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TOPOLOGICAL CENTERS OF CERTAIN BANACH
MODULE ACTIONS

S. BAROOTKOOB, S. MOHAMMADZADEH AND H.R.E. VISHKI*

Communicated by Hossein Eslamzadeh

ABSTRACT. We study the topological centers of some specific ad-
joints of a Banach module action. Then, we investigate the Arens
regularity and strong irregularity of these actions.

1. Introduction and preliminaries

Based on the celebrated work of R. Arens [1], every bounded bilinear
map f: X' xY — Z (on the normed spaces X, ) and Z) has two natural
but, in general, different extensions f*** and f™**" from X** x Y** to
Z**. Let us recall these notions with more detail.

For a bounded bilinear map f : X x Y — Z, we define the adjoint
ff: 2" xX — Y*of fby

< fr(zNx),y >=< 27, f(x,y) >, (xeX,yeY and z* e Z¥).

Continuing this process, we can define the second and the third adjoints
X x V¥ — Z** respectively; and so on for the higher rank adjoints
of f. One can verify that f** is the unique extension of f which is
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w*—separately continuous on X x Y**. We define the left topological
center Zy(f) of f by

Zo(f) = A{a™ e Xy — (M Y is w' — w* — continuous}

_ {.TZ‘** c X**,f***(x**,y**) _ fr***r(m**7y**) fOI‘ every y** c y**}
We also denote by f" the flip map of f, that is, the bounded bilinear map
fr Y x X — Z defined by f"(y,z) = f(x,y) (x € X,y € )). If we
repeat the latter process with f” instead of f, we come to the bounded
bilinear map f™**" . X** x Y** — Z** that is, the unique extension of

f which is w*—separately continuous on A** x ). We also define the
right topological center Z,.(f) of f by

Z(f) ={y™ e Y™ — (e y*) is w* — w” — continuous}

From these observations, we have Z,(f) = Z,(f").
An standard argument may also be used to interpret f*** and f™**" by
the following iterative limit processes,

f(@",y"™) = v’ ~limlim f(za,yp), and

f’r‘***’f‘(x**7 y**) — w* _ lién lioI}lf(fEa, yﬁ),

where {z,} and {yg} are nets in X and ) that converge, in w*—topologies,
to £** and y**, respectively.

A bounded bilinear mapping f is said to be (Arens) regular if f*** =
frT. This happens if and only if Z;(f) = X™**, or equivalently Z,.(f) =
Y**. The map f is said to be left (respectively, right) strongly irregular
if Zy(f) = X (respectively, Z,(f) =J).

It is worthwhile mentioning that in the case where 7 is the multi-
plication of a Banach algebra A, then #*** and 7™**" are actually the
first and second Arens products, which will be denoted by OO and ¢,
respectively. We also say that A is (Arens) regular, left strongly irreg-
ular or right strongly irregular if the multiplication 7w of A enjoys the
corresponding property.

The subject of regularity of bounded bilinear mappings and Banach
module actions have been investigated in [3], [6], [7] and [9]. In [7],
Eshaghi Gordji and Fillali gave several significant results related to the
topological centers of Banach module actions. In [9], the authors have
obtained a criterion for the regularity of f, from which they gave several
results related to the regularity of Banach module actions with some
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applications to the second adjoint of a derivation. For a good and rich
source of information on this subject, we refer the reader to the Memoire
in [5]. We also shall mostly follow [4] as a general reference on Banach
algebras.

The remainder of the paper is organized as follows. In Section 1,
we study the left topological centers of n1* and 75, where (71, X) and
(X, ) are approximately unital left and right Banach A—modules, re-
spectively. We show that 77* and 75 are permanently left strongly irreg-
ular; see Theorem 2.2 below. This result improves some results of [6], [9]
and [7]. For instance, it covers [6, Proposition 4.5], [9, Proposition 3.6]
and [7, Corollary 2.4] as well. In Section 2, we shall characterize the
right topological centers of #7* and 73 (see Theorem 3.4 below). We
apply this fact to determine the topological centers of #™*" and #«* for
the multiplication 7 of a Banach algebra with a bounded approximate
identity. Section 3 is devoted to investigation of relationships between
the regularity of n7*, 73, m1, mo and =, in the case where (m, X') and
(X, m2) enjoy some factorization properties and are not necessarily ap-
proximately unital.

