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HYBRID STEEPEST-DESCENT METHOD WITH
SEQUENTIAL AND FUNCTIONAL ERRORS IN
BANACH SPACE
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ABSTRACT. Let X be a reflexive Banach space, T : X — X a
nonexpansive mapping with C = Fiz(T) # @ and F : X — X §-
strongly accretive and A- strictly pseudocontractive with § + A > 1.
In this paper, we present modified hybrid steepest-descent methods
involving sequential and functional errors with functions admitting
a center which generate convergent sequences to the unique solu-
tion of the variational inequality VI*(F,C). We also present sim-
ilar results for a strongly monotone and Lipschitzian operator in
the context of a Hilbert space and apply the results for solving a
minimization problem.

1. Introduction

Let C be a nonempty closed convex subset of a Hilbert space H and
F : C — H be a nonlinear map. The classical variational inequality
which is denoted by VI(F,C) is used to find z* € C so that

(Fz*,v—12*) >0,
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for all v € C'. We recall that F' is called r-strongly monotone, if for each
x,y € C we have

(Fo — Fy,x —y) > rllz — y|?

for a constant r > 0. Existence and uniqueness of solutions are im-
portant problems of the VI(F,C). It is known that, if F' is a strongly
monotone and Lipschitzian mapping on C, then VI(F,C) has a unique
solution. An important problem is how to find a solution of VI(F,C).
It is known that

(1.1) ¥ € VI(F,C) < z* = Po(z* — A\Fx"),

where A > 0 is an arbitrarily fixed constant and Pc is the projection
of H onto C. This alternative equivalence has been used to study the
existence theory of the solution and to develop several iterative type
algorithms for solving variational inequalities. But, the fixed point for-
mulation in (1.1) involves the projection Pr, which may not be easy
to compute, due to the complexity of the convex set C. So, projec-
tion methods and their variant forms can be implemented for solving
variational inequalities.

In order to reduce the probable complexity as the results of the projec-
tion Pc, Yamada [19] (see also [7]) introduced a hybrid steepest-descent
method for solving VI(F,C). His idea is as follow. Assume that C is
the fixed point set of a nonexpansive mapping T : H — H. Recall that
T is nonexpansive if

[Tz — Tyl <lx—yl, Ve,y e H.

Assume that F' is r-strongly monotone and p-Lipschitzian on C. Take a
fixed number 1 € (0,2r/u?) and a sequence {\,} in (0,1) satisfying the
following conditions:

(C1) limy, A, = 0;
(C2) 3021 An = 00;
(C3) limp,(Ap, — Apg1) /A2, = 0.

Starting with an arbitrary initial guess ug € H, generate a sequence
{un} by the following algorithm:

(1.2) Uny1 = Tup — Ay 1nF (Tuy), n>0.
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Yamada [19] proved that the sequence {u,} converges strongly to a
unique solution of VI(F,C'). Xu and Kim [18] studied the hybrid steepest-
descent algorithm (1.2). Their major contribution is that the strong
convergence of (1.2) holds with condition (C3) being replaced by the
following condition:

(03)/ hmn(An - )\n+1)/>\n+1 = 0.

It is clear that condition (C3)’ is strictly weaker than condition (C3),
coupled with conditions (C1) and (C2). Moreover, (C3)" includes the
important and natural choice {1/n} for {\,}, whereas (C3) does not.

Let X be a real Banach space and let J : X — 2% denote the
normalized duality mapping defined by

J(@) ={f € X7z, ) = 2l £l =]l = [[£1]},

for all x € X. Now, let ' : X — X be a mapping and T" : X —
X be a nonexpansive mapping with C' = Fiz(T) # (. For the rest
of the paper, we denote by J the single-valued duality mapping. The
variational inequality problem in Banach space is to find a point x*x € X
such that

(F(z*), J(z — %)) > 0,V € C.

