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A NEW CLASS OF BANACH SEQUENCE SPACES

PARVIZ AZIMI

Abstract. We modify the definition of the norm in the class
of Banach spaces constructed by Hagler and this author, as pre-
sented in”Examples of hereditarily l1 Banach spaces failing the
Schur property”by mimicking the lp norm rather than l1norm and
obtain a new class of separable Banach spaces. We prove that if
1 < p < ∞, any member of this class (i) is hereditarily comple-
mentably, lp (ii) is a dual space, and (iii) the predual contains
complemented subspace isomorphic to lq where 1

p + 1
q = 1. Other

properties of these spaces are investigated.

1. Introduction

In [2] we introduced a class of Banach sequence spaces which among
the other interesting properties, each of the spaces is hereditarily l1 and
yet fails the Schur property. In this notes, we modify the definition
of the norm in [2] by mimicking the lp norm rather than l1 norm
and obtain a new class of separable Banach sequence spaces, the
Xα,p spaces. We prove that, if 1 < p < ∞, any member of this
class contains lp hereditarily complementably, is a dual space, and
it’s predual contains complemented subspaces isomorphic to lq where
1
p

+ 1
q

= 1.

Our main result is the following.
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Theorem 1.1. Let Xα,p denote a specific space of the class, we have
the following:

(1) Xα,pis hereditarily complementably lp.
(2) The sequence (ei) is a normalized boundedly complete bases for

Xα,p. Thus, Xα,p is a dual space.
(3) The predual of Xα.p contains complemented subspaces isomor-

phic to lq where 1
p

+ 1
q

= 1.

Xα,p spaces have some other properties similar to [1] and [2] Banach
spaces, which we state some of them here.

(i) Each complemented non weakly sequentially complete subspace
of Xα,p contains a complemented isomorph of Xα,p.

(ii) Xα,p and Xβ,p are isomorphic if and only if they are equal as
sets.

(iii) The sequence (xn) with xn = e2n−1−e2n is weakly null sequence
in Xα,p but not in norm.

Since Xα,p contains lp hereditarily complementably thus,
(iv) Xα,p spaces are not prime.

Since for p > 1, Xα,p does not contain l1 and is not reflexive, by
(theorem 1.c.12(a)[5])

(v) Xα,p is a Banach space without unconditional basis.

2. Definition and Notation.

Difinitions and notation are standard. But we list the most impor-
tant of these here. The dual space of a Banach space X is denoted
by X∗. Let Y be a subspace of X then we say that X contains Y
hereditarily if every infinite dimensional subspace of X contain an iso-
morphic copy of Y. A subspace Y of X is complemented in X if there
is a bounded projection P : X → Y such that P (X) = Y.

Let lp =
{
x = (x1, x2, ...) :‖ x ‖= [

∑∞
i=1 | xi |p]

1
p

}
where xi are scalars

and
∑∞

i=1 | xi |p< ∞. An infinite-dimensional Banach space X is said
to be prime if every infinite-dimensional complemented subspace of X
is isomorphic to X.

Now we go through the definition of the Xα,p spaces. First, by a
block we mean an interval (finite or infinite) of integers. For any block
F, and x = (t1, t2, ...) a finitely non-zero sequence of scalars, we let
< x, F >=

∑
j∈F tj. A sequence of blocks F1, F2, ... is admissible if
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max Fi < min Fi+1 for each i. Finally, let 1 = α1 ≥ α2 ≥ α3 ≥ ... be a
sequence of real numbers with limi→∞ αi = 0 and

∑∞
i=1 αi = ∞.

We now define a norm which uses the α,
i s and admissible sequences

of blocks in its definition. Let x = (t1, t2, ...) be finitely non-zero
sequence of reals. Define

‖ x ‖= max[
∑n

i=1 αi |< x, Fi >|p]
1
p

where the max is taken over all n, and admissible sequences F1, F2, ....
The Banach space Xα,p is the completion of the finitely non-zero se-
quences of scalars in this norm, and 1 < p < ∞

Remark. If we consider sequences (αi) which satisfy αi = 1 for all
i and p = 2, then Xα,p is the James space [4], and if we require∑∞

i=1 αi < ∞ then the spaces Xα,p are all isomorphic to c0.
For x ∈ Xα,p, put s (x) = max |< x,G >| where the max is taken

over all blocks G.

