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AN ITERATIVE METHOD FOR AMENABLE
SEMIGROUP AND INFINITE FAMILY OF NON
EXPANSIVE MAPPINGS IN HILBERT SPACES

H. PIRI * AND H. VAEZI

Communicated by Mohammad Sal Moslehian

ABSTRACT. We introduce an iterative method for amenable semi-
group of non expansive mappings and infinite family of non ex-
pansive mappings in the frame work of Hilbert spaces. We prove
the strong convergence of the proposed iterative algorithm to the
unique solution of a variational inequality, which is the optimality
condition for a minimization problem. The results presented here
mainly extend the corresponding results announced by Qin et al.
and several others.

1. Introduction

Let H be a real Hilbert space and C be a nonempty closed convex
subset of H. Recall that a mapping T of C into itself is called non-
expansive if || Te — Ty ||<|| z — y ||, for all z,y € C. By Fix(T), we
denote the set of fixed points of T\ ie., Fiz(T) = {x € H : Tz = z}.
It is well known that Fiz(T) is closed convex. Recall also that a self-
mapping f: C — C is a contraction on C' if there is a constant a € (0, 1)
such that

| flz)=fy) IS allz—y], Vz,y € C.
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Assume A is strongly positive, that is, there is a constant 7 > 0 with
the property

(Az,z) >7 | = ||?, Vo € H.

Iterative methods for non-expansive mappings have recently been ap-
plied to solve convex minimization problems (see [6, 12, 19, 22, 28] and
the references therein). A typical problem is to minimize a quadratic
function over the set of fixed points of a non-expansive mapping on a
Hilbert space H:

1
in — (A —(z,b
min 5 (Az, z) — (z,0),
where D is the fixed point set of a non-expansive mapping 1" and b is a
given point in H.

Mann [11] introduced an iteration procedure for approximation of
fixed points of a non-expansive mapping 1" on a Hilbert space as follows.
Let g € H and

Tnt1 = (1 — ap)Txpn + apxy, n >0,

where {a,,} is a sequence in (0,1). See also Halpern [7].

On the other hand, Moudafi [13] introduced the viscosity approximation
method for fixed points of non-expansive mappings (see [25] for further
developments in both Hilbert and Banach spaces). Starting with an
arbitrary initial 29 € H, define a sequence {x, } recursively by

(1.1) Tpt1 = (1 — apn)Txy + an f(zn), n >0,

where {a,} is a sequence in (0,1). It is proved in [13, 25] that, under
appropriate conditions imposed on «,, the sequence {z,}, generated
by (1.1), converges strongly to the unique solution z* in Fiz(T) of the
variational inequality

(I-fla*,z—a*)>0, € Fiz(T).

In [25] (see also [26]), it is proved that the sequence {z,} defined by the
iterative method below, with the initial guess x¢g € H chosen arbitrarily,

(1.2) Tyl = (I — anA)Tzy + anu, n >0,
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converges strongly to the unique solution of the minimization problem

1
min  —(Ax,z) — (z,u),
z€Fix(T)
provided that the sequence {a, } satisfies certain conditions. Marino and
Xu [12] combined the iterative (1.2) with the viscosity approximation
method (1.1) and considered the following general iterative methods:
(1.3) =zy€H, Tnt1 = (I — anA)Txy + anyf(zy,), n >0,
where 0 < v < 1 . They proved that if {a,,} is a sequence in (0,1)
satisfying certain conditions, then the sequence {z,} generated by (1.3)
converges strongly, as n — 0o, to the unique solution of the variational
inequality

(A=~f)z*,x —2") >0, Vo € Fiz(T),

which is the optimality condition for the minimization problem

1
14 in  —(Az, z) —
(1.4) m%}m2< z,x) — h(x),

where h is a potential function for v f (i.e., ' (x) = vf(x), for all z € H).

In 2005, Kim and Xu [8] introduced the following iterative process:

xg € C, arbitrarily chosen,
(1'5) Yn = BnTn + (1 - Bn)Txm
Tnp1 =+ (1 —an)yn,  n>0,

where C' is a nonempty closed convex subset of H, T is a non-expansive
mapping of C' into itself, and v € C' is a given point. They proved that
the sequence {z,} defined by (1.5) converges strongly to a fixed point of
T provided that the control sequences {«,, } and {f,} satisfy appropriate
conditions.