The problem VI*(F,C) for an inverse strongly accretive operator F
over a nonempty closed convex subset C' of a smooth Banach space X
has already been presented in Aoyama et al., [3,4]. For the study of
the variational inequality problem for monotone operators in a Banach
space, see, e.g., [1-4,6,10,11]. If F is strongly accretive and strictly
pseudocontractive, then F is inverse strongly accretive. Recently, L.
C. Ceng et al. [6] have proved, in case that F' is strongly accretive and
strictly pseudocotractive on a reflexive Banach space that admits a weak
sequentially continuous duality mapping, VI*(F,C) has a unique solu-
tion and extended steepest-descent method for solving VI*(F,C). They
have shown that if {\,} and {u,} are two sequences in (0, 1) satisfying
the following conditions:

(02) Z;)LO:(] Anﬂn = 00,
(C3) Z;.LOZO [Ant1 — An| < 00;
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(C4) Zzo:() |1 — pn] < 00 or limy, oo i/ tint1 = 1;
then, the sequence {z,} defined by z¢ € X and

Yn = AnTn + (1 - /\n>T(xn)
Tn+1 = Yn — )\nﬂnF(xn)a n=>0

converges strongly to the unique solution of VI*(F,C).

In this paper, we introduce modified hybrid steepest-descent methods
involving sequential and functional errors. Among many other results,
we mention the following: Let X be a reflexive Banach space that ad-
mits a weak sequentially continuous duality mapping J from X to X*,
T : X — X be a nonexpansive mapping with C' = Fiz(T) # 0 and
F . X — X be a §-strongly accretive and A- strictly pseudocotrac-
tive mapping with § + A\ > 1. Suppose that {a,}, {8} C [0,1] and
{A\n} C (0, 1] satisfy the following conditions:

1)

2)

3) (1 —oan)/An —0;

4) 0 < liminf, o By, and limsup,,_, . Bn < 1;

and either {y,} is an arbitrary bounded sequence in X or y,, € co{T"z,, :
i=0,1,2,...}, for all n. Let g € X and {z,} be generated by

Zn = apTa, + (1 — an)yn,
Tnt1 = (1 = Bn)xn + Bu{zn — MFzn}.

We show that {x,, } converges in norm to the unique solution of VI*(F, C).
The results presented in this paper are new even for Hilbert spaces. Our
results extend some results of e.g., [6,7,14,18,19].

2. Preliminaries

Let X be a real Banach space and J the duality mapping from X
to X*. If X admits sequentially continuous duality mapping from weak
topology to weak-star topology, then by [ [9], Lemma 1] we know that the
duality mapping J is single-valued, hence hence X is also smooth (see
[1,16]). In this case, duality mapping J is also called weak sequentially
continuous, that is, for each {z,} C X with z, — = we have J(z,) —*

J(x).



Hybrid steepest-descent method 603

A Banach space X is said to satisfy Opial’s condition if whenever
{zy} is a sequence in X which converges weakly to x, then

liminf ||z, — z| < liminf ||z, —y|| forall y € X, y # x.
n—oo n—oo

By [ [9], Theorem 1], we know that if X admits a weak sequentially
continuous duality mapping, then X satisfies Opial’s condition. The
following lemma will be needed in the sequel.

Lemma 2.1. ([1,12,16]) Let C be a nonempty closed convex subset of
a reflexive Banach space X that satisfies Opial’s condition and suppose
that T : C — C is nonexpansive then the mapping I — T is demiclosed
at zero, that is, if x, — x and |z, — Txy,|| — 0 then Tz = x.

Recall that a mapping F' with domain D(F) and range R(F') in X is
called d-strongly accretive if for each =,y € D(F), there exists j(z—y) €
J(x — y) such that

(Fx — Fy,j(x —y)) > 6|z —y|*> for some &€ (0,1).
F' is called A-strictly pseudocontractive [5] if for each x,y € D(F'), there
exists j(z —y) € J(z — y) such that
(Fz— Fy,j(z —y) < llz = y|> = Az —y — (Fz — Fy)|]%,

for some A € (0,1).
The following Lemmas will be used throughout the paper:

Lemma 2.2. ( [6]) Let X be a smooth Banach space and F : X — X be
a mapping. If F' is §-strongly accretive and A-strictly pseudocontractive
with +X > 1, then for any fixred number o € (0,1), I —aF is contractive
with constant 1 — a(l — /(1 —08)/A).

