;) so that lim; o, < u;, N >
exists. Put v; = ug;_1 — ug;, then |lv;|| <2 and lim; o, < v;, N >= 0.
By passing to a subsequence of (v;) (not renaming) we may assume
that

(A) n< o, N >)i< 1.
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By induction, we show that for any n, and admissible blocks F}, F5,
eory Fony we have

(B) ST ag < X g, Fy >|P
<2KY™ |t P +K | t, P

for K = 37~!. Once this is done, the lemma follows with M = 2K. We
now assume (B) to be true for all £ < n — 1, and note that it holds
for kK = 1. We now let [ be the largest integer for which

support(v,_1) N F} # ¢
and suppose that for i =k,...n —1

support(v;) N F; # ¢
yet
support(vg_1) N F; = ¢.

Thus vgy1, ..., v,_1 are entirely supported in Fj.
Next

STy ay < SRt By >[P= 3000 ag [< S v, By > |
(C) oy [< Xy tivs, Fy > P+ 0 o [< b, Fy > P
=21+t 2s.

We will use the induction hypothesis on >~;, we will leave ) 5 basi-
cally as is, and we now estimate the middle term in >, .

So=ap |ty <up, By >4+ X000 < g, By >ty < v, By >P
<3|ty <o, By >P A | P < tivg, By >|P
(D) + |t < vn, F; >[P].

We estimate the middle term in (D) by
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| S <t B >P=| St <o, B >
S(Zlkﬁ+1|t|)( zk+1|<Uqu>|)

= (X5 [ 1) ( P [< 0, N >|7)
Zz k+1 | t’t |p
by (A). Returning to (C) we obtain

Q3

m o |< X0 g, >|p< 2K [ K |t 7]
+[K |t < v, L > +K S5 |t P 4K |ty < v, B>
+Z] 1+1 & |< tyvn, Fy >[P
<2K Y|t \p—i-KZ Lo |< thuy,, By >JP
<2KZ Lt P K |t P
as desired.[]

We use the next lemma (lemma 4 of [2]) to find a lower estimate for
a linear combination of vectors in X, .

Lemma 3.2. Let the sequence (c;) be as above, let N be an integer
and let € > 0. Then there exists a 0 > 0 such that if 0 < b; < for all
v, and Y0 o;b; =1 then 37 cipnb; > 1 — €.

Lemma 3.3. Let (u;) be a sequence of norm one vectors in X,, and
(G;) an admissible sequence of blocks such that {j : u; (j) # 0} C G;.
For each i, put s; = s (u;). If lims; = 0, then for a subsequence (vy)
of (ux) and for a given sequence ty,ts, ..., ty of scalars we have

IS5 v P> 555 [t [P

Proof. An argument similar to the proof of lemma 5 in [2] shows that
we may assume the following.

There exists subsequence (v;) of (u;) and sequence (n;) of integers
and 9; > 0 satisfying :

(i) || v ||=1 for all 1.

(ii) For integer n; (> n;—1) put N; =ny +ns + ... + n;_1,7 > 1 and
N; = 0. Then ¢; satisfies lemma 3.2 for ¢ = % and N = N;.
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(iii) For each block F' and each i, |< v;, F >[P< ;.

(iv) For each i, there is a sequence of admissible blocks F},, |1, Fp, 12,
ooy Iy, with,

(a) max F,,, < min F}, 4,

(b) 5™ o aj |[< v, Foy v >P=] v |[P=1

(c) < vk, ni1+j >=01f i # k, and by lemma 3.2, we have

(d) X5, 1y [< v, Fy >]P> =,

Since the sequence Fi, Fs, ..., Fm, iy Fryy o Iy, 5 . 1s admissible, it
follows from (i)-(iv) above that for scalars t,...,t; and admissible
blocks Fl; FQ, ceny Fnka

| Z’L v P> 300 oy |< Z§=1 tjvj, Fy; >P

1|t | zn] 1+1a1|<vj7‘Fi>|pZ%Z§:1|tj|p|:|
Lemmas 3.1 and 3.3 imply the following lemma

Lemma 3.4. Let (u;) be a sequence of norm one vectors in X, , and
(G;) an admissible sequence of blocks such that {j : u; (j) # 0} C G;.
For each i put s; = s(u;). If lim; .o s; = 0, then a subsequence (vy,)
of (uy) is equivalent to the usual basis of l,,. In fact there exist K > 0
such that for a given sequence ti,ts, ..., t, of scalars

Ly |t [P T s [[P< KOS [ [P
The following lemma is the key result.

