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OPTIMAL ORDER FINITE ELEMENT
APPROXIMATION FOR A HYPERBOLIC
INTEGRO-DIFFERENTIAL EQUATION

F. SAEDPANAH

Communicated by Mohammad Asadzadeh

ABSTRACT. Semidiscrete finite element approximation of a hyper-
bolic type integro-differential equation is studied. The model prob-
lem is treated as the wave equation which is perturbed with a mem-
ory term. Stability estimates are obtained for a slightly more gen-
eral problem. These, based on energy method, are used to prove
optimal order a priori error estimates.

1. Introduction

We consider a hyperbolic type integro-differential equation

t
ii—l—Au—/K(t—s)Au(s) ds=f in Q x (0,77,
0
u=0 on 99 x (0,77,

’LL(,O) = uo, ut('70) =0 in Q7

(1.1)

where € is a bounded polygonal domain in R, d = 2,3, with boundary
09). Here, A is a self-adjoint, positive definite uniformly elliptic second
order operator, and K is the kernel. The kernel K is considered to be
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either smooth (exponential), or weakly singular, in both cases with the
properties that

(1.2) K >0, K/(t) <0, HK”Ll(O,oo) < 1.

Problems of this nature occur, e.g., in linear and fractional order vis-
coelasticity; see [1] and references therein. The model problem (1.1) is
of hyperbolic type, and numerical analysis of such a problem is inherent
from numerical analysis of the hyperbolic problems. Hence, we treat the
spatial finite element discretization of the problem as a wave equation
perturbed with a memory term.

We note that, for example, completely monotone functions satisfy
(1.2). That is, functions g € L1(0,00) N C?(0,00), such that

k¥
(-1) @g(t) >0, Vt>0, k=0,1,2
For an example of this type of kernels, see [1].

There is an extensive literature on theoretical and numerical analysis
of integro-differential equations and their applications; see, e.g., [1, 2, 3,
4, 6, 8, 10], and references therein. Existence, uniqueness and regularity
of a similar problem have been studied in [1] in the framework of the
semigroup of linear operators. Spatial finite element approximations of
integro-differential equations similar to (1.1) have been studied in [2] and
[7], where optimal order Lo, (L2) and Lo (H?') a priori error estimates
have been proved for the displacement solution u, and Lo (L2) estimates
for the velocity u. However, compared with the optimal order Lo (Ls)
error estimate for the solution u, they require two extra derivatives of
regularity of the solution. Here, we improve those results by relaxing the
regularity assumptions on the smoothness of the solution by requiring
just one extra derivative. To this end, we prove stability estimates for
a slightly more general problem. These are then used to prove optimal
order a priori error estimates. The same argument has be applied for the
linear wave equation in [5]. In [9], based on an explicit representation of
the solution, it has been proved that the resulting regularity requirement,
for the wave equation, is minimal. However, a similar proof as in [9] can
not be directly applied for the finite element semidiscretization of the
model problem (1.1), since an explicit representation of the solution can
not be easily obtained.

In the next section, some preliminaries and finite element spatial dis-
cretization of the problem, based on a velocity-displacement weak for-
mulation, are provided. Then, in Section 3 an energy identity for a
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modified form of the discrete problem is obtained. Finally, these are
used in Section 4 to prove optimal order a priori error estimates for the
displacement and the velocity.

2. Preleminaries and finite element spatial discretization

We denote the standard Sobolev spaces by H' = H*()? with the
corresponding norms || - ||;. We recall that A is a self-adjoint, positive
definite uniformly elliptic second order operator with D(A) = H? N
V', and we correspond the energy inner product a(v,w) = (Av,w) for
smooth functions v,w € V. Here, V = {v € H' : v = 0 on 90} is

equiped with norm || - ||y = a(+,-), which is equivalent to the standard
Sobolev norm || - ||; on V. We also define H = Ly(Q)? with its usual
inner product and norm denoted by (-,-) and || - ||, respectively.

We put w1 = v and ug = u. Then, the velocity-displacement weak
formulation of (1.1) is to find u;(t), u2(t) € V such that

a(uy (t),v1) — a(ua(t),v1) =0,

t
(i3(t), v2) + a(ur (£), v2) - /0 K(t — s)a(ur(s), vs) ds
= (f(t),v2), Yvi,v2 €V, te (0,7,

(2.1)
(75} (0) = Uup, UQ(O) = 9.

