
Bulletin of the Iranian Mathematical Society Vol. 38 No. 2 (2012), pp 293-303.

COMMON FIXED POINTS OF f-WEAK

CONTRACTIONS IN CONE METRIC SPACES†

W. SINTUNAVARAT AND P. KUMAM∗

Communicated by Antony To-Ming Lau

Abstract. Recently, Choudhury and Metiya proved some fixed
point theorems for weak contractions in cone metric spaces. Weak
contractions are generalizations of Banach’s contraction mapping,
which have been studied by several authors. Here, we introduce the
notion of f -weak contractions and also establish a coincidence and
common fixed point result for f -weak contractions in cone metric
spaces. Our result is supported by an example which includes and
generalizes the results of Choudhury and Metiya’s work.

1. Introduction

The Banach’s fixed point theorem first appeared in explicit form in
Banach’s thesis in 1922 [6], where it was used to establish the existence
of a solution for an integral equation. Banach’s fixed point theorem
plays an important role in several branches of mathematics. For in-
stance, it has been used to show the existence of solutions of nonlinear
Volterra integral equations, nonlinear integro-differential equations in
Banach spaces, and to show the convergence of algorithms in computa-
tional mathematics. Because of its importance and usefulness for math-
ematical theory, its has become a very popular tool in solving existence
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problems in many branches of mathematical analysis and extended in
many directions. Several authors have obtained various extensions and
generalizations of Banach’s theorem by considering contractive map-
pings on many different metric spaces.

The classical contraction mapping principle of Banach states that if
(X, d) is a complete metric space and T : X → X is a contraction
mapping (i.e., d(Tx, Ty) ≤ αd(x, y), for all x, y ∈ X, where 0 ≤ α < 1),
then T has a unique fixed point. This principle has been generalized in
different directions in different spaces by mathematicians over the years.
Also, in contemporary research, it is still seriously investigated. The
works noted in [4, 8, 10, 18, 20, 21, 23] are some examples.

In [3], Alber and Guerre-Delabriere introduced the concept of weak
contraction in Hilbert spaces. Rhoades [19] showed that the result which
Alber et al. had proved in [3] was also valid in complete metric spaces.
We state the result of Rhoades as follows:

A mapping T : X → X is said to be weakly contractive if

(1.1) d(Tx, Ty) ≤ d(x, y)− φ(d(x, y)),

for x, y ∈ X, where φ : [0,∞)→ [0,∞) is a continuous and nondecreas-
ing function with φ(t) = 0 if and only if t = 0.

If we take φ(t) = kt, where 0 < k < 1, then weak contraction reduces
to contraction mapping.

Weak inequalities of the above type have been used to establish fixed
point results in a number of subsequent works, some of which are noted
in [7, 9, 12, 19, 22, 25].

Cone metric spaces are generalizations of metric spaces, where each
pair of points is assigned to a member of a real Banach space with a cone.
This cone naturally induces a partial order in the Banach space. The
concept of cone metric space was introduced in the work of Huang and
Zhang [13] where they also established the Banach’s contraction map-
ping principle in such spaces. Afterwards, several authors have studied
fixed point problems in cone metric spaces. Some of these works are
noted in [1, 2, 5, 14, 15, 24]. Recently, Choudhury and Metiya [11] es-
tablished a fixed point result for weak contractions in cone metric spaces.
Here, we give the notion of f -weak contractions and establish a coinci-
dence and common fixed point result for f -weak contractions in cone
metric spaces. We also illustrate our result by an example.
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2. Preliminaries

In this section, we shall give the notion of cone metric spaces and
some related properties.

Definition 2.1 ([13]). Let E always be a real Banach space and P a
subset of E. P is called a cone if and only if

(i) P is closed, nonempty and P 6= {0};
(ii) a, b ∈ R, a, b ≥ 0, x, y ∈ P =⇒ ax+ by ∈ P ;
(iii) x ∈ P and −x ∈ P =⇒ x = 0.

Given a cone P ⊂ E, define a partial ordering ≤ with respect to P
by x ≤ y if and only if y− x ∈ P . We shall write x < y to indicate that
x ≤ y, but x 6= y, while x � y will stand for y − x ∈ int P , with int P
denoting the interior of P .

The cone P is called normal if there is a number K > 0 such that for
all x, y ∈ E,

0 ≤ x ≤ y =⇒ ‖x‖ ≤ K‖y‖.
The least positive number satisfying the above inequality is called the
normal constant of P .

