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A COMMON FIXED POINT THEOREM ON ORDERED

METRIC SPACES

H. K. NASHINE AND I. ALTUN∗

Communicated by Behzad Djafari-Rouhani

Abstract. A common fixed point result for weakly increasing map-
pings satisfying generalized contractive type of Zhang in ordered
metric spaces are derived.

1. Introduction

Branciari [8] obtained a fixed point result for a single mapping sat-
isfying an analogue of Banach contraction principle for an integral-type
inequality. After that, some generalizations of this interesting result
were given. For example, Zhang [22] proved the following theorem:

Theorem 1.1. Let (X , d) be a complete metric space and let S,T : X →
X be two maps such that

F (d(T x,Sy)) ≤ ψ(F (Φ(x, y)))

for every x, y ∈ X , where F, ψ and Φ(x, y) are as in Section 2. Then S
and T have a unique common fixed point.

On the other hand, recently, there has been a trend to weaken the
requirement on the contraction by considering metric spaces endowed
with partial order. In the context of ordered metric spaces, the usual
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contraction is weakened but at the expense that the operator is mono-
tone. It is of interest to determine if it is still possible to establish the
existence of a unique fixed point assuming that the operator considered
is monotone in such a setting [9]. The first result in this direction was
given by Ran and Reurings [21] who presented its applications to matrix
equation:

Theorem 1.2. Let (X ,�) be a partially ordered set and suppose that
there exists a metric d in X such that (X , d) is a complete metric space.
Let T : X → X be a continuous and nondecreasing mapping such that
there exists λ ∈ [0, 1) with

d(T x, T y)) ≤ λd(x, y)

for all comparable x, y ∈ X . If there exists x0 ∈ X with x0 � T x0, then
T has a fixed point.

Subsequently, Nieto and Rodŕiguez-López [18] extended the result
of Ran and Reurings for nondecreasing mappings and applied his re-
sult to obtain a unique solution for a first order ordinary differential
equation with periodic boundary conditions. Furthermore, Harjani and
Sadarangani [12, 13] proved the ordered version fixed point theorem
for weakly contractive conditions, and, Amini-Harandi and Emami [5]
proved the ordered version of Rich type fixed point theorem. One
can find further results on fixed points in ordered metric spaces in
[1, 2, 3, 6, 7, 9, 10, 11, 14, 15, 16, 17, 19] and [20].

In this paper we prove an ordered version of Theorem 1.1 using the
concept of weakly increasingness for two maps. At the end of this paper
we give an example which does not satisfy Theorems 1.1, 1.2, but satisfies
the result of this paper.

2. Main Result

We begin this section by giving the concept of weakly increasing map-
pings (see [6]).

Definition 2.1. Let (X ,�) be a partially ordered set. Two mappings
S, T : X → X are said to be weakly increasing if Sx � T Sx and T x �
ST x for all x ∈ X .

Note that, two weakly increasing mappings need not be nondecreas-
ing. There exist some examples to illustrate this fact in [4].
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In the sequel, we consider the set of functions by F,ψ : [0,+∞) →
[0,+∞) such that

(i) F is nondecreasing, continuous, and F (0) = 0 < F (t) for every
t > 0;

(ii) ψ is nondecreasing, right continuous, and ψ(t) < t for every
t > 0.

Define F = {F : F satisfies (i)} and Ψ = {ψ : ψ satisfies (ii)}.
Our main result is as follows:

Theorem 2.2. Let (X ,�) be a partially ordered set and suppose that
there exists a metric d in X such that (X , d) is a complete metric space.
Let S,T : X → X are two weakly increasing mappings such that

(2.1) F (d(T x,Sy)) ≤ ψ(F (Φ(x, y)))

for all comparable x, y ∈ X , where F ∈ F , ψ ∈ Ψ and

(2.2) Φ(x, y) = max{d(x, y), d(x, T x), d(y,Sy),
d(x,Sy) + d(y, T x)

2
}.

If S or T is continuous, then T and S have a common fixed point.

Proof. First of all we show that, if S or T has a fixed point, then it is a
common fixed point of S and T . Indeed, let z be a fixed point of S. Now
assume that d(z, T z) > 0, if we use the inequality (2.1), for x = y = z,
we have

F (d(T z, z)) = F (d(T z,Sz)) ≤ ψ(F (Φ(x, y))) = ψ(F (d(T z, z)),

which is a contradiction. Thus d(z, T z) = 0 and so z is a common fixed
point of S and T . Similarly, if z is a fixed point of T , then it is also a
fixed point of S. Let x0 be an arbitrary point of X . If x0 = Sx0 the
proof is finished, so assume that x0 6= Sx0. We can define a sequence
{xn} in X as follows:

x2n+1 = Sx2n and x2n+2 = T x2n+1 for n ∈ {0, 1, · · · }.