2.1. Finite element spatial discretization. Let {7} be a regular
family of triangulations of €2 with corresponding family of finite element
spaces Vp, C V, consisting of continuous piecewise polynomials of degree
at most 7 — 1, that vanish on 99 (so, the mesh is required to fit 052).
Here, r > 2 is an integer number. We define piecewise constant mesh
function hgx by

hi(x) =diam(K), forxze K, K €T,
For our error analysis, we denote h = maxge7, hi, and we note that

the finite element spaces V3, have the property

(2.2) mi‘£1{||vfx||+h||vfx||1} < Ch|jv|;, forve H'NV, 1<i<r
XEVh
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Then, the spatial finite element discretization of (2.1) is to find w1 (),
up2(t) € V3, such that

a(tn,1(t), x1) — a(un2(t), x1) =0,
(ia(t), X2) + aluns (), x2) — /0 K (t = $)a(una(s), x2) ds

= (f(t),x2), Vxi,x2 € Vs, t € (0,T],
up,1(0) = upo, un2(0) = vh,

(2.3)

where uy, o, vp,0 are, respectively, suitable approximations of ug and vg
in Vh-

Denoting the error by (e1,e2) = (un,1,up2) — (u1,u2), we can write
the Galerkin orthogonality in the form

a(é1(t), x1) — a(ez2(t), x1) =0,

(24)  (é&2(t); x2) +aler(t), x2) — /0 K(t — s)a(e1(s), x2) ds
=0, VYxi,x2€W, te (O,T}.

We recall the Ls-projection P, : H — Vj and the Ritz projection
Ry : V — Vy, defined by

a(Rpv,x) = a(v,x) and (Pyv,x) = (v,X), Vx € Vi

We also recall the elliptic regularity estimate |[v[j2 < C|Av|, Vv €
D(A) = H?>N V. Then, for the Ritz projection Ry, the error estimates

(2.2) hold; see [11]. That is,
(R = Dyl + Al (Rp = Dvllx
< Ch'|jvll;, forve H' NV, 1<i<r

(2.5)

We use the discrete norms
1/2
lonllng = 14 2vll = /(AL vn,vn),  Vou € Vi, LER,
where Ay, : Vi, — V}, is the discrete operator defined by
(Ahvh, wh) = a(vh, wh), V’Uh, wp, € Vh.
It is easy to see that, for v, € Vj,

i = ||[AY 204 = [lonll1,

(2.6) lvallno = llvall,  lloa

and, for v € V*,
(2.7) [Prolln,—1 < [[vll-1,
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where V* is the corresponding dual space of V.

3. Stability estimates

In our error analysis, we use stability estimates for a slightly more
general form of (2.3), by putting an extra load term to the first equation.
That is, we find stability estimates for the modified problem

a(tn,1(t), x1) — alun2(t), x1) = a(f1(t), x1),

(n2(t), x2) + alun1(t), x2) — /0 K(t — s)a(up1(s), x2) ds

= (fa(t),x2), Vxi,x2 € Vi, t € (0,77,

up,1(0) = upo, un2(0) = vho.

(3.1)

Theorem 3.1. Let (up1,upz2) be a solution of (3.1). Then, for any
leR and T > 0, we have the identity

(3.2)

lun,2 (D)7 4 + £ (T)llun,1 (T)]

T
2 /0 Klfun |21,y dt

hi+1 ds

T
" /0 K(8) wn 1 (T, 5)

T pt
—i—/o /O(K(s) — K(t))Ds|lwp1(t, s)||ni+1 ds dt

i+ llunol

= ”Uh,o, l2l,l+1

T T
+2 / (Pnfa, Abup2) dt +2 / wa(Rpfr, Aup) dt
0 0
T rt
+ 2/ / K(t— S)a(Rhfl,Aﬁlwh,l(t, s)) ds dt,
0 0

where wp,1(t,s) = up1(t) —up1(t —s) and

(3.3) O</@(t):1—/tK(s)ds§1, te[0,7T].
0
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All terms on the left side are non-negative. Moreover, we have the sta-
bility estimate

[un2(T)lIns + [lun 1 (T)|[ni

(3.4) T
< C(Ivnallna + lunollnrs + [ [RuAlniss + [Pafelna )
0

Proof. From the first equation of (3.1), we simply conclude
(3.5) Up2 = Up1 — Rafi-

Now, using the new function wy, ;(t,s) and (3.3), we can write the
second equation of (3.1) in the form

(tn,2(t), x2) + K(t)alun,1(t), x2) ‘l‘/o K(s)a(wp(t,s), x2) ds
= (f2(t),x2), Vx2 € Vh.

Then, we choose x2 = Al uy 2(t) and integrate to obtain

(3.6)

T T
/ (’L‘th,AﬁLUh’Q) dt—l—/ Iia(th,A%uhyg) dt
0 0
T rt
(3.7) + [ [ K atwnate.s), Ahuna) as ae
0 0

T
:/ (thg,AéLuhQ) dt.
0

Now, we need to study the three terms in the left side of the above
equation.

