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COMPLETE CONVERGENCE OF MOVING-AVERAGE
PROCESSES UNDER NEGATIVE DEPENDENCE
SUB-GAUSSIAN ASSUMPTIONS
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ABSTRACT. The complete convergence is investigated for moving-
average processes of doubly infinite sequence of negative dependence
sub-Gaussian random variables with zero means, finite variances
and absolutely summable coefficients. As a corollary, the rate of
complete convergence is obtained under some suitable conditions
on the coefficients.

1. Introduction

Let {Y}, —oo0 < j < oo} be a doubly infinite sequence of independent
and identically distributed random variables with zero means and finite
variances, {cj, —00 < j < oo} be an absolutely summable sequence of
real numbers and X = Z;’i_ oo Ci+kYj, k > 1. Under some suitable con-
ditions on the coefficients, many scholars have been studied the limiting
behavior of moving-average process { Xy, k > 1}. Among them, Li and
Zhang [16] proved the complete moment convergence of the sequence

{ﬁZZﬂXk,n > 1} for all 1 < p < 2, when {Y},—00 < j < oo}
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is a doubly infinite sequence of identically distributed negative associ-
ated random variables with zero means and finite variances. Chen et al.
([10], [11]) studied limiting behavior of moving average processes under
p-mixing and negatively association assumptions respectively. The case
of independent random variables dominated by random variable Y such
that E|Y|? < oo for all 1 < p < 2, Sadeghi and Bozorgnia [17] de-
rived complete convergence of the sequence {ﬁ Yooy Xk,n > 1} Li
[15] studied complete moment convergence of the sequence { Xy, k > 1},
when {Y}, —0o < j < oo} is a doubly infinite sequence of indepen-
dent and identically distributed (see also, Zhou [20], Sung [18], Baek et
al. [5], Yun—Xia [15], Kim and Ko [13] and Budsaba et al. [7]). Sub-
Gaussianity properties of random variables are important features, since
they allow us to drive results concerning, large deviations inequalities,
strong limit theorems of weighted sums and convergence of series of de-
pendence random variables ( see Antonini, et al.([3], [4]) and Amini et al.
([1], [2]). In this paper, we study the complete convergence of sequence
{-L >°7_, Xg,n > 1} under some suitable conditions on the coefficients
{¢j}, when {Y}, —00 < j < oo} is a doubly infinite sequence of negative
dependence sub-Gaussian random variables with 7(Y;) < o (« is a con-
stant) for all j where 7(Y;) = inf{a > 0: E(e!) < exp[#], teR}.
We also, extend Theorem 2 in Sadeghi and Bozorgnia [17] to the case of
negative dependence sub-Gaussian random variables and determine the
rate of complete convergence of moving-average processes under some
suitable conditions on the coefficients.

Definition 1.1. A symmetric random variable X is said to be sub-
Gaussian random variable, if there exists a nonnegative real number o
such that for each real number t,

2,2
t
EetX < exp[aT].

The number 7(X), will be called the Gaussian standard of the random
variable X. It is evident that X will be a sub-Gaussian random variable
if and only if T(X) < co. Moreover, a sub-Gaussian random variable X
always satisfies the relations E(X?) < 7%(X), E(X) =0 and

Pl|X] > ¢] < Qexp[—%] for all e > 0. If E(X?) = 72(X), then X is
called strictly sub-Gaussian (see Buldying et al.[8] and Taylor and Hu
[19] for additional properties.)
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Definition 1.2. The random variables X1,--- , X, are said to be nega-
tive dependent (ND) if the following inequalities are hold:

n n n n

P[()(X; < z))] < [] PIX; < 2] and P[[)(X; > zp)I<] ] PIX; > 5],
j=1 Jj=1 Jj=1 Jj=1

forall x1,--- ,x, € R.

i) An infinite sequence {X, , n > 1} is said to be ND if every finite

subset is ND.

ii) The sequence {X,, , n > 1} is said pair-wise negative dependent

(PND)if for alli # j. X; and X are negative quadrant dependent(NQD),

that is for all real numbers x and y,

P(X; <2,Y; <y) < P(X; <x)P(Y; <y).

Definition 1.3. (Hsu and Robbins [12]) The sequence {X,, n > 1} of
random variables converges to the constant a completely
(denoted limy,—00 Xy, = a completely), if for every e > 0

ZPHXn —al > €] < 0.

n=1

The following lemmas and corollary are important in the proof of our
main results.

Lemma 1.4. .(Bozorgnia et al. [6]). Let X1,--- , X, be ND nonnegative
random variables. Then, E[[[;_, X;] < [, E[X;].