A family of non-expansive mappings has been considered by many
authors (see [2, 4, 5, 6, 7, 17, 19, 22, 27, 28] and references therein).
Recently, Shang et al. [19] improved the results of Kim and Xu [8] from
a single mapping to a finite family of mappings in the framework of
Hilbert spaces. Let {7;}7°, be a sequence of non-expansive mappings of
C into itself and let {\;}32, be a sequence of nonnegative real numbers
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in [0, 1]. For each n > 1, define a mapping W, of C' into itself as follows:

Un,n+1 = I,
Un,n - )\nTnUn,n—i—l + (1 - An)I7
Un,n—l == )\n—lTn—lUn,n + (1 - >\n—1)-[7

Unk = MUy g1 + (1= M),
Unji—1 = Me—1Th—1Up g + (1 — Mp—1) 1,

Unz2 = XToUp3 + (1 — A2)1,
W, = n,l = )\1T1Un72 + (1 — )\1)].

Such a mapping W, is called the W —mapping generated by 171,75, --- , T,
and A1, Ag, -+, A,. Then, Qin et al. [16] proved the following strong
convergence theorem.

Theorem 1.1. Let H be a real Hilbert space and f be a contraction
on H with coefficient o € (0,1). Let A be a strongly positive linear
bounded self-adjoint operator on H with coefficient ¥ > 0 and {T;}2,
be a sequence of non-expansive mappings of H into itself. Assume that
0<~v<ZandF =2 Fix(T;) #0. Let {x,} be a sequence generated
by the composite iteration process:

x1=x € H, arbitrarily chosen,

(17) Zn = YnTn + (1 - ’Vn)Wn:rna
Yn = Bn7f(zn) + (I - 6nA)Zn7
Tpnil = Qpln + (1 - an)ynv n>1,

where {Wy,} is a sequence defined by (1.6), {an}, {Bn} and {yn} are

three sequences in [0, 1]. If the conditions
(A1) 0 < liminf, oo @y < limsup,, oo on < 1,
(AQ) ZZO:O ﬁn = 00, limy, e /Bn =0,
(A3) limy, o0 | Yn+1 — Tn ’: 0,
(A4) there exists a constant A € [0,1) such that v, < X for alln > 1,
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are satisfied, then the sequence {x,} converges strongly to x* € F, which
also uniquely solves the variational inequality

(vf— A",z —2") <0, VzeF.

Here, motivated and inspired by Kim and Xu [8], Qin et al. [16],
Atsushiha and Takahashi [1], Lau et al. [9], Marino and Xu [12] and
Saeidi [18], we introduce a composite iteration scheme as follows:

r1=x € H, arbitrarily chosen,
Zn = YnTn + (1 - ’Yn)TuanfL‘na

Yn = ﬂn’)/f(zn) + (I - ﬁnA)va
Tyl = Qply + (1 - an)yn7 n>1,

(1.8)

where {IW,} is a sequence defined by (1.6), f is a contraction on H with
coefficient a € (0,1), A is a strongly positive linear bounded self-adjoint
operator on H with coefficient 7 > 0,  is a positive real number such
that 0 < v < g, ¢ ={T; : t € S} is a non-expansive semigroup on H
such that Fiz(¢) = (eq Fiz(T;) # 0, X is a subspace of the space of
all bounded real valued functions defined on S such that 1 € X the map-
ping t — (T;(x),y) is an element of X for each x,y € H, and {u,} is a
sequence of means on X. Our purpose here is to introduce this general
iterative algorithm for approximating the common fixed points of left
amenable semigroup of non-expansive mappings and an infinite family
of non-expansive mappings which also solve some variational inequali-
ties, while being the optimality conditions for the convex minimization
problem (1.4). Our results improve and extend the corresponding ones
announced by Qin et al. [16] and many others.

2. Preliminaries

Let S be a semigroup and let B(S) be the space of all bounded real
valued functions defined on S with the supremum norm. For s € S and
f € B(S), we define elements l5f and rsf in B(S) by

(lsf)(t) = f(St)7 (Tsf)(w = f(ts)v VieS.
Let X be a subspace of B(S) containing 1 and let X* be its dual. An
element 1 in X™ is said to be a mean on X if || p |[|= p(1) = 1. We often
write p(f(t)) instead of u(f), for p € X* and f € X. Let X be left
invariant (resp., right invariant), i.e., [5(X) C X (resp., rs(X) C X),
for each s € S. A mean p on X is said to be left invariant (resp., right

invariant) if pu(lsf) = u(f) (resp., p(rsf) = p(f)), for each s € S and
f € X. X is said to be left (resp., right) amenable if X has a left
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(resp., right) invariant mean. X is amenable if X is both left and right
amenable. As is well known, B(S) is amenable when S is a commutative
semigroup; see [10]. A net {uq} of means on X is said to be strongly
left regular if

hg[n | Is* o — e [|= 0

for each s € S, where [} is the adjoint operator of /.