Lemma 2.3. ( [6]) Let X be a reflexive Banach space that admits a
weak sequentially continuous duality mapping J from X to X*. Suppose
that T : X — X is a nonexpansive mapping and C = F(T) # (). Assume
that F' : X — X is d-strongly accretive and A-strictly pseudocontractive

with 6+ X > 1. Then the variationally inequality VI*(F,C) has a unique
solution.

Lemma 2.4. ( [16]) Let X be a real smooth Banach space. Then
lz+yl* <2l +2 <y, J@+y) > 5 VoyeX

Lemma 2.5. ( [15]) Let {x,,} and {z,} be bounded sequences in a Ba-
nach space X and let {B,} be a sequence in [0,1] with 0 < liminf,_,~ 5p
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and limsup,, . Bn < 1. Suppose xn+1 = Bpxn + (1 — Bn)zn for all in-
tegers n > 0 and

limsup([[zn+1 — 2all = [[Tat1 — 20|) < 0.
n—oo

Then limy, 0 ||zn, — 2] = 0.

Lemma 2.6. ([13,17]) Let {sn},{cn} C R4, {an} C (0,1) and {b,} C
R be sequences such that sp+1 < (1 — an)S$p + by + ¢ for all n > 0.
Assume Y7 ¢n < 00 then the following results hold:

1) If by, < Bay, (for some B> 0), then {s,} is a bounded sequence.

2) If we have Y " an = 00 and limsup,,_,. bn/a, <0, then s, — 0.

3. Iterative methods with sequential errors

Theorem 3.1. Let X be a reflexive Banach space that admits a weak
sequentially continuous duality mapping J from X to X*, T : X — X
be a nonexpansive mapping with C = Fix(T) # 0 and F : X — X
be a §-strongly accretive and - strictly pseudocotractive mapping with
0+ A > 1. Suppose that {an}, {Bn} C [0,1] and {\,} C (0,1] satisfying
the following conditions:

and {yn} is an arbitrary bounded sequence in X. Let xy € X and {x,}
be generated by

Tn+1 = (1 - Bn)xn + 5n{zn - )\ann}-
Then {x,} converges strongly to the unique solution x* of the variational
inequality VI*(F,C).

Proof. Note that, taking F,, := (I — A\, F), we can write
Tnt1 = (1 = Bn)xn + BnFnzn
and by Lemma 2.2, we have for all z,y € C,
[Fnz = Fpyll < (1= A7)z —yl],
where 7:=1— /(1 —0)/A.

{ zn = apT'xy + (1 - an)yna
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Now we shall divide the proof into several steps.

Step 1. {z,} is bounded:
From (1 — ay)/An — 0 we can choose N such that (1 — ayp) < Ay,
(Vn > N). Let * € C. Since {y,} is bounded, we can choose some big

enough constant K > 0 such that
sup{lyn — 2*|| + [ F2™|} < K.
n

So, for n > N, we have
|Znr1 — 2% < (1= Ba)llzn — || + BullFrnzn — 27|

(1= B)llzn — 2% + Budl| Frzn — Fuz™|| + | Foz™ — 27|}

(1= Bu)llwn — 2"l + Bu{(1 = An7) |20 — 2™ + Xn[[ Fz }

<
<
= T |Tn — 27|

< (1= B)llen — 2| + Bo{(1
+(1 = an)llyn — || + Anl| Fz™[[}

= (1= BnAnT)llzn — 2% + B (1 — an)llyn — 27| + BuAnl| Fz™||
< (1= BndnT)l|en — 2| + Budnllyn — || + Bun | Fz”||
< (1= B \n7)||Xn — 2% + Bu A K.
From this inequality and the first part of Lemma 2.6, it follows that

{zy} is bounded.
Step 2. Let {wy,} be a bounded sequence in C. Then |F,yiw, —

Fowyl| — 0.

sup, {|Fwn|} < co. Now, from ), — 0, we obtain

In fact, since {w,} is bounded and F' is a Lipschitzian mapping,
| Frt1wn — Frwnl| = [[At1Fwy, — Ay Fwy,|| — 0, as n — oo.