Lemma 1.5. (Burton and Dehling [9]) Let Y 2 ¢; be an absolutely

convergent series of real numbers with ¢ = .0 ___ ¢;, then for allk > 1,

. k
0 +n

Jm S Y el ) =l

i=—oco \ j=i+1

Corollary 1.6. Under the assumptions of Lemma 1.5, if ¢; = 0,5 <0,
then we have

2 2
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2. Main results

In this section, we drive the complete convergence of the sequence
ﬁ > ey X for each p > 1/2, under negative dependence sub-Gaussian
assumption. Moreover, we obtain the rate of complete convergence un-
der suitable conditions on the sequence {c;}. Our main results is based
on the following lemma that allows us upper bounds for the Gaussian
standard of moving-average process {X,,n > 1} and Y, _; X}, where
X, = Z;-’i_oo Cn+;Yj, n> 1.

Lemma 2.1. Let {Yj,—0co < j < oo} be a doubly infinite sequence of
negative dependence sub-Gaussian random variables with 7(Y;) < « for
all j, and {cj,—oo0 < j < oo} be an absolutely summable sequence of real
numbers. Then

i) The random variable X, = 3222 cntjYj, n > 1 is sub-Gaussian
with

it) The random variable > ;_; Xg,n > 1 is sub-Gaussian with

(Xt Xb) < 200/ 30% 0k, where ang = 3235 e

iii) If cj = 0 for all j < 0, and X, = 3°72y¢;Yn—j. Then X, is a
sub-Gaussian random variable with 7(X,) < 2a4/> 2, cjz, n > 1, and

Y1 Xk, n>114s a sub-Gaussian random variable with

n oo n
TR Xe) < 20D a3 b
k=1 i=0 i=1

n4+1 n—i
where an; = Zj:i+1 ¢; and bp; = ijo cj.

Proof. i) For every m > n > 1 we define

m m
Xom =D en¥j + D eng¥=j = Wom + Wom.
j=0 J=1
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Applying Cauchy—Schwarz inequality and Lemma 1.4, for each real num-
ber t, we have

EetXnm = tW"m'HW"m < \/EGQthm Ee2tWnm
%
< (Eexp 4thn+] x Eexp 4thn+J f )
=
1
4
X (Eexp 4thn —Y_;) x Eexp( 4thn] )
e

N

IN

H E exp (4tcy4;Y;) H E exp (4tcy4;Y;)
jeEAT jEA~

ST

X (H E exp (4tc,—;Yj) H E exp (4tc,—;Y;)

jeBt jeEB~

m m
< | exp(8t2a? Z Ciﬂ- + 8202 Z cfl_j)
Jj=0 Jj=1
oo oo
< exp(2t?a? Z ciﬂ- + 21202 Z ci_j)
j=0 j=1
o0
= exp(2t?a? Z 0121+j)
j=—00

where A* = {j:cpy; >0}, Bt ={j:¢,—; >0}, n>1and A~, B~
are complement of AT and BT respectively. Now using Fatou’s Lemma
we obtain

oo
EetXn < exp(2t?a? Z ciﬂ).

j=—o0
Therefore, X, is a sub-Gaussian random variables with

T(Xn) < 204/3°2% cm_] Similarly, we can prove part (7).

ii1) Applying Cauchy—Schwarz inequality, Property 1.4 (iii) in Bozorgnia
et al.[6] and Lemma 1.4, it can be verified that the random variable

X, is a sub-Gaussian with 7(X,,) < 2a,/>77, c?. For sub-Gaussianity



848 Amini, Nili Sani and Bozorgnia

> p_q Xk, we can write,

ZXk _ZZCij —J —anzy+zanz —15

k=1 3=0

where a,; = Z?;’H ¢; and by; = Z] Ocj and for all m > n > 1, and

S0,
n m
Xpm = Z bnj}/j + Z (anY_j.

Now similar to the proof of part (7) for every real number ¢, we get

EetXnm < exp(ZtQQQ{Z a2 + Z bij})
=0 j=1

o0 n
exp(220’{) "al, +> b2.})
i=0 j=1

Therefore, Fatou’s Lemma implies that

o n
EetXn < exp(2t2a2{z a?; + Z b%j})

i=0 j=1

IN

This completes the proof. O

The following theorem is an extension of Theorem 2 in Sadeghi and
Bozorgnia [17].