Let C be a nonempty closed and convex subset of a reflexive Banach
space E. A family ¢ = {1} : t € S} of mappings from C into itself is
said to be a non-expansive semigroup on C' if T; is non-expansive and
Tis = TiTs, for each t,s € S. We denote by Fiz(yp) the set of common
fixed points of ¢, i.e.,

Fix(p ﬂ{:):EC Ti(x) = z}.

tesS

Lemma 2.1. [10, 15] Let f be a function of semigroup S into a reflexive
Banach space E such that the weak closure of {f(t) : t € E} is weakly
compact and let X be a subspace of B(S) containing all functions t —
(f(t),z*) with x* € E*. Then, for any p € X*, there exists a unique
element f,, in E such that

(fur ™) = e (f(2),27),

for all x* € E*. Moreover, if i is a mean on X, then
[ f0auto) e s e e s).

We can write f,, by [ f(t)du(t).

Lemma 2.2. [10, 15] Let C be a closed convex subset of a Hilbert space
H, o ={T, : t € S} be semigroup from C into C such that F(p) # 0
and the mapping t — (Ti(x),y) be an element of X for each x € C
and y € H and p be a mean on X. If we write T, (x), instead of
[ Ti(z)dp(t), then the followings hold:

(1) T is mon-expansive mapping from C into C'.

ii) Tu( ) =z, for each x € Fix(p).

(iii) T, (x) E@{Tt( ):te S}, for each x € C.

(iv) If p is left invariant, then T), is a non-expansive retraction from
C onto Fix(p).
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Let C be a nonempty subset of a Hilbert space H and T: C — H be
a mapping. 7T is said to be demiclosed at v € H if, for any sequence
{z,} in C, the following implication holds:

Ty —~ueC and Ty, —v imply Tu=wv,

where — (respectively — ) denotes strong (respectively, weak) conver-
gence.

Lemma 2.3. [15] Let C be a nonempty closed convex subset of a Hilbert
space H and suppose that T: C — H is non-expansive. Then, the map-
ping I — T s semiclosed at zero.

Let C be a nonempty subset of a normed space E and let x € E. An
element gy € C' is said to be the best approximation to z if

|| T — %Yo H: d(l’,C),

where d(z,C) = infyec ||  — y ||. The number d(z,C) is called the
distance from z to C or the error in approximating x by C. The (possibly
empty) set of all best approximations from z to C' is denoted by

Fe(r) ={y e C:|z —y|[=d(z,C)}.

This defines a mapping Pc from X into 2¢ and is called metric (nearest
point) projection onto C. It is well-known that Pc is a non-expansive
mapping of H onto C.

Lemma 2.4. [27] Let C be a nonempty convez subset of a Hilbert space
H and Pg be the metric projection mapping from H onto C. Let x € H
and y € C. Then, the followings are equivalent:

(i) y = Pc(z).

(i) (@—y,y—2)) 20, VzeC.

Lemma 2.5. [21] Let {x,} and {y,} be bounded sequences in a Ba-
nach space E and let {a,} be a sequence in [0, 1] with 0 < lini)inf ap <
n—oo

limsupa,, < 1. Suppose Tpi1 = ann + (1 — apn)yn, for all integers
n—oo

n >0, and
lmsup (|| ynr1 = yn | = [ Zng1 —2n ) < 0.
n—oo
Then, lim || y, — x, ||=0.
n—oo

The following lemma is well known.
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Lemma 2.6. Let H be a real Hilbert space. Then, for all x,y € H,
|z —y <] = |> +2(y, z +y).

Let {T;}3°, be a sequence of non-expansive mappings of C' into itself,
where C is a nonempty closed convex subset of a real Hilbert space H.
Given a sequence {\;}5°; in [0, 1], we define a sequence {W,,}2°; of self
mappings on C' by (1.6). Then, we have the following results.