3. The results.

For the proof of theorem 1.1 we first collect several results which
are crucial to the proof of theorem 1.1.

Lemma 3.1. There is a constant M such that every normalized block
basis of the unit vectors bases (ui) of Xα,p with limi→∞ s (ui) = 0 has
a subsequence (vi) satisfying

‖∑n
i=1 tivi‖p ≤ M

∑n
i=1 | ti |p

for all finite scalar sequences (ti).

Proof. We select a subsequence (vi) of (ui) so that limi→∞ < ui, N >
exists. Put vi = u2i−1 − u2i, then ‖vi‖ ≤ 2 and limi→∞ < vi, N >= 0.
By passing to a subsequence of (vi) (not renaming) we may assume
that

(A)
∑n

i=1 |< vi, N >|q≤ 1 .
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By induction, we show that for any n, and admissible blocks F1, F2,
..., Fm, we have

(B)
∑m

j=1 αj |<
∑n

i=1 tivi, Fj >|p

≤ 2K
∑n−1

i=1 | ti |p +K | tn |p

for K = 3p−1. Once this is done, the lemma follows with M = 2K. We
now assume (B) to be true for all k ≤ n − 1, and note that it holds
for k = 1. We now let l be the largest integer for which

support(vn−1) ∩ Fl 6= φ

and suppose that for i = k, ..., n− 1

support(vi) ∩ Fl 6= φ

yet
support(vk−1) ∩ Fl = φ.

Thus vk+1, ..., vn−1 are entirely supported in Fl.
Next ∑m

j=1 αj |<
∑n

i=1 tivi, Fj >|p= ∑l−1
j=1 αj |<

∑k
i=1 tivi, Fj >|p

(C) +αl |<
∑n

i=k tivi, Fl >|p +
∑m

j=l+1 αj |< tnvn, Fj >|p
=

∑
1 +

∑
2 +

∑
3 .

We will use the induction hypothesis on
∑

1, we will leave
∑

3 basi-
cally as is, and we now estimate the middle term in

∑
2 .

∑
2 = αl | tk < vk, Fl > +

∑n−1
i=k+1 < tivi, Fl > +tn < vn, Fl >|p

≤ αl3
p−1[| tk < vk, Fl >|p + | ∑n−1

i=k+1 < tivi, Fl >|p
(D) + | tn < vn, Fl >|p].

We estimate the middle term in (D) by
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| ∑n−1
i=k+1 < tivi, Fl >|p=| ∑n−1

i=k+1 ti < vi, Fl >|p

≤
(∑n−1

i=k+1 | ti |p
) (∑n−1

i=k+1 |< vi, Fl >|q
) p

q

=
(∑n−1

i=k+1 | ti |p
) (∑n−1

i=k+1 |< vi, N >|q
) p

q

≤ ∑n−1
i=k+1 | ti |p

by (A). Returning to (C) we obtain

∑m
j=1 αj |<

∑n
i=1 tivi, Fj >|p≤

[
2K

∑k−1
i=1 | ti |p +K | tk |p

]
+

[
K | tk < vk, Fl >|p +K

∑n−1
i=k+1 | ti |p +αlK | tn < vn, Fl >|p

]
+

∑m
j=l+1 αj |< tnvn, Fj >|p

≤ 2K
∑n−1

i=1 | ti |p +K
∑m

j=l αj |< tnvn, Fj >|p
≤ 2K

∑n−1
i=1 | ti |p +K | tn |p

as desired.�
We use the next lemma (lemma 4 of [2]) to find a lower estimate for

a linear combination of vectors in Xα,p.

Lemma 3.2. Let the sequence (αi) be as above, let N be an integer
and let ε > 0. Then there exists a δ > 0 such that if 0 ≤ bi < δ for all
i, and

∑n
i=1 αibi = 1 then

∑n
i=1 αi+Nbi ≥ 1− ε.