As already done, throughout the paper we usually identify (an element
of) a normed space with its canonical image in its second dual.

2. Left strong irregularity of certain adjoints of a Banach
module action

Let A be a Banach algebra, X be a Banach space and 71 : AXX — X
be a bounded bilinear mapping. Then, the pair (m1, X) is said to be a
left Banach A—module if

m1(ab,x) = m(a,m(b,x)); (a,be Az e X).
A right Banach A—module (X, 72) can be defined similarly. A triple
(71, X, m2) is said to be a Banach A—module if (71, X) and (X, m2) are
left and right Banach A—modules, respectively, and

m1(a, mo(x,b)) = mo(m1(a,x),b);  (a,b e Ax € X).

Let (71, X) and (X, m2) be left and right Banach .A—modules, respec-
tively. Then, one may verify that (77**, X**) and (X**, 75**) are left and
right Banach (A*™*,0)—modules, respectively. Similarly, (77", X**)
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and (X**, 757 are left and right Banach (A**, {)—modules, respec-
tively.

In the case where A enjoys a bounded left approximate identity, we say
that (71, X) is approximately unital if the involved bounded left approx-
imate identity of A is that of (m, X). The notion of being approximately
unital can be defined similarly for a right Banach .A—module (X, m2). It
can be easily verified that a left Banach A—module (71, X’) is approx-
imately unital if the left module action (7]***", X**) is unital; that is,
T (e, ™) = o, for every ™ € X**, in which €™ is a w*—cluster
point of the involved left approximate identity of (71, X'). A similar fact
is valid for the right Banach A—module (X, m3). We summarize these
observations in the next result.

Proposition 2.1. Let (71, X) and (X,m2) be left and right Banach
A—modules, respectively. Then,

(7) (71, X) is approximately unital if (77", X**) is unital.

(13) (X,m2) is approzimately unital if (X, w5*) is unital.

It should be remarked that in contrast to the situation occurring
for (m**", X**) and (X**,73**) in the above result, (7™, X**) and
(X, mh***7) are not necessarily unital, in general. For instance, let
A = K (cp) be the Banach algebra of compact operators on the sequence
space ¢g. Then, A enjoys a bounded approximate identity and a direct
verification reveals that for the multiplication m; = 7w of A, (7]**, A*)
is not unital. Also, a similar argument shows that for the reversed
multiplication mg = 7" on A, (A**, 75***7) is not unital; for more details,
see [8, Example 2.5].

The next result studies the left strong irregularity of 77* and 73, from
which we improve some older results.

Theorem 2.2. Let (m,X) and (X,m2) be approzimately unital left
and right Banach A—modules, respectively. Then, mi* and 75 are left
strongly irregular; that is,

Zy(m™) = X* = Zy(ms").

Proof. Let (X,m2) be approximately unital, 2*** € Z,(75) and z** €
X**. Then, using Proposition 2.1, there exists e** € A** such that
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T (x*, e**) = ™. Now,

<x***7 x**>

I'***, W;**(m**, 6**)>
3***(33***,3:**), 6**>
;T***r (iﬁ***, .'L'**), e**>

*

T *’W;T**(J;***7e**)>

T
T

{
{
{
{

implies that x*** = 73" (2***, ™) € X*. Therefore, Z;(75) = X*, as
required. The other equality needs a similar argument. O

As an immediate consequence of Theorem 2.2, we deduce the next
result of [9], (which in turn is a generalization of [6, Proposition 4.5]; see
also [2, Theorem 4] and [10, Theorem 3.1].)

Corollary 2.3. ([9, Proposition 3.6]) Let (71, X) and (X, m2) be approz-
imately unital left and right Banach A—modules, respectively. Then, the
following assertions are equivalent:

(1) w1* is regular.

(13) 75 is regular.

(1i1) X is reflexive.