Lemma 2.7. [20] Let C be a nonempty closed convex subset of a Hilbert
space H, {T;: C — C} be an infinite family of non-expansive mappings
with ;2 Fix(T;) # 0, {\i} be a real sequence such that 0 < A\; < b <
1,Vi > 1. Then,
(1) Wy, is non-expansive and Fiz(W,) = (i, Fiz(T;) for each n >
L,
(2) for each x € C and for each positive integer j, lim, oo Up jx
exists.

(3) The mapping W: C — C, defined by
Wz := lim W,z = le Unpaz, VxeC,

n—oo
is a non-expansive mapping satisfying Fiz(W) = (2, Fiz(T;) and is
called the W-mapping generated by 11,1, -+ and A, Ao, - --.

Lemma 2.8. [29] Let C be a nonempty closed convex subset of a Hilbert
space H, {T;: C' — C'} be a countable family of non-expansive mappings
with (2, Fix(T;) # 0, {\i} be a real sequence such that 0 < A\; < b <
1,Ve > 1. If D is any bounded subset of C, then

lim sup || Wz — Wyz ||=0.

n—o0 xeD

Lemma 2.9. [23] Let {a,} be a sequence of nonnegative real numbers
such that

An+41 < (1 - bn)an + bncn7 n > O’

where {b,} and {c,} are sequences of real numbers satisfying the follow-
ing conditions:

(i) {bn} - [07 1]7 io by, = 0,

o0
(ii) either limsupc, <0 or Y. |bpen| < oo.

n—oo n=0

Then, lim a, = 0.
n—oo
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Lemma 2.10. [12] Assume that A is a strongly positive linear bounded
operator on a Hilbert space H with the coefficient 5 > 0 and
0<p<||A|™. Then, | I—pA|<1—p7.

Lemma 2.11. [14] Let (E,(.,.)) be an inner product space. Then, for
all z,y,z € E and «, 8,7 € [0,1] such that a + 5+ v =1, we have

| az + By + vz ||
=alz[P+8 1y l*+v =]
—af |z -yl —ayllz -2 -Bylly—=*.
Notation Throughout the rest of this paper, the open ball of radius
r centered at 0 is denoted by B,. For a subset A of H, we denote by
¢oA the closed convex hull of A. For € > 0 and a mapping T: D — H,
we let F(T; D) be the set of e—approximate fixed points of T, i.e.,

F(T;D) ={xz € D :|| x — Tz ||[< €}. Weak convergence is denoted by
— and strong convergence is denoted by —.

3. Strong convergence

Now, we are ready to give our main results.

Theorem 3.1. Let H be a real Hilbert space and f be a contraction
on H with coefficient a € (0,1). Let A be a strongly positive linear
bounded self-adjoint operator on H with coefficient ¥ > 0. Let S be a
semigroup and ¢ = {1 : t € S} be a non-expansive semigroup from H
into H such that Fix(p) = (V,eq Fix(Ty) # 0. Let X be a left invariant
subspace of B(S) such that 1 € X, and the function t — (Tyx,y) be an
element of X for each x,y € H. Let {u,} be a left reqular sequence
of means on X such that imy, o0 || pnt1 — pn ||= 0. Let {T;}32, be
a sequence of non-expansive mappings of H into itself such that F =
Nizy Fix(T;) N Fiz(p) # 0 and Ty(Fiz(p)) C Fiz(p), for all i € N.
Let {x,} be a sequence generated by the composite iteration process
r1=x € H, arbitrarily chosen,

Zn = nTn + (1 - 'Yn)Tuanxna

Yn = Bn')/f(zn) + (I - 5nA)Zn7

Tyl = Qply + (1 - an)yn7 n > 1)

where {W,} is a sequence defined by (1.6), {an}, {fn} and {y.} are
three sequences in [0,1]. If the conditions

(3.1)

(A1) 0 < liminf, 0 ap < limsup,, . @, < 1,
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(AQ) Zzozo ﬁn = o0, hmn%oo ﬁn = O,
(A3) limp—o0 | a1 — v [= 0,
(Ay) there exists a constant \ € [0,1) such that v, < X, for alln > 1,

are satisfied, then the sequence {x,} converges strongly to x* € F, which
also uniquely solves the variational inequality

(3.2) ((vf— A",z —2*) <0, VreF.

