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Abstract� It is shown that the quadratic graph Q�	��k� �con�

sisting of 	 cycles of length �k� has an ��valuation �a stronger

form of the graceful valuation� for every positive integer k� Fur�

thermore� additional results are obtained from the main theorem

of this paper�

�� BASIC DEFINITIONS

Let G � 
V�E
 be a graph with m � jV j vertices and n � jEj edges�

By the term graph� we mean an undirected �nite graph without loops

or multiple edges� All parameters in this paper are positive integers� A

graceful valuation 
or ��valuation
 of a graph G � 
V�E
 is a one�to�

one mapping � of the vertex set V 
G
 into the set f	� �� �� � � � � ng with
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this property� If we de�ne� for any edge e � fu� vg � E
G
� the value

��
e
 � j�
u
��
v
j then �� is a one�to�one mapping of the set E
G


onto the set f�� �� � � � � ng�

A graph is called graceful if it has a graceful valuation� An ��

valuation 
or ��labeling
 of a graph G � 
V�E
 is a graceful valuation

of G which satis�es the following additional condition� There exists a

number �
	 � � � jE
G
j
 such that� for any edge e � E
G
 with end

vertices u� v � V 
G
�min��
u
��
v
�� � � max��
u
��
v
��

The concept of a graceful valuation and of an ��valuation were intro�

duced by Rosa ���� Rosa proved that� if G is graceful and if all vertices

of G are of even degree� then jE
G
j � 	 or � 
mod �
� This implies

that if G has an ��valuation and if all vertices of G are of even degrees�

then jE
G
j � 	 
mod �
 
G is bipartite
� In ��� it is also shown that

these conditions are also su�cient if G is a cycle� The symbol Cm will

denote a cycle on m vertices� Abrham and Kotzig ��� proved that Rosa�s

condition is also su�cient for ��regular graphs with two components�

A snake is a tree with exactly two vertices of degree �� In ���� it was

proved that every snake has an ��valuation� A snake with n edges will

be denoted by Pn�

A detailed history of the graph labeling problem and related results

appears in Gallian ������ One of the results of Abrham and Kotzig should

be mentioned here� If G is a ��regular graph on n vertices and n edges

which has a graceful valuation � then there exists exactly one number

x
	 � x � n
 such that �
v
 �� x for all v � V 
G
� this number x is

referred to as the missing value of the graceful valuation����

A quadratic graph Q
r� s
 is a graph with r components� each of which

is an s�cycle�

Here are some of the results published in the references�

�� A Q
�� s
�graph 
i�e� an s�cycle
 is graceful if and only if s � 	

or � 
mod �
� It has an ��valuation if and only if s � 	 
mod

�
 ����
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�� A Q
�� s
�graph has an ��valuation if and only if s is even and

s � � ����

�� A Q
�� �k
�graph has an ��valuation for each k � �� The

Q
�� �
�graph does not have an ��valuation but it is graceful

����

�� A Q
r� �
�graph is graceful if and only if r � �� A Q
r� �
�graph

is not graceful for any r ����

�� A Q
r� �
�graph has an ��valuation ����

�� TRANSFORMATIONS OF LABELINGOF A GRAPH

The transformations presented below are used extensively in this paper�

��� Transformation Type �

Lemma �	 
Abrham � Kotzig ���
 Let r be a non�negative integer and

let s be an odd integer� s � �k � �� Then Ps has an ��valuation � with

endpoints labeled w and z that satis�es the conditions z�w � k�� and

w � r�
w�l�o�g�� we assume that w � z��

Suppose that we have two series of vertex labels as follows where 	 �

n� n�k � �r and �r�� � m�m�k � �r�� and j�r���
m�n�k
j � ��

� � � � n n� � n� 
 � � � � � � n� k � 
 n � k� � n� k � � � 
r

� � � � � � � �

� � � � � � � �

�r�� � � � m�k m�k�� m�k�
 � � � � � � m�
 m�� m � � � 
r��

Figure �	 Arrangement of vertex labels in transformation type �

We apply the transformation type � to the vertex labels 
n� n � �� n �

�� � � � � n � k � �� n � k � �� n � k
 and 
m�m � �� m � �� � � � � m � k �

�� m� k � �� m� k
 by choosing the vertices w� and z� as end points in

the following steps�

Step�� First we modify the vertex labels as follows�
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�
 From each label 
n� n� �� n� �� � � � � n� k� �� n� k� �� n� k