Lemma 3.3. Let (ui) be a sequence of norm one vectors in Xα,p and
(Gi) an admissible sequence of blocks such that {j : ui (j) 6= 0} ⊂ Gi.
For each i, put si = s (ui) . If lim si = 0, then for a subsequence (vk)
of (uk) and for a given sequence t1, t2, ..., tk of scalars we have

‖ ∑k
i=1 tivi ‖p≥ 1

2

∑k
i=1 | ti |p .

Proof. An argument similar to the proof of lemma 5 in [2] shows that
we may assume the following.

There exists subsequence (vi) of (ui) and sequence (ni) of integers
and δi > 0 satisfying :

(i) ‖ vi ‖= 1 for all i.
(ii) For integer ni (> ni−1) put Ni = n1 + n2 + ... + ni−1, i > 1 and

N1 = 0. Then δi satisfies lemma 3.2 for ε = 1
2

and N = Ni.
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(iii) For each block F and each i, |< vi, F >|p≤ δi.
(iv) For each i, there is a sequence of admissible blocks Fni−1+1, Fni−1+2,

..., Fni
with,

(a) max Fni
< min Fni+1

(b)
∑ni−ni−1

j=1 αj |< vi, Fni−1+j >|p=‖ vi ‖p= 1
(c) < vk, Fni−1+j >= 0 if i 6= k, and by lemma 3.2, we have
(d)

∑ni
j=ni−1+1 αj |< vi, Fj >|p> 1

2
.

Since the sequence F1, F2, ..., Fn1 , ..., Fn2 , ..., Fnk
, ... is admissible, it

follows from (i)-(iv) above that for scalars t1, ..., tk and admissible
blocks F1, F2, ..., Fnk

,

‖ ∑k
i=1 tivi ‖p≥ ∑nk

i=1 αi |<
∑k

j=1 tjvj, Fi >|p

=
∑k

j=1 | tj |p
∑nj

i=nj−1+1 αi |< vj, Fi >|p≥ 1
2

∑k
j=1 | tj |p .�

Lemmas 3.1 and 3.3 imply the following lemma

Lemma 3.4. Let (ui) be a sequence of norm one vectors in Xα,p and
(Gi) an admissible sequence of blocks such that {j : ui (j) 6= 0} ⊂ Gi.
For each i put si = s (ui) . If limi→∞ si = 0, then a subsequence (vk)
of (uk) is equivalent to the usual basis of lp. In fact there exist K > 0
such that for a given sequence t1, t2, ..., tn of scalars

1
2

∑n
i=1 | ti |p≤‖

∑n
i=1 tivi ‖p≤ K

∑n
i=1 | ti |p .

The following lemma is the key result.

Lemma 3.5.Let X be a Banach space, and (xi, fi) a biorthogonal
sequence (fi (xj) = δij) in X × X∗ such that (i) (xi) is equivalent to
the usual basis of lp, 1 < p < ∞ and (ii) (fi) is equivalent to the usual
basis of lq with 1

p
+ 1

q
= 1. Then [xi] is complemented in X.

Proof. Define P : X → X by Px =
∑∞

i=1 fi (x) xi. We show that
P is a bounded projection onto [xi] . Fix n and x ∈ X, since (xi) is
equivalent to usual basis of lp, and (fi) is equivalent to usual basis of
lq, there exist positive numbers λ, K and L such that
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λ (
∑n

i=1 | fi (x) |p)
1
p ≤‖ ∑n

i=1 fi (x) xi ‖≤ K (
∑n

i=1 | fi (x) |p)
1
p

and

‖ ∑n
i=1 tifi ‖≤ L (

∑n
i=1 | ti |q)

1
q

where (ti) is a sequence of reals. Let εi = sgnfi (x) then

(
∑n

i=1 | fi (x) |p)
1
p = (

∑n
i=1 | fi (x) |p−1 εifi (x))

1
p =

[
∑n

i=1 (εi | fi (x) |p−1 fi) (x)]
1
p

≤ [‖ ∑n
i=1 εi | fi (x) |p−1 fi ‖‖ x ‖]

1
p ≤ L

(∑n
i=1 | fi (x) |(p−1)q

) 1
pq ‖

x ‖
1
p .