The cone P is called regular if every increasing sequence bounded
from above is convergent. That is, if {xn} is a sequence such that

x1 ≤ x2 ≤ ... ≤ xn ≤ ... ≤ y,

for some y ∈ E, then there is x ∈ E such that ‖xn − x‖ → 0, as n →
∞. Equivalently, the cone P is regular if and only if every decreasing
sequence bounded from below is convergent. It is well known that a
regular cone is a normal cone.

In the following, we always suppose E is a Banach space, P is a cone
in E with int P 6= ∅ and ≤ is a partial ordering with respect to P .

Definition 2.2 ([13]). Let X be a nonempty set. Suppose that the map-
ping d : X ×X → E satisfies

(i) 0 ≤ d(x, y), for all x, y ∈ X, and d(x, y) = 0 if and only if x = y;
(ii) d(x, y) = d(y, x), for all x, y ∈ X;
(iii) d(x, y) ≤ d(x, z) + d(z, y), for all x, y, z ∈ X.

Then, d is called a cone metric on X, and (X, d) is called a cone metric
space.

Definition 2.3 ([13]). Let (X, d) be a cone metric space. Let {xn} be
a sequence in X and x ∈ X. If for every c ∈ E with 0 � c there exists
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N ∈ N such that for all n > N , d(xn, x) � c, then {xn} is said to be
convergent and {xn} converges to x, and x is the limit of {xn}. We
denote this by limn→∞ xn = x or xn → x, 1 as n→∞.

Lemma 2.4 ([13]). Let (X, d) be a cone metric space, P be a normal
cone with normal constant K. Let {xn} be a sequence in X. Then, {xn}
converges to x if and only if d(xn, x)→ 0, as n→∞.

Lemma 2.5 ([13]). Let (X, d) be a cone metric space, P be a normal
cone with normal constant K. Let {xn} be a sequence in X. If {xn}
converges to x and {xn} converges to y, then x = y. That is, the limit
of {xn} is unique.

Definition 2.6 ([13]). Let (X, d) be a cone metric space and {xn} be
a sequence in X. If for any c ∈ E with 0 � c, there exists N ∈ N
such that for all n,m > N , d(xn, xm)� c, then {xn} is called a Cauchy
sequence in X.

Definition 2.7 ([13]). Let (X, d) be a cone metric space and {xn} be a
sequence in X. If every Cauchy sequence is convergent in X, then X is
called a complete cone metric space.

Lemma 2.8 ([13]). Let (X, d) be a cone metric space and {xn} be a
sequence in X. If {xn} converges to x ∈ X, then {xn} is a Cauchy
sequence.

Lemma 2.9 ([13]). Let (X, d) be a cone metric space, P be a normal
cone with normal constant K. Let {xn} be a sequence in X. Then, {xn}
is a Cauchy sequence if and only if d(xn, xm)→ 0, as n,m→∞.

Lemma 2.10 ([13]). Let (X, d) be a cone metric space, P be a normal
cone with normal constant K. Let {xn} and {yn} be two sequences in X
and xn → x, yn → y, as n→∞. Then, d(xn, yn)→ d(x, y), as n→∞.

Lemma 2.11 ([15]). If P is a normal cone in E, then

(i) if 0 ≤ x ≤ y and a ≥ 0, where a is real number, then 0 ≤ ax ≤
ay;

(ii) if 0 ≤ xn ≤ yn, for n ∈ N, and xn → x, yn → y, then 0 ≤ x ≤ y.

Lemma 2.12 ([17]). If E is a real Banach space with cone P in E, then
for a, b, c ∈ E,

(i) if a ≤ b and b� c, then a� c;
(ii) if a� b and b� c, then a� c.
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Definition 2.13 ([16]). Let (Y,≤) be a partially ordered set. Then, a
function F : Y → Y is said to be monotone increasing if it preserves
ordering, i.e., given x, y ∈ Y , x ≤ y implies that Fx ≤ Fy.

Definition 2.14. Let f and T be self mappings of a nonempty set X.
If w = fx = Tx for some x ∈ X, then x is called a coincidence point of
f and T , and w is called a point of coincidence of f and T. If w = x,
then x is called a common fixed point of f and T .

3. Main results

We first introduce the notion of f -weak contraction mappings.

Definition 3.1. Let (X, d) is a metric space and f : X → X. A
mapping T : X → X is an said to be f -weak contraction if

(3.1) d(Tx, Ty) ≤ d(fx, fy)− φ(d(fx, fy)),

for x, y ∈ X, where φ : [0,∞) → [0,∞) is a continuous and nonde-
creasing function with φ(t) = 0 if and only if t = 0.