We can write the first term of the left side of (3.7), in a standard way,
as

T z 1T
/0 (tp,2, Apup2) dt = 2/0 DtHuh,Q”}QL,l dt

1
= i(HuhQ(T)”%L,l - th,OH%L,l)-

For the second one, using (3.5), we have

(3.8)

T
/ ka(up,1, Aﬁluh’g) dt
0

1

T T
= 2/ /{Dt||uh,1|]}2%l+1 dt —/ fm(th,Aﬁthfl) dt,
0 0
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and using integration by parts in the first term of the right side, and the
fatcs that £(t) = —K(t) and x(0) = 1, we have

T
/ ﬁa(uh,l,Azumg) dt
0
(R(T) un1 ()7 141 = )

1 T T
45 [ Klunalf i de = [ ratun, AR
0 0

(3.9) _

N =

For the third term of the left side of (3.7), recalling (3.5), we have
T st
/ /K(s)a(wh’l(t,s),Aﬁluh,g) ds dt
0o Jo
T rt
= / / K(s)a(wp1(t,s), Aty ) ds dt
/ /K wh1 t 8) Athfl) ds dt
(3.10)
[ [P s at
0o Jo
1 T rt
3| [ EED )R ds ar

/ /K a(wpa(t,s), AARyf1) ds dt,

where for the last equality we used the fact that a1 (t) = Dywp 1 (¢, s) +
Dgwp 1(t, s). In the first term on the right side, we change the order of
the integration, and we have

1 T rt
5 [ [ KDl ds de
0 JO
1

1 [T T
_ 2/0 K (8)[wn 1 (T, 8)[[2 141 ds — 2/0 K()llwna (5, 9)]2.,0 ds.

Now, using

1 T 1 T rt
3 | K@ s s =5 [ [ KOD e o)1 as at
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we can write (3.10) as

/ /K a(wp1(t, s), Ahuhg)dsdt

! / K(8)l|wn (T, )| 10y ds

/ / DDyllwn(t, )2, ds dt

- /0 /0 K(s)a(wpa(t, 5), AyRuf1) ds dt.

(3.11)

We show that the second term on the right side in non-negative. To this
end, for 0 < € < t, we have

[ ) = K@D uons .9l 1 ds

= (K (e) = K(t)[wnr(t, )21 — / K (3)[wna(t, )| 131 ds

> —K(&)llwn1(t, €)|17 1415

where we used the facts that K'(s) < 0 and K(¢) > 0 from (1.2). Using

wp1(t, €) = wp1(t,0) +/ Dgwp1(t,s) ds = / Dgwp, 1(t, s) ds,
0 0

and the Cauchy-Schwarz inequality, we have

[wn (t,€)7,

¢ 2
</ HDSth(t,S)Hh,lJrl)
0
¢ ds ‘
S/O m/(]K(S)”Dsth(t?S)H%,Prl ds,

and consequently,

/ (B (5) — K () Dsllwon (1, )21, ds

€ K(e) /e .
. ds | K(s)||Dswp1(t,s ds.
0 Kv(s) 0 ( )” hyl( )Hh,l—l—l
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KE)

But, the kernel K is an decreasing function, which implies f : ds <

Js ds = e such that
t
[ 5G6) = KD (9] 12

€
> —e/ K(s)||Dswpa(t, S)Hi,lJrl ds.
0

From the framework presented in [1], provided that the data are suffi-
ciently smooth, we have [ K (s)||Dswp1(t, S)H%L’lJrl ds < oo. Therefore,
we let € — 0 and we have

(3.12) / (K (s) — K(1)Dallwn(t,8)[3 1.1 ds > 0.

We put (3.8), (3.9), and (3.11) in (3.7) to obtain the energy identity
(3.2). We recall that all terms on the left side are non-negative.

Now, as the final step, we prove the stability estimate (3.4). To this
end, from the identity (3.2), we have

lun2(T)I7 + 5(T) una (D171

< llvnolls + llunollf g

T T
+2 / (Phfa, Ayup2) dt + 2 / ka(Rpfr, Aup) dt
0 0

T rt
+9 / / K(t = s)a(Raf1, Abwn i (¢, 5)) ds dt
0 0
< lonolli s + llunollf i

T T
+ 2/ I Prfollnillunzllng dt + 2/ IRAf1llngv1llunillnisr dt
0 0

T pt
2 [ [ K= 9IRufillssalwna b9 ds de
0 0

< llonollis + llunollh i

1 T 2
2 _—
+C Joax lun,2llh, ta / 1 Ph f2lln, dt)
+Cy ax [|lun, 1th+1 + / IRhf1llni+1 dt)

2
2
+ Calw () o Tl + sy () IRalnan )’
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Then, in a standard way, we conclude the stability estimate (3.4), and
the proof is complete. O

Remark 3.2. We used the azuiliary function wp(t,s) = up1(t) —
up1(t — s) to obtain the stability estimate (3.4). Another definition,
wp1(t,s) = up1(t) — up1(s), can also be used to obtain the same esti-
mate. The proof can be adapted from [1] and we omit the details.