Therefore

(
∑n

i=1 | fi (x) |p)
1
p ≤ L (

∑n
i=1 | fi (x) |p)

1
pq ‖ x ‖

1
p

which implies that

(
∑n

i=1 | fi (x) |p)
1
p ≤ Lp ‖ x ‖

and hence

‖ Px ‖=‖ ∑n
i=1 fi (x) xi ‖≤ KLp ‖ x ‖ .�

Remark. This result is wrong if (ei) is equivalent to usual basis of c0

and (fi) equivalent to usual basis of l1. To see this take X = l∞ = c∗∗0
and l1 ⊂ l∗∞ = l∗∗1 . Then we have the conditions of lemma 3.7 but we
know that c0 is not complemented in l∞.

Let V be an infinite dimensional subspace of Xα,p then V contains
a sequence of norm one vectors equivalant to the usual basis of lp. In
fact if (vi) is a sequence in V with limi→∞ s (vi) = 0,then (vi) has a
subsequence equivalent to the usual basis of lp.

Let (ϕi) in X∗
α,p be defined by
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ϕi (x) =
∑ni

j=1 αj+Ni
|< vj, F

i
j >|p−1 εi

j < x, F i
j >

where vi is normed by F i
1, ..., F

i
ni

, i = 1, 2, ..., Ni = n1+n2+...+ni−1, i >
1, N1 = 0 and εi

j = sgn < vi, F
i
j > . Let gi = ϕi

ϕi(vi)
clearly (gi, vi)

is a biorthogonal sequence. Let Y be a subspace of X∗
α,p generated

by (gi) . Theorem 1.1(2) and well known result [3] show that Y ∗ =
Xα,p..Clearly, each ϕi ∈ Y.

Lemma 3.6. Let (ϕi) be as above, taking the sequence (si) of scalars,
then we have

‖ ∑k
i=1 si

ϕi

ϕi(vi)
‖≤ 2

(∑k
i=1 | si |q

) 1
q .

Proof. Observe that

ϕi (vi) =
∑ni

j=1 αj+Ni
|< vi, F

i
j >|p≥ 1

2

∑ni
j=1 αj |< vi, F

i
j >|p= 1

2
.

Since ϕi (vi) ≤
∑ni

j=1 αj |< vi, F
i
j >|p=‖ vi ‖p= 1. This implies that

‖ ϕi ‖≤ 1. Now we go through the calculation of the norm. By Holder
inequality and the fact that q (p− 1) = p, we have

| ∑k
i=1 si

ϕi(x)
ϕi(vi)

|≤ 2
∑k

i=1 | si || ϕi (x) |

≤ 2
∑k

i=1 | si |
(∑ni

j=1 αj+Ni
|< vi, F

i
j >|p−1|< x, F i

j >|
)

= 2
∑k

i=1

∑ni
j=1 | si | αj+Ni

|< vi, F
i
j >|p−1|< x, F i

j >|

= 2
∑k

i=1

(∑Ni+1

j=Ni+1 | si | α
1
q

j |< vi, F
i
j−Ni

>|p−1 α
1
p

j |< x, F i
j−Ni

>|
)

≤ 2
[∑k

i=1

(∑Ni+1

j=Ni+1 | si |q αj |< vi, F
i
j−Ni

>|q(p−1)
)] 1

q

×
[∑k

i=1

(∑Ni+1

j=Ni+1 αj |< x, F i
j−Ni

>|p
)] 1

p
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≤ 2
(∑k

i=1 | si |q
) 1

q ‖ x ‖ .

Therefore

‖ ∑k
i=1 si

ϕi

ϕi(vi)
‖≤ 2

(∑k
i=1 | si |q

) 1
q . �

Lemma 3.7. By assumptions of lemma 3.6 we have

‖ ∑n
i=1 si

ϕi

ϕi(vi)
‖≥ δ (

∑n
i=1 | si |q)

1
q

for some δ > 0.

Proof. Suppose V is a subspace of Xα,p, then V contains a sequence
(vi) of norm one vectors in V, such that (vi) is equivalent to the usual
basis of lp. Also ϕi

ϕi(vi)
is biorthogonal to (vi) . Let

x =
∑n

i=1 εi | si |q−1 vi, εi = sgn (si) .
Since (vi) is equivalent to usual basis of lp, there are real numbers λ
and K such that

λ
(∑n

i=1 | si |p(q−1)
) 1

p ≤‖ x ‖≤ K
(∑n

i=1 | si |p(q−1)
) 1

p .