Remark 3.2. If f is an identity mapping, then (3.1) reduce to (1.1).

Theorem 3.3. Let (X,d) be a cone metric space with regular cone P
such that d(x, y) ∈ int P , for x, y ∈ X with x 6= y. Let f : X → X and
T : X → X be a mapping satisfying the inequality

(3.2) d(Tx, Ty) ≤ d(fx, fy)− φ(d(fx, fy)),

for x, y ∈ X, where φ : int P ∪ {0} → int P ∪ {0} is a continuous and
monotone increasing function with

(i) φ(t) = 0 if and only if t = 0;
(ii) φ(t)� t, for t ∈ int P ;

(iii) either φ(t) ≤ d(fx, fy) or d(fx, fy) ≤ φ(t), for t ∈ int P ∪ {0}
and x, y ∈ X.

If TX ⊆ fX and fX is a complete subspace of X, then f and T have
a unique point of coincidence in X. Moreover, f and T have a unique
common fixed point in X if ffz = fz for the coincidence point z.

Proof. Let x0 ∈ X. Since TX ⊆ fX, we construct the sequence {fxn},
where fxn = Txn−1, n ≥ 1.

If fxn+1 = fxn, for some n, then trivially f and T have a coincidence
point in X.
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If fxn+1 6= fxn, for n ∈ N, by the given condition, we have

d(fxn, fxn+1) = d(Txn−1, Txn)

≤ d(fxn−1, fxn)− φ(d(fxn−1, fxn)).

By the property of φ, that is, 0 ≤ φ(t), for all t ∈ int P ∪ {0}, we have

d(fxn, fxn+ 1) ≤ d(fxn−1, fxn).

It follows that the sequence {d(fxn, fxn+1)} is monotonically decreas-
ing. Since cone P is regular and 0 ≤ d(fxn, fxn+1), for all n ∈ N, there
exists r ≥ 0 such that

d(fxn, fxn+1)→ r as n→∞.

Since φ is continuous and

d(fxn, fxn+1) ≤ d(fxn−1, fxn)− φ(d(fxn−1, fxn)),

by making n→∞, we get

r ≤ r − φ(r),

which is a contradiction, unless r = 0. Therefore, d(fxn, fxn+1) → 0,
as n→∞.

Let c ∈ E with 0 � c be arbitrary. Since d(fxn, fxn+1) → 0, as
n→∞, there exists m ∈ N such that

d(fxm, fxm+1)� φ(φ(c/2)).

LetB(fxm, c) = {fx ∈ X : d(fxm, fx)� c}. Clearly, fxm ∈ B(fxm, c).
Therefore, B(fxm, c) is nonempty. Now, we will show that Tx ∈ B(fxm, c),
for fx ∈ B(fxm, c).

Let x ∈ B(fxm, c). By property (iii) of φ, we have the following two
possible cases.
Case (i): d(fx, fxm) ≤ φ(c/2), and
Case (ii): φ(c/2) < d(fx, fxm)� c.
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We have:
Case (i):

d(Tx, fxm) ≤ d(Tx, Txm) + d(Txm, fxm)

≤ d(fx, fxm)− φ(d(fx, fxm)) + d(Txm, fxm)

≤ d(fx, fxm)− φ(d(fx, fxm)) + d(fxm+1, fxm)

≤ d(fx, fxm) + d(fxm+1, fxm)

≤ φ(c/2) + d(fxm+1, fxm)

≤ φ(c/2) + φ(φ(c/2))

� φ(c/2) + φ(c/2)

� c/2 + c/2

= c.

Case (ii):

d(Tx, fxm) ≤ d(Tx, Txm) + d(Txm, fxm)

≤ d(fx, fxm)− φ(d(fx, fxm)) + d(Txm, fxm)

≤ d(fx, fxm)− φ(d(fx, fxm)) + d(fxm+1, fxm)

≤ d(fx, fxm)− φ(φ(c/2)) + φ(φ(c/2))

≤ d(fx, fxm)

� c.

Therefore, T is a self mapping of B(fxm, c). Since fxm ∈ B(fxm, c) and
fxn = Txn−1, n ≥ 1, it follows that fxn ∈ B(fxm, c), for all n ≥ m.
Again, c is arbitrary. This establishes that {fxn} is a Cauchy sequence
in fX. It follows from completeness of fX that fxn → fx, for some
x ∈ X. Now, we observe that

d(fxn, Tx) = d(Txn−1, Tx)

≤ d(fxn−1, fx)− φ(d(fxn−1, fx)).