Step 3. ||zp+1 — xn|| = 0.
To prove it, define a sequence {u,} by u, = (zp41 — (1 — Bn)zn)/bn
so that 41 = (1 — Bp)xn + Bpin.
Now we compute
[unt1 —unll = [(@nt2 — (1= Brt1)@nt1)/ Bn1 — (@ng1 — (L= Bn)zn) / Ball

= [[Fnt12n+1 — Faznll < [[Fat12n41 — Fagrzn|l + [[Fat12n — Foznl|
< ||Zn+1 - Zn” + ||Fn+lzn - FnZnH

< apy1||Trper — Tog| + |ang1 — an|| Ty ||
HI(1 = ans1)ynt1 + (L= an)ynll + [[Frs12n — Fuzall
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< lzns1 — 2all + [ans1 — anl[| Tz, ||
(1 = ans1)ynt1 + (1 — an)ynll + [[Fas12n — Fozal|-
Since (1 —ay,) — 0 and the sequences {zy}, {yn} and {z,} are bounded,
applying Step 2, we obtain

lim sup(funt1 — unl| — [|Tns1 — znl])
n

< limsup{|an 1 — anl|Tzn || + |(1 — ang1)yns1 + (1 — an)ynl|
n

| Frt12n — Fuznl|} <0.
Apply Lemma 2.5 to get limy, ||z, 1 — @p|| = limy, By ||z, — 25| = 0.

Step 4. | TFyzy, — Fpzyn| — 0.
Indeed, by Step 3 and the conditions (C1) and (C3) we have
20 — Tap|| = (1 — an) | Tzn — yull = 0

and

Bollzn — zull < [@nt1 — 2all + Anl|Fzn|l — 0.
So, considering (C4), we obtain

|Tzn — 2ull < |T2n — Tap|| + (|20 — Txs|
< |lzn — xn|| + |2n — Txn|| — 0.
Consequently,
T Fnzn — Enznl|| < | TFuzn — Tzl + [|T2n — Frznl|
< [[Fnzn — znll 4+ 1T20 — 20l + |20 — Fozal
= {2 || Fznl| + | T2 — 20|} — 0.

Step 5. limsup,, ,oo (—Fz*, J(Frzn, —x*)) < 0, where, z* is the unique
solution of the variational inequality VI*(F,C).

To prove it, we pick a subsequence {Fy,,(zy,)} of {Fzn} so that

limsup(—Fz*, J(Fpzp, — 2*)) = lim (—Fx*, J(Fy, (zn,) — x¥))
n—oo 1— 00
Because X is reflexive and {F,z,} is bounded, we may assume that
F,,(zn;) = y* for some y* € X. But by lemma 2.1 and Step 4, we have
y* € Fix(T) = C. Now, since z* solves VI*(F, (), we obtain
limsup(—Fz*, J(Fpzp, — x%)) = (—Fz*, J(y* — 2¥)) < 0.

n—oo

Step 6. z, — z*.
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Observe that
|41 = 2[1* < (1= Ba)llan — 2*|* + Bl Fazn — 27|
= (1= Bo)llzn — 2 + Bull Faza — Fpa™ — A Fa™||?
< (1= Ba)llen — a1 + Buf{ (1 = Aa7) |20 — 27|
+2(—= A\ Faz*, J(Fpzn — %))}
< (1= Ba)llwn ="+ Bu(1 = Au){an|| Ten — 2| + (1 = an) yn — 2*[|*}
+28 A\ (—Fa*, J(Fpzp — 2¥))
< (1= Bu)llzn = 2*|* + Bu(1 = AT {llzn — 27[* + (1 = ) lyn — "7}
+28, A (—Fa*, J(Fpzp — 2¥))
< (1= Badn) ||z — 2*[* + Ba(l — an)lyn — 2|
+28 A (—Fa*, J(Fpzn — %))
Now, from conditions (C2) and (C3), Step 5 and the second part of
Lemma 2.6, we get ||z, —z*|| = 0. O
Theorem 3.2. Let X, T, C and F be as in Theorem 3.1, and suppose

that {on}, {Brn} C [0,1] and {\,} C (0,1] satisfy the following condi-
tions:

(C1) Ay — 0;

(CQ) Zfzo:o BnAn = 005

(C3) A/ Any1 — 1;

(C4) (1 —an)/Ap —0;

(C5) fozo ’/Bn - Bn—l\ < 005

and {yn} is an arbitrary bounded sequence in X. Let xy € X and {x,}
be generated by

zn = o'z, + (1 - an)ym

Tn+l1l = (1 - /Bn)Tajn + 671{271 - )\ann}-
Then {x,} converges strongly to the unique solution x* of the variational
inequality VI*(F,C).
Proof. Following the proof of Theorem 3.1, we may write

Tn4+1 = (1 - Bn)Tl'n + BnFnZna
and, using a similar argument, prove the theorem according to the fol-
lowing steps:
Step 1. {z,} ia bounded;
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Step 2. ||lznt1 — znl — 0;
Step 3. ||TFnzn — Fnzyn| — 0;
Step 4. limsup,,_ o (—Fz*, J(Fyz, —x*)) < 0, where, z* is the unique
solution of the variational inequality VI*(F,C);
Step 5. =, — z*.

To prove Step 1, it suffices to repeat the proof of Step 1 in Theorem
3.1. To prove Step 2, we estimate

[Zn+1 — znll
< (=B Tzn — Tp-1|l + |Bn — Bo-1ll|[Tzn-1]l
+BnllFnzn — Fozn—1ll + |Bn — Bn-1ll| Fnzn-1]|
+Bn-1llFnzn—1 — Fn-12n-1]|
< (1= Bu)llwn — xp-1ll + [Bn — Bu-1l| TTn-1]]
+6n(1 = A7) |20 — 21|

(3.1) +1Bn = Bn-1lllFnzn-1ll + Bn-1|An — An—1[ | F2n—1]-

Moreover, we have

Bn(1 = AnT)|[2n — 21|

< Bn(1 = M) {an||Ton — Tp-1|| + |on — an—1|[|[Tzn-1|

+(1 = an)llyn — yn-1ll + [on — an—a|llyn—1|l}

< Bn(1 = AnT)[|#n — 1|l + Bulow — an—a|||Tzn—||
(3.2) +Bn(1 — an)llyn — yn—1 + Bnlon — an—1|llyn-1ll;

and
anlp\n - )\n71|HFZn71H
Ap—
< Budnll = S|Pz |
(3-3) +|Bn = Bo—1llAn — An—1|[|[ Fzn-1]-

Note that being a convex combination of two bounded sequences, {zy}
is bounded. Set

L = sup{[|Fzul, | Fnzn—1 [l [ T2nll, lynll},
n
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by (3.1), (3.2) and (3.3), we obtain

”‘rn—i—l - wnH
< (1 - Bn)”xn - xnfln + |,8n - ﬁnle‘Tl‘nfl”
H{Bn(1 = ApT)l|2n — Tn1|| + Bulon — an—1|[| Tn—1||
+6n(1 - O‘n)Hyn - yn—l” + /Bn‘an - an—1|||yn—1H}

Ap—
+18n = Bl Fnzn-1ll + {Badnll = S=|[[Fzo |

n

+|/8n - anlH)\n - )\n71|HFZn71H}
< (1 - /BnAnT)Hxn - xn—l” + {‘B’n - Bn—l‘ + /Bn‘an — Op—1
"‘Bn(l - an) + Bn|an - an—1| + Wn - Bn—1|