subtract n�

�
 From each label 
m�m��� m��� � � � � m�k��� m�k��� m�k


subtract m� 
k � �


Step�� According to Lemma �� we construct an ��valuation for the snake

P�k�� on the new labels� with end vertices having labels w and z such

that 	 � w � k and k � � � z � �k� � and z � w � k � ��

Step�� Now if we modify again the new values to the original values

in the following way�

�
 Add n to each new label 
	� �� �� � � � � k� �� k � �� k
�

�
 Addm�
k��
 to each new value 
k��� k��� � � � � �k��� �k� �k�

�
�

Then the end vertices of P�k�� will be labeled w
� � w�n and z� � z�m�


k��
 and the edge values will be m�n�k�m�n�k��� � � � � m�n�k�

��� Transformation Type �

Lemma �	 
Abrham � Kotzig ���
 Let r be a non�negative integer and

let s be an even integer� s � �k� Then Ps has an ��valuation � with

endpoints labeled w and z that satis�es the conditions z � w � k and

w � r�
w�l�o�g�� we assume that w � z��

Suppose that we have two series of vertex labels as follows where 	 �

n� n�k � �r and �r�� � m�m�k��� �r and j�r���
m�n�k
j � ��

� � � � � � � n n � � n� 
 � � � � � � n� k� 
 n� k� � n� k � � � 
r

� � � � � � � �

� � � � � � �

�r � � � � � � m�k� � m�k�
 � � � � � � m�
 m�� m � � � 
r��

Figure �	 Arrangement of vertex labels in transformation type �
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We apply the transformation type � to the vertex labels 
n� n � �� n �

�� � � � � n�k��� n�k��� n�k
 and 
m�m��� m��� ����m�k���m�k��


by choosing the vertices w� and z� as end points in the following steps�

Step�� First we modify the vertex labels as follows�

�
 From each label 
n� n� �� n� �� � � � � n� k� �� n� k� �� n� k


subtract n�

�
 From each label 
m�m � �� m � �� � � � � m � k � �� m � k � �


subtract m� 
k � �


Step�� According to Lemma �� we construct an ��valuation for the snake

P�k on the new labels� with end vertices having labels w and z such that

	 � w � 
k��
 � z � k and z � w � k�

Step�� Now if we transform again the new values to the original val�

ues in the following way�

�
 Add n to each new label 
	� �� �� � � � � k� �� k � �� k
�

�
 Add m� 
k��
 to each new value 
k��� k��� � � � � �k� �� �k
�

Then the end vertices of P�k will be labeled w� � w � n and z� � z and

the edge values will be m� n � k�m� n� k � �� � � � � m� n� k � ��

�� BASIC THEOREM

Theorem �	 The quadratic graph Q�
��k� has an ��valuation for all

k � ��

Proof	 The missing value of the ��valuation of this graph is �k� Now

let us assume k � �� The vertices of the �rst C
k will be ��k� ��k� �k�

�� ��k� �� �k� �� ��k� �� � � � � �k� �� ��k� �� �k� �� ��k� �k� �� ��k�

�� � � � � �	k� �� �	k��� �	k� �	k� ��� this yields the edge values �k� �k�

�� �k � �� �k � �� � � � � �k � �� �k � �� �k� ���� �� �� �� Next we will describe

the labeling of the second C
k� The successive vertices will be labeled
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as follows�

���k��� �k� ��k� �k��� � � � � ��k��� �k��� ��k��� �k��� ��k� �k� � � � � ��k�

�� �k � �� ��k � �� �k � ��� The edge labels of this C
k will be then

�k � �� �k� �k� �� � � � � �k� �� �k� �� �k� �� �k� �� �k� �� �k� � � � � �k�

�� �k� �� �k� ��

The third C
k will be labeled in three stages as follows�

I� Form the snake 
�k� �� ��k��� �k� �� ��k��� �k� �� � � � � �k�

�� ��k� �� �k� �� ��k� �k� �� ��k� �� �k� �� ��k��� � � � � ��k�

�� �k � �� ��k � �� �k � �
� The values of the edges are then

�k��� �k��� �k��� �k��� � � � � �	k� �� �	k� �� �	k� �� �	k�

�� � � � � ��k� �� ��k� �� ��k� ��

II� Join the vertex labeled �k � � to the vertex labeled ��k � � to

generate the edge labeled �	k�

III� Form another snake in such a way that its vertices are labeled as

follows� 
��k��� �k��� ��k��� �k��� ��k� �k��
� The resulting

values of the edges of this snake are then ��k � �� ��k� ��k �

�� ��k� �� ��k� ��

Now we construct the fourth cycle C
k according to the following stages�

a
 The edge labels ��k�� and ��k�� are generated by joining the

following pairs of vertices respectively� �k and ��k � �� �k � �

and ��k� ��

b
 Apply transformation type � to the vertex labels 
�k � �� �k�

�� �k� � � � � �k � �� �k � �� �k � �
 and 
��k � �� ��k � �� ��k �

�� � � � � ��k� ��k � �
 by choosing the two vertices �k � � and

�k � � as end vertices� The corresponding edge values of this

transformation will be ��k��� ��k��� ��k��� � � � � ��k��� ��k�

��
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c
 The edges labeled ��k � � and ��k� � are obtained by joining

the following pairs of vertices respectively� �k� � and ��k� ��

�k and ��k� ��

d
 Construct the snake 
��k��� �k��� ��k��� �k��� ��k��� �k�

�� � � � � ��k� �k� ��k��� �k� �� ��k��
� The corresponding edge

labels will then be ��k��� ��k��� ��k��� � � � � ��k� ��k��� ��k�

�� ��k� ��

Finally the last cycle C
k will be constructed as follows when k � ��

and k �� ���

�� The edges labeled ��k��� �k��� �k�� and ��k�� are obtained

by connecting the following pairs of vertices respectively� k� �

and ��k��� �k and ��k��� �k and ��k��� k� � and ��k���

�� Construct the snake 
��k��� �k��� ��k��� �k��� ��k��� �k�

�� ��k � �� �k � �� ��k � �� �k � �
� This yields the edge labels

��k � �� ��k� �� ��k� �� ���� ��k� ���

�� The edge labeled ��k��� is obtained by joining the two vertex

labels �k � � and ��k� �� together�

�� Apply transformation type � to the vertex labels 
k � �� k �

�� � � � � �k � �� �k � �
 and 
��k � �� ��k � �� ��k � �	� ��k �

��� � � � � ��k � �� ��k � �
 by using the two vertices k � � and

��k��� as end points� This transformation generates the edge

labels ��k � ��� ��k� ��� ���� ��k� �� ��k� ��

�� Connect the following pairs of vertices to each other to obtain

the edges labeled ��k� � and ��k� � respectively� � and ��k�

�� k� � and ��k � ��

�� Construct the snake 
��k� �� k� �� ��k� �� k��� ��k� k� ��k�

�� k��
� The resulting values of the edges are then ��k��� ��k�

�� � � � � ��k� ��
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�� The edge labeled ��k�� is obtained by joining the two vertices

k � � and ��k � ��

�� Construct the snake 
��k� �� k� �� ��k� �� k� �� ��k� �� k�

�� ��k��� k��� ��k��
� The edge labels ��k��� ��k��� ��k�

�� � � � � ��k� �� are generated by this snake�

�� Connect the two vertices k � �� and ��k � � to each other to

generate the edge label ��k� ���

�	� Finally apply transformation type � to the vertex labels 
	� �� �� � � � �

�� � � � � k� ��� � � � � k� �
 and 
��k��� ��k��� � � � � �	k� �� �	k


by considering the two vertices � and k��� as end vertices� The

rest of the edge values will be generated by this transformation

and the last C
k will be completed�

The construction of an ��valuation of the last C
k when � � k � �� or

k � �� has been given in the Table � as follows�
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k The construction of the �fth cycle C
k in the graph Q
���k


� ���� ��� �� ��� �� ��� �� ��� �� ��� �� ��� �� ��� �� �		� 	� ��� �� ���

� ���� ��� �� ��	� 	� ���� �� ���� �� ���� �� ���� �� ��	� �	� ���� �� ���� �������� ����

�� �	��

� ���� ��� �	� ���� ��� ���� �� ��	� �� ���� �� ���� �� ���� �� ���� �� ���� 	� ��	� ���

���� �� ���� �� ���� �� ����

� ���� �	�� ��� ��	� 	� ���� �� ���� �� ���� �� ���� �� ���� �� ���� �� ���� �� ���� ��

���� ��� ��	� �	� ���� ��� ���� ��� ���� �� ����

� ���� ���� ��� ���� �� ���� �� ���� �� ���� �� ��	� 	� ���� �� ��	� �	� ���� �� ���� ��

���� �� ���� ��� ���� ��� ���� ��� ���� ��� ���� ��� ���� �� ����

�	 ��	� ���� ��� ���� �� ���� �� ���� �� ���� 	� �		� �� ���� ��� ���� ��� ���� ��� ����

��� ���� ��� ���� �� ���� �� ���� �� ���� �� ���� ��� ���� ��� ��	� �	� ���� �� ����

�� ���� ���� ��� ���� �� ���� �� ��	� 	� ���� �� ���� �� ���� �� ���� �� ���� �� ���� ���

�	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� �	� �		� �� ����

�� ��	� �	� ����

�� ��	�� ���� ��� ��	� �� ���� �� ���� �� ���� ��� ���� �	� ��	� ��� ���� ��� ���� ���

���� ��� ���� ��� ���� ��� ���� ��� ������ ���� �� ���� �� ��	� 	� ���� �� ���� ��

���� �	� ���� �� ���� ��� ���� ��� �	��

�� ����� ��	� ��� ���� �� ���� �� ���� �� ���� �� ��	� 	� ���� �� ��	� ��� ���� ��� ����

��� ���� ��� ���� ��� ���� �	� ��	� ��� ���� ��� ���� ��� ���� �� ���� �� ���� ��

���� ��� ���� �	� ���� �� ���� ��� ���� ��� ���� ��� ����

�� ����� ���� ��� ��	� �	� ���� ��� ���� �� ���� �� ���� ��� ���� ��� ���� ��� ���� ���

���� ��� ���� ��� ��	� 	� ���� �� ���� �� ���� �� ���� �� ���� �� ���� �� ���� �� ����

��� ���� �	� �		� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� �	�� ��� ���� �	�

��	� ��� �	�� ��� �	�� ��� ���� ��� ���� ��� ���� ��� ���� ��� ���� ��� ���� ��� ����

��� ���� ��� ���� ��� ���� �	� ��	� ��� ����

Table �	 The construction of the �fth cycle C
k in the graph Q
���k
�

� � k � ��� k � ��
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For � � k � �� the successive vertices of each cycle of Q
���k
 will

be labeled according to the following table�

k The construction of an ��valuation of Q����k�

� ��� �
� �� ��� � ��� �	� �� ��� � ��� ��� 
� �
� � �	� ��� �� ��� � �
� ��� ��� ���

� ��� ��� �� ��� 
� �
� �� ��� � ��� �	� �
� ��� �� ��� �� �
� � �	� ��� �� ��� ��� ��� 
� ��� �

���� �
� ��� ��� ��� �	� ��� �
� � ��	� ��� ��� ��� �
� ��� ��� ���

� ��� 	�� �� ��� ��� ��� 	� ��� �� �
� �� �
� � ��� ��� ��� �
� 
� ��� 
� ��� �� ��� �� �	� �

���� ��� ��� ��� ��� ��� �	� ��� ��� �	� ��� �
� � ��
� ��� ��� ��� ��� �
� ��� �
� ���

��� �
� ��� � ���� �	� ��� ��� �	� ��� �
� ��� �
� ��� ��� ���

� ��� 
�� �� ��� �� ��� �	� ��� �� ��� �� �	� �� �
� �� �
� � �	� ��� �	� 	�� ��� 	
� ��� 	��

��� 	
� ��� ��� 
� ��� 
� ��� � ���� 		� ��� 	�� ��� �
� ��� �
� ��� 	�� �
� 	�� �
� 	��

��� 	�� � ���� ��� ��� �
� ��� ��� �
� ��� �
� ��� ��� ��� �	� ��� ��� �	� � ���� �
� ���

��� ��� �	� ��� ��� ��� ��� �
� ��� �
� ��� ��� ���

Table �	 The construction of an ��valuation of Q
���k
 for � � k � �

�� THE STANDARD VALUATIONS OF C�k

De�nition �	 The standard ��valuation of C
k are given by any of the

following sequence of values of the consecutive vertices of C
k�

a
 ��k� 	� �k� �� �� �k� �� �� � � � � k� �� �k� �� k� �� �k� k� �� �k�

�� k��� �k� �� � � � � �k��� �k� �� �k��� �k� with missing value

x � k�

b
 �	� �k� �� �k � �� �� �k � �� � � � � k � �� �k � �� k � �� �k � �� k �

�� �k� k � �� �k � �� � � � � �k � �� �k � �� �k� �k � �� with missing

value x � k�

c
 ��k� 	� �k� �� �� �k� �� �� � � � � k� �� �k� �� k� �� �k� �� k� �k�

�� � � � � �k� �� �k� �� �k� �k� �� with missing value x � �k�

d
 �	� �k� �� �k� �� �� �k� �� � � � � k� �� �k� �� k� �� �k� �� k� �k�

�� k��� � � � � �k��� �k��� �k��� �k� with missing value x � �k�
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In Figure � one of the standard ��valuations of C�� has been shown�

t

t

t t

t t

tt

t t

t

t

d

	 � � � � � �

����	����

Figure �	 A standard ��valuation of C��

If we suppose that k� � k� � � � �� kn � k and there is an ��valuation

for the graph C
k� � C
k� � � � � � C
kn then in a standard ��valuation of

C
k� we can replace C
k by C
k� �C
k� � � � � �C
kn with its ��valuation

and the resulting graph will again have an ��valuation� For example an

��valuation of C�� in Figure � is replaced by an ��valuation of �C� in

Figure ��
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Figure �	 An ��valuation of �C�

De�nition �	 The graph C
k has a standard valuation 
or standard

labeling
 if the values of the vertices of C
k can be generated from a

standard ��valuation of C
k di�er by a constant factor�

For example C�� in the ��valuation of C�� � C�� shown in Figure �

has a standard valuation because it can be generated from a standard

��valuation of C�� that di�ers by a constant factor �	�

Figure �	 An ��valuation of C�� � C��
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If a graph C
k has a standard valuation it can be replaced by any

��valuation of Ck� � Ck� � � � � � Ckn where k� � k� � � � �� kn � k by

considering the constant factor� For instance the standard valuation of

C�� in Figure � can be replaced by an ��valuation of �C� to form an

��valuation of �C��C�� if we increase the values of the ��valuation �C�

in Figure � by constant factor i�e� �	�

Figure �	 An ��valuation of C�� � C��

Theorem �	 The following graphs have ��valuations�

a

Sn
i��C
ki

S
Q
�� �k
 if k �

Pn
i�� ki and kn�kn��� � � ��ki���

ki�� � ki for i � �� �� �� � � � � n� ��

b

Sn
i�� �C
ki�Q
�� �k
 if k �

Pn
i�� ki and kn�kn��� � � ��ki���

ki�� � ki for i � �� �� �� � � � � n� ��

c

Sn
i��C
ki �

St
j��C
pj � Q
�� �k
 if k �

Pn
i�� ki �

Pt
j�� pj and

kn�kn���� � ��ki���ki�� � ki and pt�pt���� � ��pj���pj�� �

pj for i � �� �� �� � � � � n� � and j � �� �� � � � � t� ��

d

Sn
i��
C
ki�C
pj 
�C
kn �Q
�� �k
 if k � kn�

Pn
i��
ki�pi
 and

ki � �ki�� � pi�� for i � �� �� �� � � � � n� ��

Proof	 We know that in construction of ��valuation of Q
���k
� at

least two cycles C
k have standard ��valuation� In order to obtain the

di�erent parts of the theorem �� we replace these two standard valuations

with other graphs as follows�

a
 Consider one of the standard valuation of C
k� First we replace it by

C
k� � C
l� � l� � k�� k � k� � l�� Then since C
l� still has a standard
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valuation ���� we are able to replace it again by C
k� �C
l� � l� � k�� l� �

k�� l�� In next stages we continue to replace each C
li by C
ki���C
li�� �

li�� � ki��� li � ki�� � li�� for i � �� �� � � � � n� �� kn � ln���

b
 We apply the replacement procedure of part 
a
 for both C
k which

have standard valuations in ��valuation of Q
���k
�

c
 The proof of this part is similar to part 
b
 except that each standard

valuation C
k has been replaced by di�erent disjoint unions of graphs in

such a way that their components are not necessarily isomorphic�

d
 Consider one of the standard valuation of C
k� First we replace

it by �C
k� � C
p�� k � p� � �k�� we know at least one of C
k� has

a standard valuation ���� Thus we replace C
k� in the next step by

�C
k� � C
p�� k� � p� � �k�� In next stages� we repeat the replacement

C
ki by �C
ki�� � C
pi�� � ki � pi�� � �ki��� i � �� �� �� � � � � n� ��
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