By making n→∞, we have d(fx, Tx) ≤ 0. Therefore, d(fx, Tx) = 0,
that is, fx = Tx. Hence, x is a coincidence point of f and T .

For uniqueness of the coincidence point of f and T , let, if possible,
y ∈ X (y 6= x) be another coincidence point of f and T .

We note that

d(fx, fy) = d(Tx, Ty)

≤ d(fx, fy)− φ(d(fx, fy)).



300 Sintunavarat and Kumam

Hence, φ(d(fx, fy)) ≤ 0, which is a contradiction, by the property of φ.
Therefore, f and T have a unique point of coincidence in X.

Let z be a coincidence point of f and T . It follows from ffz = fz
and z being a coincidence point of f and T that ffz = fz = Tz.

From inequality (3.2), we get

d(Tfz, Tz) ≤ d(ffz, fz)− φ(d(ffz, fz))

= 0− φ(0)

= 0.

Therefore, Tfz = Tz, that is, fz = ffz = Tfz. Hence, fz is a common
fixed point of f and T . The uniqueness of the common fixed point is
easy to establish from (3.2). This completes the proof. �

If we take f : X → X in Theorem 3.3 as an identity mapping, then
Theorem 3.3 reduces to Theorem 2.1 in [11].

Corollary 3.4. (Theorem 2.1 in [11]) Let (X,d) be a complete cone
metric space with regular cone P such that d(x, y) ∈ int P , for x, y ∈ X
with x 6= y. Let T : X → X be a mapping satisfying the inequality

(3.3) d(Tx, Ty) ≤ d(x, y)− φ(d(x, y)),

for x, y ∈ X, where φ : int P ∪ {0} → int P ∪ {0} is a continuous and
monotonically increasing function with

(i) φ(t) = 0 if and only if t = 0;
(ii) φ(t)� t, for t ∈ int P ;
(iii) either φ(t) ≤ d(x, y) or d(x, y) ≤ φ(t), for t ∈ int P ∪ {0} and

x, y ∈ X.

Then, T has a unique fixed point in X.

Remark 3.5. Theorem 3.3 is a generalization of the common fixed point
theorems of f -weakly contraction in metric space to cone metric space.
Moreover, Theorem 3.3 is a generalization of Theorem 2.1 of Choudhury
and Metiya [11].

Next, we show that Theorem 3.3 generalizes Theorem 2.1 of Choud-
hury and Metiya [11] by the following example.

Example 3.6. Let X = [0, 1], E = R × R, with usual norm, be a real
Banach space, P = {(x, y) ∈ E : x, y ≥ 0} be a regular cone and the
partial ordering ≤ with respect to the cone P be the usual partial ordering
in E. Define d : X ×X → E as:

d(x, y) = (|x− y|, |x− y|), for x, y ∈ X.
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Then, (X, d) is a complete cone metric space with d(x, y) ∈ int P , for
x, y ∈ X with x 6= y.

Let us define φ : int P ∪ {0} → int P ∪ {0} as:

φ(t) =

{
(t21, t

2
1), for t = (t1, t2) ∈ int P ∪ {0} with t1 ≤ t2;

(t22, t
2
2), for t = (t1, t2) ∈ int P ∪ {0} with t1 > t2.

Clearly, φ has all the required properties. Let us define f : X → X
and T : X → X as

fx =
x

2
and Tx =

x

2
− x2

4
, for x ∈ X.

Without loss of generality, take x, y ∈ X with x > y.
Now, we observe that

d(Tx, Ty) = d
(x

2
− x2

4
,
y

2
− y2

4

)
=

((x
2
− x2

4

)
−
(y

2
− y2

4

)
,
(x

2
− x2

4

)
−
(y

2
− y2

4

))
=

(x− y
2
− x2 − y2

4
,
x− y

2
− x2 − y2

4

)
=

(x− y
2
− (x− y)(x+ y)

4
,
x− y

2
− (x− y)(x+ y)

4

)
≤

(x− y
2
− (x− y)(x− y)

4
,
x− y

2
− (x− y)(x− y)

4

)
=

(x− y
2

,
x− y

2

)
−
((x− y)(x− y)

4
,
(x− y)(x− y)

4

)
= d(fx, fy)− φ(d(fx, fy)).

Here, 0 ∈ X is the unique common fixed point of f and T .
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