An_
+6n>\n|1_ ;\ 1|+|Bn_/8n71||>\n_)\n71’}L

< (1 - /8n>\n7—)”xn - xnfln + {2Bn|an - an71|

(3.4) +&O—aw+BMML—X:HL+$m—BnﬂL
Moreover, by (C5),
(3.5) 53&@—ﬁ%ﬂL<m
n=0
and, by (C3) and (C4),
(2Bukan — duca| + Bl = an) + Bual1 = 2 B,
_ gl ;:‘”‘1’ ! ;na” +]1 - ’\f\:\
< 2{1 j\nan 1 _)\O;n_l}+ 1 ;nan . )\;7_11’
(3.6) _ 3! j\no‘” 4ol ;noi‘l x A;;l +1- A;;l\ — 0.

So, combining (3.4), (3.5), (3.6) and Lemma 2.6, we conclude that
|Zn+1 — zn| — 0.

Now we prove Step 3: First, note that
ITFnzn — Frznll < || TFpzn — Tzn|| + | T2 — Fnznl|
< 2||Fnzn — znll + 1T 20 — 2all,
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and
T2 = 2znll < T2 — T2513n” + Hszn = Tap|| + [Tzn — 20|
<2||zn — Txp|| + || Txn — xp]|-
So,
T Fnzn — Frznl
(3.7) < 2||Fhzn — znll + 2|20 — Ty || + || T2n — 24|
On the other hand,
(3.8) | Enzn — zn|| = Anl|Fznl] — 0,
and, combining (C1) and (C4),
(3.9) |zn — Txnll = (1 — ap)||Tzn — ynl| — 0.

Moreover, by (3.8) and (C1), we obtain

[2nt1 = Ton || < {llzn — Tanll + Al Fznl[} — 0.
From this inequality and Step 2, we get
(3.10) Ty — zpn|| < |Znt1 — znl| + |@nt1r — Tzp]| — 0.

Now, considering (3.7)-(3.10), the desired result follows.
To prove Steps 4 and 5, it is enough to repeat the proofs of Steps 5
and 6 of Theorem 3.1. O

4. Iterative methods with functional errors admitting a center

The aim of this section is to obtain the results of Section 3 by replacing
the sequential error {y,} with functional errors for functions admitting
a center [8].

Theorem 4.1. Let X be a reflexive Banach space that admits a weak
sequentially continuous duality mapping J from X to X*, T : X — X be
a nonezxpansive mapping with C = Fiz(T) # 0 and {S, : n=10,1,2,...}
be a family of mappings from X to X such that for some zyg € C
and | € (0,00) we have ||Spz — 20| < Uz — 20| for all z € X and
n=20,1,2,.... Suppose that F' : X — X is a d-strongly accretive and
A-strictly pseudocontractive mapping with 6 + A > 1 and the sequences
{an},{Bn} C[0,1] and {\,} C (0,1] satisfy the following conditions:

(C1) A\, — 0;
(C2) Y07 g Ap = 005
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(C3) (1 —ap) /A —0;
(C4) 0 < liminf,_,~ By, and limsup,,_, . Bn < 1.

Let xg € X and {x,} be generated by

{ zn = apTxy + (1 — an)Sp(zn),

Tnt1 = (1 = Bp)xn + Bni{zn — M Fzn}.

Then {x,} converges strongly to the unique solution x* of the variational
inequality VI*(F,C).

Proof. By an argument similar to the one used in Step 1 of Theorem
3.1, we obtain that

[#n+1 — 20|
(4.1) < (1= BpAnT) |20 — 20 + Bn(1 — an)|[Snzn — 20l + BuAnll F20ll,
for n = 0,1,2,... and zg € C. From the our assumptions, we may
consider a fixed zg in C such that
(4.2) [Snz — 20l < |z — o],

forall z € X and n =0,1,2,.... Now, by (C3), we can choose N such
that

(4.3) (1 —apn) < Aa(7/21),
for all n > N. So, combining (4.1), (4.2) and (4.3), we obtain
[Zn+1 — 20|
< (1 = BpAnT)l[mn — 20 + BrAn(7/20)[[Snn — 20l + BnAnl| F20
< (1= Badnm) |20 — 20ll + BnAn(7/20)1|zn — 20l + BuAnll F20ll
(44) = (1 = BnAn7/2) |20 — 20l 4 BnAnl| F20],

for every n > N. So, combining (C2), (C4), (4.4) and Lemma 2.6, it
follows that {z,} is bounded. Consequently, (4.2) implies that {S,z}
is bounded. Now, by taking {y,} = {Snzn} in Theorem 3.1, we get the
desired result. 4