4. A priori error estimates

Now, by energy methods, we obtain Ly ([0,7], H) and Lo ([0,T],V
optimal order error estimates for the displacement w1, and L ([0,T], H),
optimal order error estimate for the velocity ws.

Theorem 4.1. Assume that € is a convex polygonal domain. Let u =
(u1,u2) and wp, = (up1,un2) be, respectively, the solutions of (2.1) and
(2.3). Then, for 0 <t <T, we have

ln,1(8) = w1 (8)] < C(lluno = Rutoll + [[vn.0 = Pavoll-1 )

(4.1) '
b (Jua(®)l, + [ sl dr).
0
Juna(®) = w1y < O(lluno = Ruolls + oo = Rivoll)
(42) t
e (a0l + [ ol dr).
0
Jna(t) = us(®)] < € (Jluno = Ruawolls + lleno — Ruvoll )
(4.3)

t
+Cn” (JJus(®) +/ Jia]» ).
0
Proof. We split the error up — u as
(4.4) up —u =0+ p=(u, —u)+ (Ilu — u),

where the operator IIj is chosen properly in terms of the elliptic and
Lo-projectors Ry, and Py, respectively. Due to (2.5), we only need to
estimate 6. To this end, using (4.4) and the Galerkin orthogonality
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(2.4), we get

a(01(t),x1) — a(B2(t), x1) = —a(p1(t), x1) + a(p2(t), x1),

(Ba(t), x2) + a(01(1), x2) — /0 K(t — s)a(6i(s), x2) ds

= (a0 xa) —alpn(t) + [ Kt 9alpa(5) x3) ds,
Vx1,x2 € Vi, t € (0,T].
To prove the first error estimate (4.1), we choose
01 = up1 — Rupur, p1=(Rp—Du,
02 = up2 — Pruz, p2 = (Pn — Ius.
By the definitions of the operators Ry and P}, we have
a(61(t), x1) — a(B2(t), x1) = alpa(t), x1),

(02(t), x2) + a(01(t), x2) — /0 K(t — s)a(61(s), x2) ds
= O, VXl,XQ S Vh, t e (O,T],

that is, 61 and 09 satisfy (3.1) with f; = pa, fo = 0. Therefore, we apply
stability inequality (3.4) with [ = —1 to obtain

162(T")

T

10 < (IO lo + 1020001+ [ [Rupaluo dt).
0

Using (2.6), (2.7), (4.4), and

IRup2ll = IPr(I — Rp)uz| < [|(Rn — Iusl],

we have

lun 1 (T) = wi (D) < (R, = D (D)
+C(Jluno = Ruewoll + llono — Phvoll -1

+/0T\(Rh —I)u2)||dt).

This, using (2.5), proves the first estimate in (4.1).
Now, to prove the error estimates of (4.2) and (4.3), we choose

0; = un; — Rpui, pi= Ry — D, i=1,2.
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Then, similar to the previous case,
a(61(t), x1) — a(62(t), x1) = 0,
(02(t), x2) + a(61(t), x2) — /OtK(t — s)a(b1(s), x2) ds
—(P2,x2), VX1, X2 € Vi, £ € (0,77,

that is, 61,0y satisfy (3.1) with f; = 0, fo = —pa2. Therefore, we apply
stability inequality (3.4), but this time with = 0, and obtain

101(T) |1 + 1|02(T) |10
T
< C(H91(0)Hh,1 + 1|02(0) || n,0 + / | Prp2lln0 dt).
0

Now, using (2.6), (4.4), and
[Prpoll = Pr(Ri — Dzl < |(Rp — Ita],
we have
[ 1 (T) = ur (T |1 < [(Rin — Dua(T)
+ C(Jluno = Rutoll + oo = Ryvol

/|| Ry, — )i dt ).,

lun2(T) — ua(T)|| < (R — Iuz(T)||
+ C(HUh,o — Ruuolli + |vno — Ruvol|

+ [ IR = i at).

Using (2.5), we conclude the error estimates (4.2) and (4.3). The proof
is now complete. O
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