Proof. We shall divide the proof into several steps.
Step 1. The sequence {z,} is bounded.
Proof of Step 1. Let «* € F. Using Lemma 2.2, we have
[ zn =2 | < ll @ — 2™ | +(1 = v0) | T Wy, — 2™ ||
(33) <Al an — 2" [ +1 =) [ 2n — 2™ [|=]| 2 — 2" || .

From the condition (A1), we may assume, with no loss of generality, that
Bn <|| A |71, for all n > 1. From Lemma 2.10, we know that

| yn — 2 ||

=|| Bu(vf(2n) = Az™) + (I = BnA) (20 — ") ||

< B |1 (zn) = AT |+ 1 T = BaA |l 20 — 2" |

< By || Fza) — F(@) | 460 || 1 (@") — Ax” |

F =B [l 20— 2" |

< 1= Bul7 — 1)) || 20 — 2* || 480 | 1f(2") — A" | .
It follows that
| Zng1 — 2" |
Sop |l on—2" [ +(1 —an) | yn — 27 |
<ay || zp =2 [ +(1 = an)[(1 = Bu(¥ —ya)) | 2 — 2™ ||

+ B | 7 f(2") — Az™ [[]

= [1 = Ba(T = 10)(1 = )] | 20 — 2 || +Ba(1 — @) || 7f(z") — Aa” |.

By a simple induction, we have
* * 1 * *
o = 1< max {21 =" . == [} /(") - A" [} = Mo
e

which gives that the sequence {x,} is bounded and also that {z,} and
{yn} are bounded.



Iterative method for amenable semigroup 379

Step 2. limy oo || =T, Wnay ||= 0 and limy, oo || =T, Wayn ||= 0.
Proof of Step 2. It follows from (3.1) that

Zn+1 — ”n
= Ynt1[@ns1 — Tn) + (1 = Y1) Loy Wop1 @1 — T, Why]
+ (V1 — ’Yn)[xn - Tuanwn]-

This implies that

| 2nt+1 — 20 ||
= Vi1 | Tog1 — o || + | a1 — v |l 20 — Ty, Winn |
(3.4) + (1 = ynt1) |l L Wog1Zpp1 — T, Wiy | -

Since W,, and T}, are non-expansive, we have

| Ly iy W1y — Ty, Wiy |
< Ty s Wat1Zn1 — Ty oy W, ||
+ || T W, — Ty, Wy, ||
< Watrn1 = Wap || + || Ty Wozn — T, Way, ||
<|| Wos1Zng1 — Wogazn || + || Wasa1@n — Wi, ||
+ || T W — Ty, Wy, ||
<l zng1 — zn || + || Wagazn — Wiz, ||
+ || T W, — Ty, W || -

Since T; and U,,; are non-expansive, from (1.6), we have

| Wog1wn — Wy, ||
= MT1Ups1 220 + (1 — X)zp — MTWUp22n — (1 — M)y ||
<A Un+1,2%n — Up 2y I
= A1 || AMTaUpq1 320 + (1 — A2)xy — AoToUp 3yn — (1 — A2)xy, ||
<X || Ung1,32n — Upzxy ||

< )\1)\2 T )\n || Un+1,n+1xn —Unnt+1Tn ||

< M, ﬁ&‘,
i1
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where M7 > 0 is an appropriate constant such that
| Uns+1n412n — Uppt12n ||< My for all n > 1. Therefore, we have

| Ty s Wot1Zny1 — Ty, Whay, |

n
(3'5) S” Tn+1 — Tn || +M; HAZ“_ H Tun+1Wn$n - Tuanxn H :
i=1
Substituting (3.5) into (3.4), we have
| 2n41 — zn ||
<N o1 — 2o | + [ Yat1 — o |l 0 — Ly, Wiy |

(3.6) + (1 = ynt1)[M H)‘i"‘ | Thpss Watn — Ty, Wrn |[].
i=1
On other the hand, we have
| Ynt1 = yn |l
= Bn1Y[f (zn41) — f(zn)] + (I = Brt14) (2n+1 — 2n)
+ (Bn+1 = Bn)[vf (2n) — Azn] ||
<[ =Bor1(T =) || 2041 — 20 ||
A1 Brr = Bu [ Iy 1 f(zn) | + [ Az ]
(3.7) < znt1 = 2o || + | Bat1 — Bu | Ma,
where M> is an appropriate constant such that
My > sup,>1[v || f(zn) || + || Az, []]. Substituting (3.7) into (3.6),
yields:
I st =i || = Il s = |
<| Brv1 = B | Mo+ | Ynt1 = [l 20 — T, Wan ||