Lemma 3.5.Let X be a Banach space, and (x;, f;) a biorthogonal
sequence (f; (x;) = 6;;) in X X X* such that (1) (z;) is equivalent to
the usual basis of l,,1 < p < 0o and (ii) (f;) is equivalent to the usual
basis of l, with % + % = 1. Then [x;] is complemented in X.

Proof. Define P : X — X by Pz = >, fi (z) z;. We show that
P is a bounded projection onto [z;]. Fix n and z € X, since (z;) is
equivalent to usual basis of [,, and (f;) is equivalent to usual basis of
lq, there exist positive numbers A\, K and L such that
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ML fi(@) )P <S8 fi (@)@ |< K (S0 | fi (2) )7
and

| iy tifi IS L (2 |t ]?)e

where (t;) is a sequence of reals. Let ; = sgnf; (z) then

(St | @) )P = (S | i (@) P i (@) =
(S (e | £ (@) 77 ) (@)

1

< L (S | fiw) |eme) |

S0

< TEige | fie) P2 fillll = ]
z|»

Therefore

(S0 | fi(2) e < L(Spy | i (@) P)os || |7

which implies that

(X0 | fi(a) )y < L7 || @ |

and hence

| P ||=[l X5y fi (@) @i |[< KLP || || OO

Remark. This result is wrong if (e;) is equivalent to usual basis of ¢
and (f;) equivalent to usual basis of [;. To see this take X = [, = ¢}
and [, C I, = [7*. Then we have the conditions of lemma 3.7 but we
know that ¢y is not complemented in /...

Let V be an infinite dimensional subspace of X, then V' contains
a sequence of norm one vectors equivalant to the usual basis of [,. In
fact if (v;) is a sequence in V' with lim; . s (v;) = 0,then (v;) has a
subsequence equivalent to the usual basis of [,.

Let (¢;) in X}, be defined by
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Pi ([E) - Zmzl QN [< Uj7F'; >|p71 6;“ < x7iji >

where v; isnormed by Fy, ..., F} i =1,2,...,N; = ny+ng+..4n;_1,7 >
I,N; = 0 and € = sgn < v;, Fj > . Let g; = i clearly (gi,v;)
is a biorthogonal sequence. Let Y be a subspace of X, generated
by (g;) . Theorem 1.1(2) and well known result [3] show that Y* =

Xq,p--Clearly, each ¢; € Y.

Lemma 3.6. Let (p;) be as above, taking the sequence (s;) of scalars,
then we have

Q=

IS5 sl < 2 (S | s 1)

wi(vi

Proof. Observe that

2s (0) = 10 g, |< 0 FI > LS00 0y |< o, i =1,

Since @; (v;) < X7 a; |< v, Fj >|P=]|| v; ||P= 1. This implies that
| @i [|< 1. Now we go through the calculation of the norm. By Holder
inequality and the fact that ¢ (p — 1) = p, we have

| s 2 < a5k (s ]| (o) |

<28k |si | (Sh agen, [< o, B > < o, F )
=250 X | s [ agan, [< o, B >PY < a, B >

1 . 1 .
=258, (S5 | af |< i By, > f <, Fi_y, )

Q=

<2 [ = ( j‘\;i}r\}i-i-l | si|7a;|< vi,F]?'_Ni >|q(p—1))]

3=

k N; i
X [Zizl (ijJ]r\;i-l—l aj |[<z, Fj_y, >|p>}
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1
<2(Shy lsi )" ]l
Therefore

1
Iy s 1< 2 (Xh [ si]7)" . O

Pi (”z

Lemma 3.7. By assumptions of lemma 3.6 we have

Q=

I 5 sigiay 120 (2 [ s 19)

for some 6 > 0.