Applying Theorem 3.2 and using an argument similar to the one used
in Theorem 4.1, we get the following result:

Theorem 4.2. Let X, T, C, F and {S,} be as in Theorem 4.1, and
suppose that {an},{fn} C [0,1] and {\,} C (0,1] satisfy the following
conditions:
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(C1) A\, — 0;

(C2) Y0l Bun = 005

(CB) An/)\nJrl — 17'

(C4) (1 —ap)/An — 0;

(C5) >onlo 1Bn — Bn-1] < 0.

Let o € X and {z,} be generated by

zn = apTx, + (1 — an)Sp(xn),

Tn+1 = (1 - Bn)Tmn + /Bn{zn - )\nFZn}
Then {x,} converges strongly to the unique solution x* of the variational
inequality VI*(F,C).
Remark 4.3. If S, is defined for any x € X, as any arbitrary element
of co{T"z :i=0,1,2,...}, then the assertion

I8z = 20l < 1z 2]

holds for all x € X and zy € C = Fix(T). So, in Theorems 4.1 and

4.2, we may replace Syx, with some arbitrary element of co{T x,, : i =
0,1,2,...}.

5. Some results in Hilbert spaces

In this section, we deduce some results for a strongly monotone and
Lipschitzian mapping in the context of a Hilbert space H. Let F': H —
H be r-strongly monotone and u-Lipschitzian. Let A be a number in
[0,1] and let 0 < 7 < 27/u?. Then

(5.1) (I = nF)z = (I = nF)y|| < (1= A7)|lz —yll, z,y€H,
where 7 = 1 — /1 —n(2r —nu?) € (0,1). (See [18]). In addition, if
A < n then by (5.1) we have
(I = AF)z — (I = AF)y||
= (I = (A\/mnF)z — (I = (A/mnF)y||
<@ =A/m7)llz -yl
= (1= ")z —yll, Vz,y e H,

where 7/ = 7 /1. Furthermore we may choose the above 7 so that 2r/u?—
n < 1/p?. Then, we have

T =1/n={1—-1-n2r—nu2)}/n
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= (2r — ) /{1 + V1 —n(2r —np?)} < 1.
According to the discussion above, we get the following:

Lemma 5.1. Let F' : H — H be r-strongly monotone and p-Lipschitzian.
Then, there exist constants b € (0,1] and 7" € (0,1) such that

I(I = AF)z = (I = AF)y[ < (1 = A7) [z — yll,
for all X € [0,b] and z,y € H.

Theorem 5.2. Let T : H — H be a nonexpansive mapping with C' =
Fix(T) # 0 and F : H — H be r-strongly monotone and p-Lipschitzian.
Suppose that {an}, {Bn} C [0,1] and {\,} C (0,1] satisfy the following
conditions:

and either {y,} is an arbitrary bounded sequence in H ory, € co{T 'z, :
i=0,1,2,...}, for alln. Let xo € H and {x,} be generated by

zn = o'z, + (1 - an)yna

i1 = (L= Bp)xn + Bu{zn — MFzn}
Then {x,} converges strongly to the unique solution of the variational
inequality VI(F,C).