+ (1 = yng1) [My H)‘i+ | L Winn — Ty, Wy, Il].
i=1

Using the conditions (Asz), (As) and noting that 0 < \; < b < 1, for all
1 > 1, we have

timsup(l| g1 — yn | = || @ss — 2 [[] < 0.
n—oo

By virtue of Lemma 2.5, we have

(3.8) lim || yn —zn ||=0.

n—o0
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Noticing that
| Zn — 2n |
<[l zn =y I + | yn = 2n |
<[l zn = yn | +8nly [| F(zn) | + 1| Az |l]
<[l zn — yn || +PnMa,
it follows from (3.8) and the condition (As) that
(3.9) nh_}nolo || x — 2zn ||= 0.
On the other hand, we have
| 2n — T, Whn ||
< wn —zn || + 1| 20 — Ty, Wiy, I
= zn — 20 || +yn || T — Ty, Whnan | -

Therefore,

(3.10) | 2 — Ty, Whan || <

11—, | zn —2n || -

It follows from (3.9) and condition (A4) that
(3.11) | ©n — Ty, Wy, ||= 0.

lim
n—oo
Using Lemma 2.2, we have
|| Yn — Tuanyn H
< yn =20 || + || 20 — Ty, Whan, |+ 1] Ly Waxn — L, Whyn |
L2 yn —xn || + || 7 = T, Whan | -
From (3.8) and (3.11), we get
lim H Yn — T,uanyn H: 0.

n—oo

Step 3. limy o0 || Yyn — Thyn ||= 0, for all t € S.

Proof of Step 3. Let 2* € F and D = {y € H :|| y — a* ||< My}. We
point out that D is a bounded closed convex set, {z,},{yn} C D being
invariant under ¢ and W, for all n € N. We will show that

(3.12) limsupsup || T,y — 12T,y ||= 0, vVt e S.

n—oo yeD
Let € > 0. By [3, Theorem 1.2], there exists 6 > 0 such that
(3.13) @F5(Ty; D) + Bs C F.(Ty; D),  VteSs.
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Also by [3, Corollary 1.1] there exists a natural number N such that

1 1

=0 =0
forallt,s € Sand y € D. Let t € S. Since {u,} is strongly left regular,

there exists No € N such that || p, — I, ||< m, for n > No
and i =1,2,--- , N. Then, we have
;X
T,y— | —— Ty yd
S || Ty /N+1Z ysdpn(s) |
=sup sup | (T, y,2 / Tiisydpin(s), 2) |
veD|zl=1 N+1Z e
R R
= Sug SU£1 \ N+ 14 (1n)s(Tsy, z) — N+l Z(Nﬂ)s(Ttisy72> |
yeD |z i=0 i=0

<% Zsup sup | (pin)s(Tsy, 2) — (i) s(Tsy, 2) |
= yeD ||z =1
(3.15)
< max =l | Mot [0 ) <8, vn > N,

By Lemma 2.2, we have

N N
1 _ 1
(316) /]\7_}_1 i:E - Ezsydﬂn(s) € co {M i:E - ﬂz (Tsy) NS S} .

It follows from (3.13), (3.14), (3.15) and (3.16) that

N
_ 1
Tﬂny S CO{MQI}LSy 8 E S} +B5
1=
C @Fg(Tt, D) + B§ C FE(Tt, D),
for all y € D and n > Ny. Therefore,

lim sup sup || Ti(Tp.,y) = Tp,y [[< e
n—oo yeD
Since € > 0 is arbitrary, we get (3.12).
Let t € S and € > 0. Then, there exists § > 0, which satisfies (3.13).
From (3.8), (3.12), condition (Az) and Step 2, there exists N; € N such
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that || zn, — 2z, |I< g, Tu,y € F5(Ty; D), for all y € D, B, < % and
| 2 — Ty, Wiy || < %, for all n > N;. We note that
B || (1= )7 f(2n) — (1 — an)Az, ||
< Bl = an)y [ f(zn) | +(1 = an) || Azn I