3. The right topological centers of 7]* and 73

Before we proceed to the main result of this section, we need to intro-
duce a set My and examine some of its properties. For a normed space
X, let Jy : X — X* denote the canonical embedding of X into A™**,
with the second adjoint (Jy)™ : X** — X*** We define My by

m)( — {J)** c X** . JX** (l‘**) _ (J)()**(.CE**)}

It is routine to verify that 91y is a closed subspace of X** containing X.
It should be mentioned that 91y may lie strictly between X and A™**;
as we shall see in Corollary 3.3, this is the case for X = ¢g. It would be
desirable to characterize those X for which X = 9. The next lemma
clears the equality My = X**.

Lemma 3.1. For a normed space X, the equality My = X** holds if
and only if X is reflexive.
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Proof. If X is reflexive, then trivially 9ty = X**. For the converse,
suppose that z** € X** and «*** € X***. Then,

( "),
(
(

Therefore 2*** = Jy«((Jx)"(z***)) € Jx+(X*); that is, X* is reflexive,
and so X is reflexive. 0

Example 3.2. We show that ¢y € 9.,, where ¢ is the Banach space of
all sequences converging to zero. Indeed, a direct verification shows that
¢ € Mg, in which c is the Banach space of all convergent sequences. To
see this, one may use the direct sum decomposition,

PoO* — o* o CJ_
to show that for every ™" € ¢ C {*° = ¢§* and o™ € ¢ = (°°,
<(J_)()**($**), .’IJ***> _ <JX** ($**), JJ***>,
from which we deduce z** € IM,,, as claimed.
Corollary 3.3. co C M., C "
The next result, being the main one in this section, characterizes the

right topological centers of 7* and 7.

Theorem 3.4. Let (w1, X) and (X, m2) be approximately unital left and
right Banach A—modules, respectively. Then,

Zp(m1") = My = Zp(m3).
Proof. We shall only prove MMy = Z,(73); the other equality needs

a similar argument. Let z** € 9My. Then, for every z*** € A***,
a** € A and bounded nets {z.} C X, {23} C A, w"—converging to



Topological centers of certain Banach module actions

*k

** and x***, respectively, we have,

We thus have z** € Z.(n}); that is, My C Z.(75). To prove the re-
As (X,mq) is approximately unital,
by Proposition 2.1, there exists a bounded right approximate identity
{ex} C A for (X, o) with e** € A** as a w*—cluster point of {e)} such

verse inclusion, let x** € Z,(73).

(3 (7 ), 1)
(T (), 735 (0" 2°))
()™ (), 7555 (0™ 2°**))
(2% (Tx) (e (@™ %))
() (57 (0", %), )
g™ (0, ), J(z)

skokskok

lm (5™ (2™
«

,Ta), @)

(o, 75" ()
(63

lién lién<ﬂ'§**(:ca, a™), )

*k

lgn hén<7r2 (™, 75), Ta)

lim lim{a™, 73 (25, o))

<7T;7’***T‘ (:U***7 .:U**), a**> .

31

that 73**(z**, e**) = «™*. Let 2™ € X*** {z,} C X and {:chg,} C Xx*

be bounded nets that are w*—convergent to ™* and x**

Then,

<<]X** (:L‘**), x***>

*

<$***’ x**>

<x>k>k*’ W;**(.T**, 6**>>
<7T;***(I‘*** x**) 6**>
<7T;r***r($***,l‘**), e**>
ligl lién 1131(%5 (25, Ta), ey)
lim lim lim(z;, 72(a, ¢;))
ligl lién@?};, Tq)

lim liéﬂ(JX(:r:a), oy

, respectively.
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= lim(z™", Jx(z4))
[
= lim((Jx)* (&™), zq)
[

Therefore, ** € My, completing the proof of the equality My =
Zr(73). O

As a rapid consequence of theorems 2.2 and 3.4, in the next result we
determine the topological centres of module actions of A on A*.

Proposition 3.5 (See [7, Theorem 2.1, Corollaries 2.1 and 2.4]). For
the multiplication w of a Banach algebra A with a bounded approximate
identity, we have,

Zy(n™ ) = My = Zo(x*) and Z,(n"7) = A* = Z,(x*).

r

In particular, T is reqular if and only if ™ is regular if and only if A

is reflexive.