Without loss of generality, we can suppose that the successive term of
{xn} are different. Otherwise we are again finished. Note that, since S
and T are weakly increasing, we have

x1 = Sx0 � T Sx0 = T x1 = x2 = T x1 � ST x1 = Sx2 = x3.

Continuing this process we get

x1 � x2 � · · · � xn � xn+1 � · · · .
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We claim that

(2.3) F (d(xn+1, xn)) < F (d(xn, xn−1)).

Setting x = x2n and y = x2n+1 in (2.2), we have

Φ(x2n+1, x2n) = max{d(x2n+1, x2n), d(T x2n+1, x2n+1), d(Sx2n, x2n),

d(x2n+1,Sx2n) + d(T x2n+1, x2n)

2
}

= max{d(x2n+1, x2n), d(x2n+2, x2n+1)}.

Therefore, from (2.1)

F (d(x2n+2, x2n+1)) = F (d(T x2n+1,Sx2n)) ≤ ψ(F (Φ(x2n+1, x2n)))

= ψ(F (d(x2n+1, x2n))) < F (d(x2n, x2n+1)).(2.4)

Similarly, we have

(2.5) F (d(x2n+1, x2n)) < F (d(x2n, x2n−1)).

Thus from (2.4) and (2.5), we get

F (d(xn+1, xn)) < F (d(xn, xn−1))

for all n ∈ N. Now, from

F (d(xn+1, xn)) < ψ(F (d(xn, xn−1))) < · · · < ψn(F (d(x1, x0)))

and property of ψ, we obtain limn→∞ F (d(xn+1, xn)) = 0, which implies

(2.6) lim
n→∞

d(xn+1, xn) = 0.

Next, we claim that {xn} is a Cauchy sequence. Suppose it is not.
Then there exists an ε > 0 such that d(xn, xm) ≥ ε for infinite values
of m and n with m < n. This assures that there exist two sequences
{m(k)}, {n(k)} of natural numbers, with m(k) < n(k), such that for
each k ∈ N

(2.7) d(x2m(k), x2n(k)+1) > ε .

It is not restrictive to suppose that n(k) is the least positive integer
exceeding m(k) and satisfying (2.7). We have

ε < d(x2m(k), x2n(k)+1)

≤ d(x2m(k), x2n(k)−1) + d(x2n(k)−1, x2n(k)) + d(x2n(k), x2n(k)+1)

≤ ε+ d(x2n(k)−1, x2n(k)) + d(x2n(k), x2n(k)+1).



A common fixed point theorem 929

Letting k →∞, we have d(x2m(k), x2n(k)+1)→ ε. We note that

d(x2m(k), x2n(k)+1)− d(x2m(k), x2m(k)+1)− d(x2n(k)+2, x2n(k)+1)

≤ d(x2m(k)+1, x2n(k)+2)

≤ d(x2m(k), x2n(k)+1) + d(x2m(k), x2m(k)+1) + d(x2n(k)+2, x2n(k)+1).

Thus d(x2m(k)+1, x2n(k)+2)→ ε as k →∞. We have

Φ(x2n(k)+1, x2m(k))) = max{d(x2n(k)+1, x2m(k)),

d(x2n(k)+1, x2n(k)+2), d(x2m(k), x2m(k)+1),

d(x2n(k)+1, x2m(k)+1) + d(x2m(k), x2n(k)+2)

2
}

≤ max{d(x2n(k)+1, x2m(k)), d(x2n(k)+1, x2n(k)+2),

d(x2m(k), x2m(k)+1), d(x2n(k)+1, x2m(k)) +

d(x2m(k), x2m(k)+1) + d(x2n(k)+1, x2n(k)+2)

2
}.

Hence, letting k → ∞ we have limk→∞Φ(x2n(k)+1, x2m(k)) ≤ ε. There-
fore we have

F (d(x2m(k)+1, x2n(k)+2)) = F (d(Sx2m(k), T x2n(k)+1))

≤ ψ(F (Φ(x2n(k)+1, x2m(k))))

and letting as k → ∞ in the above equation, while F being continuous
and ψ right continuous, we get

F (ε) ≤ ψ(F (ε)) < F (ε),

which is a contradiction. Therefore {xn} is a Cauchy sequence and so
there exists a z ∈ X with limn→∞ xn = z.

If S or T is continuous, then clearly z = Sz = T z. �

Our second result is the following.

Theorem 2.3. Let (X ,�) be a partially ordered set and suppose that
there exists a metric d in X such that (X , d) is a complete metric space.
Let S,T : X → X be two weakly increasing mappings such that

(2.8) F (d(T x,Sy)) ≤ ψ(F (Φ(x, y)))

for all comparable x, y ∈ X , where F ∈ F , ψ ∈ Ψ and

Φ(x, y) = max{d(x, y), d(T x, x), d(Sy, y),
d(x,Sy) + d(T x, y)

2
}.
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If the following holds

(2.9)

{
{xn} ⊂ X is a nondecreasing sequence with xn → z in X ,
implies that xn � z for all n.