< Bl | FGen) 1+ 1 Az ] < 5 < 5,
for all n > N;y. Therefore, we have
Tn1 = anTp + (1 = an)[Bavf(20) + (I — BnA)zn]
= T, Wnn + Bn[(1 — an)vf(2n) — (1 — an) Az,
+ o (Tn — 2n) + W (xn — Ty, Why)
€ Fs(Ty; D) + B% + Bg + B% C F5(Ty; D) + Bs C F(Ty; D),
for all n > Nj. This show that
| zn, — Thxyn ||< €, Vn > Nj.
Since € > 0 is arbitrary, we get
(3.17) nh_)rrolo | n, — Tyzy, ||= 0.
Observe that
lyn = Toyn | <l yn — 20 | + [ 20 = Ton || + | Tizn — Tyyn |
<2 yn —zn |l + [ 20 — Than | -
It follows from (3.8) and (3.17) that
Jim |y — Tign [|= 0.

Step 4. There exists a unique z* € F such that
lim Supn—>oo<7f(x*) - A.CC*, Yn — l'*> <0.
Proof of Step 4. Pr(I — A+ ~f) is a contraction of H into itself. In
fact, we see that
| Pr(I = A+~f)x = Pr(I = A+~f)y |
<[ -A+vflz =T -A+~vf)y |
<[I-Allle—yl+yalz-yl
<A-@F-r) lz—-yl,
and hence Pr(I — A+~ f) is a contraction due to (1 — (7 —~va)) € (0,1).

Therefore, by the Banach contraction principal, Pr(I — A + v f) has a
unique fixed point z* € F. Then, using Lemma 2.4 , we have



384 Piri and Vaezi
(3.18) (vf(x*) — Ax™,y — x¥) <0, Yy € F.
We can choose a subsequence {yy, } of {y,} such that

n 0ol f(a) — A,y —a) = lim (17(a") ~ Az, yn, —a*).

Since {y,} is bounded, without loss of generality, we may assume that
Yn, — 2. It follows from Step 3 and Lemma 2.3 that z € Fiz(yp).
Moreover, from Lemma 2.7 it follows that (2, Fiz(T;) = Fiz(W).
Assume that z ¢ Fixz(W). Then, z # Wz. Since z € Fiz(p), by our
assumption, we have T;z € Fliz(p), for all i € N and then W,z € Fiz(p),
for all n € N. Hence, T, W,z = Wyz, Vn € N. Now, by Step 2 and
using Opial’s property of a Hilbert space, we have
liminf || y,, — 2 || < liminf || y,, — Wz ||
n—oo n—oo
< hnnlloréfw Yny — T,Unk Wnkynk H
+ | Tunk W Yny — Tunk Wa2 |l
+ | Ty, Wiz = Wz ]
Fllyne =2 [+ | Wz = Wz ]
= liminf ||y, — 2.

This is a contradiction. Therefore, z must belong to
N2, Fiz(T;) = Fix(W). It follows that z € F, and so noticing (3.18),

lim sup(yf (") — Az", yn — 2%) < 0.

n—oo

Step 5. The sequence {z,} converges strongly to x*.
Proof of Step 5. From (3.3) and Lemma 2.6, we have

Iy — 2™ |2

=|| (I = BnA) (20 — &) + Bu(7f (2n) — Az™) |2
< = BaA) (20 —a*) |7 +2Ba(7f(20) — Az*, yn — )
< (1= 827 || @ —2* |°

+ Byalll @n — 2 |2 + || yn — 2™ |I?)

+ 26 (v f (") — Ax”, yn — x7),
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which implies that

v~ |
L
) — A g = )
<t - BT g, o
# 2RO L) - At - )
=2
(3.19) MMM,

where My is an appropriate constant such that My > sup,,>; || 2, —2* |.
On the other hand, using Lemma 2.11, we have

(320)  [l@nr1 —a" P< an flon — 2" |2 +(1 = an) [ yn — 2" |7 .
Substituting (3.19) into (3.20) yields:

| Zp4r —z* |2
1 — By
26n(ﬁ_ 7a)[ 1

<[-(1-an) "

Ty — X

+(1—-ay — z*) — Az*,y, — x*

(1= an) PO (")~ Aa’ g =)
Bu¥

3.21 + —————My|.