Theorem 2.2. . Let {Y}, —00 < j < oo} be a doubly infinite sequence
of negative dependent sub Gausszan random variables with T(Y;) < a for
all integer index j and {c;} be an absolutely summable sequence of real
numbers such that y 52 ¢j = c. Then for all p > 1/2,

]_—OO
1 n
(2.1) - ZXk — 0, completely, as n — oo,
n
where Xy = Z‘;’;_OO cj+kYj, for all k > 1. Moreover, if c; = 0, 7 <0
and » 72 cj = c, then (2.1) holds.

Proof. We can write

ZXk—Z Z Cz—l—kY— Z anz 2

k=1i=—o00 i=—00
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where a,; = Z?t’ 1 ¢j - Applying Lemmas 1.4 and 2.1 and the fact that

Y p_q X is a sub- Gaussmn random variable with

(3 Xk) <20y /> 2 a2, for all € > 0, we obtain

n £2,2p
Pl ; Xl > en’] < 2exp(— e 5.
Now Corollary 1 implies that > 50 a2, = O(n), therefore,
o0 £2p,20—1

ZP]ZXk\>£np <Z2exp )<oo,
n=1

for all p > 1/2 and 0 < M < oco. Therefore, the proof is complete. [

In the following proposition, as an application of Theorem 2.2 we
construct the moving-average process {X,,n > 1} which is pair-wise
negative dependent and so (2.1) also holds for all p >

Proposition 2.3. . Let {Y;,—0c0 < j < oo} be a sequence of i.i.d.
standard Gaussian with cg = 1, ¢; = -, 5 >1,0< B < L, and

V3
Xn = 32720 ¢jYn—j, then for every p >1/2

1
> ZXk — 0, completely as n — oo.
k=1

Proof. The random process {X,, , n > 1} is a Gaussian stationary se-
quence with negative covariances given by

oo o
E(Xan+k) = chcj+k = _6k(1 - Zﬁ%)
§=0 j=1
BR(1—2p%)
1— B2
The conditional distribution of X,, given X, 1, = y is normal with mean
(1-p%%)(1-25?)
152

=~(k) <0.

—B%y and variance . Hence this conditional distribution is

increasing in y, this implies that X,, and X,, 15 are NQD (see Lehmann
[14]). Similarly we can show that the conditional distribution of X,
given to X,, = x for all kK > 1 is increasing in x. Moreover the random
variable Y ) | X = > anY_;i + > 14 byiY; is strictly sub-Gaussian
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with
23X Z @i + Z b
k=1
n4+1t n—1i .
where a,; = Z] ir1Cj and by = Zj:O ¢j. By our assumption we
2
obtain 7%, ] = 11—25% <00, Yo = % = ¢ < oo and applying

Corollary 1.6 we can show that,

[e's) n

2 2
Z QA + Z bm -
1=0 =1

Thus for all € > 0 and p > 1/2 we get

2p—1

ZP|ZXk]>€np<22exp en ) 00,
n=1

this complete the proof. O

The next theorem gives us the rate of complete convergence of moving-
average process under some suitable conditions on the coefficients.

Theorem 2.4. Let {Yj, —00 < j < oo} be a doubly infinite sequence of
negative dependent sub Gausszan random variables with 7(Y;) < a for
all j and {cj, —o00 < j < oo} be an absolutely summable sequence of real
numbers with > ¢ cj=c. If p>1/2, then for all >0 and ¢ > 0,

j=—00
o0 n

(2.2) > P[> Xil > en?] < o0,
n=1 k=1

where X, = Z;‘;foo cj+kY; for allk > 1. Moreover, if c; = 0,5 < 0 with

Z;io cj = c and p, B satisfy in the above conditions then, the statement
(2.2) is valid.

Proof. i) Applying Lemmas 1.4 ,2.1 and Theorem 2.2 we obtain
2,.2p

[e.9] n o0
p P B cn
n"P[| Y Xi|>enf] < 2 nexp(———=s—75")
2 2o

2p—1
< 2271 exp( 6nM) 0.
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The last inequality holds because, for all p > 1/2 and 8 > 0 we have

2 2p—1

€n2p 1 e“x
Z” exp(— ) < o0& B exp(—

YrCVa Ydx < o0,

this completes the proof. O

3. Conclusion

Let {Y}, —00 < j < oo} be a doubly infinite sequence of independent
sub- Gausman random variables with 7(Y;) < «a for all j, then all of the
above theorems and lemmas are true in thls case. Moreover if {Y;, —oo <
j < oo} is a doubly infinite sequence of negative dependent random
variables dominated by Y such that Y is a sub-Gaussian random variable
with 7(Y) < a under suitable conditions on the sequence
{¢j, —00 < j < oo}, then our results are true. In particular, the results
of Sadeghi and Bozorgnia [17]] are valid in this case.
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