Then, T and S have a common fixed point in X .

Proof. Following the proof of Theorem 2.2, we have {xn} is a Cauchy
sequence in (X , d) which is complete. Then, there exists z ∈ X such
that

lim
n→∞

xn = z.

Now suppose that (2.9) holds and d(z,Sz) > 0. From (2.9), we have
x2n � z for all n ∈ N. Hence, we can apply the condition (2.8). Then
by setting x = x2n and y = z in (2.8), we obtain:

F (d(x2n+2,Sz)) = F (d(T x2n+1,Sz))
≤ ψ(F (max{d(x2n+1, z), d(x2n+1, T x2n+1), d(z,Sz),

d(x2n+1,Sz) + d(z, T x2n+1)

2
}))

= ψ(F (max{d(x2n+1, z), d(x2n+1, x2n+2), d(z,Sz),
d(x2n+1,Sz) + d(z, x2n+2)

2
})).

Letting n → ∞ in the above inequality and using the continuity of F
and right continuity of ψ, we have

F (d(z,Sz)) ≤ ψ(F (d(z,Sz))) < F (d(z,Sz))
which is a contradiction. Therefore d(z,Sz)) = 0 and thus z = Sz.
Hence, z is a common fixed point of T and S. �

Putting S = T in the above theorems we obtain:

Theorem 2.4. Let (X ,�) be a partially ordered set and suppose that
there exists a metric d in X such that (X , d) is a complete metric space.
Let T : X → X be nondecreasing map such that x0 � T x0 for some
x0 ∈ X . Suppose that

(2.10) F (d(T x, T y)) ≤ ψ(F (Θ(x, y)))

for all comparable x, y ∈ X , where F ∈ F , ψ ∈ Ψ and

Θ(x, y) = max{d(x, y), d(T x, x), d(T y, y),
d(x, T y) + d(T x, y)

2
}.

If T is continuous or (2.9) holds. Then T has a fixed point in X .
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Remark 2.5. In Theorem 2.4 [21] it is proved that if

(2.11) every pair of elements has a lower bound and upper bound,

then for every x ∈ X ,

lim
n→∞

T n(x) = y,

where y is the fixed point of T such that

y = lim
n→∞

T n(x0),

hence T has a unique fixed point. If condition (2.11) fails, it is possible
to find examples of functions T with more than one fixed point. There
exist some examples to illustrate this fact in [18].

Example 2.6. Let A = { 1

n
: n ∈ N} ∪ {0}, B = (1,∞) and X = A∪B.

Define a relation on X as follows: for x, y ∈ X

x � y ⇔ {x = y or x, y ∈ A with x ≤ y}.

It is easy to see that � is a partial order on X . Let d be the usual metric
on X , then (X , d) is complete. Let

F (t) =


0 , t = 0

t
1
t , 0 < t < e

t+ e
1
e − e , e ≤ t

,

then F ∈ F . Let ψ(t) = t
2 , then ψ ∈ Ψ. Define a mapping T : X → X

as follows:

T x =



1

n+ 1
, x =

1

n

0 , x = 0

2x , x ∈ B

.

Now x � y ⇒ {x = y or x, y ∈ A with x ≤ y} ⇒ {T x = T y or
T x, T y ∈ A with T x ≤ T y} ⇒ T x � T y. That is, T is a nondecreasing
map and also 0 = x0 � T x0 = 0. Now we prove that the inequality
(2.10) is satisfied for all comparable x, y ∈ X . Suppose that x � y. If
x = y, then it is clear that (2.10) holds. If x 6= y, then x, y ∈ A with
x ≤ y and so using Example 2 of [22] we again see that (2.10) holds.
Also the condition (2.9) is satisfied on X . Therefore all conditions of
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Theorem 2.4 is satisfied. Thus T has a fixed point in X . But we can not
apply Theorem 1.1 of this paper. For example, let x = 2, y = 1, then

F (d(T x, T y)) = F (
7

2
)

and

F (Θ(x, y)) = F (
9

4
).

Now it is clear that there are no functions F and ψ as in Theorem 1.1
satisfying

F (d(T x, T y)) = F (
7

2
) ≤ ψ(F (Θ(x, y))) = ψ(F (

9

4
)).

That is, the contractive condition of the result of [22] is not satisfied.
Also note that the contractive condition

d(T x, T y) ≤ λΘ(x, y), λ ∈ [0, 1)

for all comparable x, y ∈ X is not satisfied. To see this, let xn = 1
n+1 ,

yn = 1
n , then xn � yn for all n ∈ N, and

sup
n∈N

d(T x, T y)

d(x, y)
= 1.

This shows that the result of [21] and its linear generalized version cannot
be applied to this example.
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