(3.21) 2(7 —va) |

Putting ¢, = (1 — an)% and noting
1 * * * /B’VLWQ

= = V(@) = Az™ yp — ") + o ——— M,
7—7a< =) ) 2(7 —ya)
it follows from (3.21) that
(3.22) | g1 — 2" [P< (1= Go) || 20 — 2" |1 +Cutn-

From the condition (Az) and Step 4, we have > >, ¢, = co and
limsup,, ,oo 7 < 0. Applying Lemma 2.9 to (3.22), we obtain z,, — x*,
as n — oo. This completes the proof. O
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Corollary 3.2. (See Qin et al. [16]) Let H be a real Hilbert space and
f be a contraction on H with coefficient o € (0,1). Let A be a strongly
positive linear bounded self-adjoint operator on H with coefficient 5 > 0
and {T;}°, be a sequence of non-expansive mappings of H into itself.
Assume that 0 < v < I and F = (2, Fiz(T;) # 0. Let {x,} be a
sequence generated by the composite iteration process
1 =x € H, arbitrarily chosen,
Zn = YnTn + (1 - 'Yn)anna
Yn = Bn’yf(zn) + (I - BnA)Zna
Tntl = QpTp + (1 - an)yna n>1,
where {W,} is a sequence defined by (1.6), {an}, {fn} and {y,} are
three sequences in [0,1]. If the conditions
(A1) 0 < liminf, o oy, < limsup,, . ap < 1,
(AZ) ZZO:O ﬁn = 00, limy, 00 ﬁn =0,
(A?)) hmn%oo | Yn+1 — TIn |: 0,
(A4) there exists a constant X € [0,1) such that v, < X for alln > 1,

are satisfied, then the sequence {x,} converges strongly to x* € F, which
also uniquely solves the variational inequality:

(vf — A",z —2*) <0, VzeF.

Proof. Take ¢ = {I} (the identity mapping) in Theorem 3.1. Then,
we have T),, = I. So, from Theorem 3.1, the sequence {z,} converges
strongly to «* € F, which also uniquely solves the variational inequality

(vf—A)z* 2 —2") <0, VreF.
O

Corollary 3.3. Let H be a real Hilbert space and f be a contraction
on H with coefficient o € (0,1). Let A be a strongly positive linear
bounded self-adjoint operator on H with coefficient ¥ > 0 and T be a
non-expansive mapping of H into itself. Assume that 0 < v < L and
Fix(T) # 0. Let {x,} be a sequence generated by the composite iteration
process

x1=x € H, arbitrarily chosen,

Zn = nTn + (1 - '7n)T$na

Yn = ﬂan(Zn) + (I - BnA)Zna

Tptl = QpTy + (1 - an)yna n>1,
where {an }, {Bn} and {v,} are three sequences in [0,1]. If the conditions

(A1) 0 < liminf, o ap < limsup,, . ap < 1,
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(AQ) ZSLOZO ﬁn = 00, hmn~>00 Bn = 07
(A3) limy, 00 | Yn+1 — Tn ‘: O,
(Ay) there exists a constant A € [0,1) such that v, < X for alln > 1,

are satisfied, then the sequence {x,} converges strongly to x* € Fixz(T),
which also uniquely solves the variational inequality

(vf— Az, 2 —2*) <0, Va e Fix(T).

Proof. Take p = {I} (the identity mapping) and W,, =T, for all n € N,
in Theorem, 3.1. Then, we have T,,, = I. So from Theorem 3.1, the
sequence {z,} converges strongly to z* € F, which also uniquely solves
the variational inequality

(vf—Az*,z —2*) <0, VxeF.

The following corollary is Theorem 3.1 of Kim and Xu [8] in the
frame work of Hilbert spaces.

Corollary 3.4. Let C be a nonempty closed convex subset of a real
Hilbert space, T: C — C' be a non expansive mapping such that Fix(T) #
0. Let f: C — C be a contraction with coefficient o € (0,1). Let {xy}
be a sequence generated by the composite iteration process

1 =x € C, arbitrarily chosen,
Yn = Bnf(zn) + (1 = Bn)Tan,
Tntl = QnTn + (1 — an)Yn, n>1,
where {ay} and {B,} are sequences in [0, 1], and the conditions
(A1) 0 < liminf, o ap < limsup,,_,. an < 1,
(A2) D02 B = 00, limy, 00 By = 0,
(A3) limyeo [ Y41 = [= 0,
are satisfied, then the sequence {xn} converges strongly to x* = Ppj,)z™.

Proof. Take v, =0, foralln € N, v =1and A = I in Corollary 3.3. [J
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