Since p (q − 1) = q, we have

λ (
∑n

i=1 | si |q)
1
p ≤‖ x ‖≤ (

∑n
i=1 | si |q)

1
p .

This implies that

‖ ∑n
i=1 si

ϕi

ϕi(vi)
‖≥| ∑n

i=1 si
1

ϕi(vi)
ϕi

(
x
‖x‖

)
|= 1

‖x‖ |∑n
i=1 si

1
ϕi(vi)

ϕi (εi | si |q−1 vi) |

= 1
‖x‖

∑n
i=1 | si |q≥ 1

K(
∑n

i=1
|si|q)

1
p

∑n
i=1 | si |q= 1

K
(
∑n

i=1 | si |q)
1
q .



66 Azimi

This implies that for δ = 1
K

‖ ∑n
i=1 si

ϕi

ϕi(vi)
‖≥ δ (

∑n
i=1 | si |q)

1
q . �

Lemmas 3.6 and 3.7 prove the following Lemma.

Lemma 3.8. Let V be an infinite dimensional subspace of Xα,p

and (vi) a sequence of norm one vectors in V and (vi) is normed by
F i

1, F
i
2, ...F

i
ni

, i = 1, 2, .. . Let Ni = n1 + n2 + ... + ni−1, i > 1, N1 = 0.
Define

ϕi (x) =
∑ni

j=1 αj+Ni
|< vi, F

i
j >|p−1 εi

j < x, F i
j >

where εi
j = sgn < vi, F

i
j > . Then the sequence

(
ϕi

ϕi(vi)

)
is equivalent

to the usual basis of lq.

We are now ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1.(1) : Lemma 3.4 and an argument similar to
the proof of Theorem 1.(1) of [2], shows that Xα,p contains lp hereditar-
ily. To complete the proof, let V be the subspace of Xα,p generated by
(vi) . We show that V is complemented in Xα,p . Let ϕi ∈ X∗

α,p be de-
fined as above. Take gi = ϕi

ϕi(vi)
, then (vi, gi) is biorthogonal sequence,

with (gi) equivalent to usual basis of lq and (vi) equivalent to usual
basis of lp. Lemma 3.5 implies that the projection P : Xα,p → [vi]
defined by P (x) =

∑∞
i=1 gi (x) vi is a bounded projection onto [vi] .

Proof of Theorem 1.1.(2). The proof of this part may be found in
[2, Theorem1.(2)] (although the spaces are different)

Proof of 1.1.(3). Lemma 3.8. shows that the predual of Xα,p con-
tains lq where 1

p
+ 1

q
= 1.

To see that [gi] with gi = ϕi

ϕi(vi)
is complemented in Y the predual

of Xa,p, let (fi) in X∗
α,p be biorthogonal to (ei) in Xα,p, and let Y be



Some Banach sequence spaces 67

the subspace of X∗
α,p generated by (fi). It is known that Y ∗ = Xα,p.

Clearly gi ∈ Y and (gi) is equivalent to usual basis of lq. For ϕ ∈ [fi]
in X∗

α,p the projection Q : X∗
a,p → [gi] defined by Q (ϕ) =

∑∞
i=1 ϕ (ei) gi

is a bounded projection onto [gi]. This completes the proof.

Proof of 1.1.(i) and 1.1.(ii) are similar to the proof of Theorems 3
and 4 of [1].

proof of 1.1.(iii). Clearly ‖xn ‖ = (1 + α2)
1
p for all n. It remains to

show that (xn) tends weakly to 0. This follows from the fact that , for

every increasing sequence (nk) of integers limk→∞
‖xn1+xn2+...+xnk

‖
k

=
0. Indeed, since αi → 0

limk→∞
‖xn1+xn2+...+xnk

‖
k

= limk→∞

(∑2k

i=1
αi

)
k

1
p

= 0. �

Remark. There is still a further question concerning the subspace
structure of Y the predual of Xα,p :

Is Y hereditarily complementably lq?
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