Proof. Suppose V' is a subspace of X, ,, then V' contains a sequence
(v;) of norm one vectors in V, such that (v;) is equivalent to the usual
basis of [,. Also (?) is biorthogonal to (v;). Let

=" &8 |97 v, g5 = sgn (s;) .
Since (v;) is equivalent to usual basis of [,, there are real numbers A
and K such that

B =

AEy | s POD)? <) o |< K (S | s o)

Since p(q — 1) = q, we have

1 " 1
A [ si |7 <[l [|< (i [ si [9) 7
This implies that
_ 1
| i s i 3 (03) ||—| 2lie Sig )9011<x||) = Tzl |
1151 ()901(51|52’q vi) |

g> Ly Ce—= L (yon . |a l‘
= R i 82 ey i s 1= e (B s 1)
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This implies that for 6 = %

O

Q-

I 3250 si gy 1120 (i | 86 1)

Lemmas 3.6 and 3.7 prove the following Lemma.

Lemma 3.8. Let V be an infinite dimensional subspace of X,
and (v;) a sequence of norm one vectors in V. and (v;) is normed by
Fli, FQZ, Frzzﬂ 1=1,2,... Let N, =n;+ng+ ... + Ni_1,1 > 1,N1 = 0.
Define

i (x) = Zn;1 Q4 N; |< Uinji >’p_1 63- < :U7Fji >

where 8} = sgn < vi,F]? > . Then the sequence (@?‘(’;)) s equivalent
to the usual basis of [,.

We are now ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1.(1) : Lemma 3.4 and an argument similar to
the proof of Theorem 1.(1) of [2], shows that X, , contains [, hereditar-
ily. To complete the proof, let V be the subspace of X, , generated by
(vi) . We show that V is complemented in X, . Let ¢; € X7 be de-
fined as above. Take g; = ﬁ, then (v;, g;) is biorthogonal sequence,

with (g;) equivalent to usual basis of l, and (v;) equivalent to usual
basis of [,. Lemma 3.5 implies that the projection P : X,, — [vi]
defined by P (x) =322, ¢; (z) v; is a bounded projection onto [v;] .

Proof of Theorem 1.1.(2). The proof of this part may be found in
[2, Theorem1.(2)] (although the spaces are different)

Proof of 1.1.(3). Lemma 3.8. shows that the predual of X, , con-
tains [, where © + o = L.

To see that [g;] with g; = ey is complemented in Y the predual
of Xayp, let (f;) in X7 be biorthogonal to (e;) in X, ,, and let Y be
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the subspace of X7, generated by (f;). It is known that Y* = X, .
Clearly ¢g; € Y and (g;) is equivalent to usual basis of [,. For ¢ € [fi]
in X7, the projection @ : X}, — [g;] defined by Q (¢) = 352, ¢ (e;) g
is a bounded projection onto [g;]. This completes the proof.

Proof of 1.1.(i) and 1.1.(%) are similar to the proof of Theorems 3
and 4 of [1].

proof of 1.1.(iii). Clearly ||z, || = (1 + ag)% for all n. It remains to
show that (z,) tends weakly to 0. This follows from the fact that , for

”xnl +xn2 ++Ink H _
& =

every increasing sequence (ny) of integers limy o
0. Indeed, since a; — 0

(Zfil O‘i) ’

k

. =0. O

Remark. There is still a further question concerning the subspace
structure of Y the predual of X, :

Is Y hereditarily complementably [,?

Acknowledgment
The author would like to thank J.Hagler for helpful comments and sug-
gestions. He also provided Lemma 3.5. T want to thank department of
mathematics of University of Denver for their hospitality during my
sabbatical, when this research was done.

REFERENCES

[1] A. Andrew, On the Azimi-Hagler Banach spaces, Rocky Mountain

J.Math.17(1987), 51-53.

[2] P. Azimi, J. Hagler, Examples of hereditarily /; Banach spaces failin the Schur
property, Pacific J. Math.122(1986),287-297.

[3] M. M. Day, Normed Linear Spaces, Springer Verlag, Berlin.

[4] R.C. James. A none-reflexive Banach Spaces isometric with the second conju-
gate, Proc. Nat. Acd. Sci. U.S.A. 37(1951),174-177.



68 Azimi

[5] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces, Vol.I sequence spaces,
Springer Verlag, Berlin.

Department of Mathematics.,
University of Sistan and Baluchestan.,
Zahedan, Iran
e-mail:azimi@hamoon.usb.ac.ir