Proof. From Lemma 5.1, there are constants b € (0,1] and 7" € (0,1)
such that

I(I = AF)z = (I = AF)y[ < (1 = A7) [z — yll,

for all A € [0,b] and z,y € H. Since \,, — 0, without lose of generality,
we may assume that A\, < b for all n. Now, taking F,, := (I — A\, F), we
have

[Fnz = Fayll < (1= An) |z =y,

for all x,y € C. For the rest of the proof, it suffices to repeat the proof
of Theorem 3.1 and consider Remark 4.3 and Theorem 4.1. O

If we take «, = 1 for all n, then we obtain in some sense the result
of Theorem 3.1 in [18], without the assumption \,/A,11 — 1.
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Corollary 5.3. Let T, C and F be as in Theorem 5.2, and suppose that
{Bn} C[0,1] and {\,} C (0,1] satisfy the following conditions:

(C1) A\, — 0;
(C2) >o0ip An = 00;
(C3) 0 < liminf,_, By, and limsup,,_,.. Bn < 1.

Let xo € H and {x,} be generated by

Tyl = (1 = Bn)xn + Bu{Txn — M F(Txy)}.

Then {x,} converges strongly to the unique solution of the variational
inequality VI(F,C).

Considering Theorems 3.2 and 4.2, using an argument similar to the
one used in Theorem 5.2, we get the following result which is a gen-
eralization of [ [18], Theorem 3.1] in the sense that, with the same as-
sumptions on coefficients, an arbitrary sequence will be inserted in the
algorithm.

Theorem 5.4. Let T, C and F be as in Theorem 5.2, and suppose that
{an} C [0,1] and {\,} C (0,1] satisfy the following conditions:

and either {y,} is an arbitrary bounded sequence in H or y, € co{T x,, :
i=0,1,2,...}, for alln. Let xo € H and {x,,} be generated by

Z2n = o T'x, + (1 - an)ym
Tpgl = 2n — AnFzp.

Then {x,} converges strongly to the unique solution of the variational
inequality VI(F,C).

6. Application in minimization

Let K be a nonempty closed and convex subset of a real Hilbert space
H. Let A be a bounded linear operator on H. Given an element b € H,
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consider the minimization problem

. 2
(6.1) ;Iél%”Al’ bl|*.

Let S, denote the solution set of (6.1). Then, Sy is closed convex. In
the sequel, it is assumed that S, # &. (It is known that S, # & if and
For each A > 0, define a mapping T : H — H by
(6.2) Tr=Pg(A*b+ (I — NA*A)x),Vx € H,
where A* is the adjoint of A. It is shown that Fiz(T) = S, and for
A € (0,2]|A]|~2) the mapping T is nonexpansive (see [18]).
Let 6 : H — R be a differentiable convex function such that ' is a
p-Lipschitzian and r-strongly monotone operator for some pu > 0 and

r > 0. Under these assumptions, there exists a unique point € S such
that

(6.3) 0(z) = min{f(z) : x € Sp}.

The minimization problem (6.3) is equivalent to the following variational
inequality problem:

O(&),2—3) >0, z€S,

We now apply the results in Section 5 for finding the unique solution
of the minimization problem (6.3).

Theorem 6.1. Suppose that {a,},{8.} C [0,1] and {\,} C (0,1] sat-
isfy the following conditions:

and either {y,} is an arbitrary bounded sequence in H ory, € co{T 'z, :
i =0,1,2,...}, for all n, where T is given in (6.2). Let oy € H and
{zn} be generated by

{ zn = o'z, + (1 - an)ym

Tn1 = (1= Br)n + Bu{zn — Anb'(2n) }.

Then, {xy} strongly converges to the unique solution T of the minimiza-
tion problem (6.3).
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Theorem 6.2. Suppose that {a,} C [0,1] and {\,} C (0, 1] satisfy the
following conditions:

(C1) N\, — 0;

(C2) S50 A = 0
(03) n/>\n+1 — 1
(C4) (1= an) /A — 0;

and either {y,} is an arbitrary bounded sequence in H ory, € co{T 'z, :
i=20,1,2,...}, for all n, where T is given in (6.2). Let oy € H and
{zn} be generated by

zn = Tz, + (1 - an)ym
Tntl = Zn — Al 2.

Then, {x,} strongly converges to the unique solution T of the minimiza-
tion problem (6.3).
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