In the following, we have a more illuminating example characterizing
the right topological centers of 7{* and 3.

Example 3.6. Let A be a Banach space such that A ¢ M 4 & A** (such
as ¢p). Fix e € Aand e* € A* such that || e* |< 1 and (e*,e) = 1. Then,
the multiplication 7 (a, b) = (e*,a)b turns A into a Banach algebra with
e as a left identity; similarly, m2(a,b) = 7] (a,b) = (e*,b)a turns A into
a Banach algebra with e as a right identity (see [6, Example 4.7]). As
theorems 2.2 and 3.4 demonstrate, we have,

Zy(m™) = A" = Zy(mo") and Zp(m"") = Mg = Z,(m2").

Moreover, for 7§ = 75" : A* x A — A* one may verify that 77 (a*,a) =
(e*,a)a*; and this equality reveals that 7 is regular. In other words,
Zy(m*) = A and Z,(m*) = A*. Therefore, 7} = 75" is neither left
nor right strongly irregular. Note that neither (A,7;) nor (me, A) is
approximately unital.
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4. (Arens) regularity of factorizable Banach module actions

A bounded bilinear mapping f : X x )V — Z is said to factor if it
is onto, that is f(X x )) = Z. As a consequence of the so-called Co-
hen’s Factorization Theorem (see for example [4]), every approximately
unital (left or right) Banach A—module (71, X') or (X, m2) factors. More-
over, as Proposition 2.1 demonstrates, in this case both (7]***", X**) and
(X", 5**) are unital and thus factor.

However, many natural occurring Banach modules which factor are
approximately unital; but this is not the case, in general. For instance,
one may refer to [11] (see also [4]), for a wide variety of Banach algebras
and Banach modules which enjoy some types of factorization properties
but are not approximately unital. Here, we present some miscellaneous
results on the regularity of n7* and 73 for the case where the module
actions (71, X') and (X, m2) are not necessarily approximately unital. It
should be remarked that in the case where the involved module actions
are approximately unital, then these results can be derived as straight
corollaries of our results given in the former sections.

Proposition 4.1. Let A be Arens regular and let (w1, X) and (X,m2)
be left and right Banach A—modules, respectively.
(i) If (777, X**) factors, then the regularity of @i implies that of
.
(11) If (X**,73**) factors, then the regularity of w5 implies that of
9.

Proof. We only give a proof for (ii). For each z** € X** there exist
y™ € X and b € A* such that =™ = 75" (y**,0™). Let a** €
A* and let {an} C A, {bg} € A and {y,} € & be bounded nets
w*—converging to a™*, b** and y**, respectively. Then, for each z* € X'*,
5 (x*, an) converges, in w*—topology, to 5****(z*, a**) and
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<7['£***T(.%' *7a**)’x*> _ <7r§****(x* a**),ﬂé‘**(y**,b**))
<7r§***(7r£**** (.T*, CL**), y**), b**>
<7r§r***r(7r12~****(x*7 a**)’ y**)7 b**>

= 1im lilrn<7r’2k (m5* (2", aa), yy), 0™)

= hmhmhm( 5 (my* (2", aa), yvy), bg)
¥

= hmhmh (my" (2™, aa), m2(Yy, bg))
¥

= lim hm h (x*

L ,2(m2(Yy, b3), aa))

= limlim 11 (x*

5 o 77T2(y’77bﬁa05)>

*

= hmhmhmw( 'Yy, bgaa)
v

= lim{rj(z *7%) ™0 a™))
ok b**D a**) z*)

T * **) >‘

*%
™

ok

T

e

k%

2 (Y
2 (y
2 (
™" (

{
{
{
{

Therefore, 75" (z**, a**) = n3** (**, ™), for all a™* € A™ 2™ € A,
which meaning that 7y is regular.

Proposition 4.2. Let A be a Banach algebra and (w1, X, m2) be a Ba-
nach A—module.
(i) If (n*7, X**) factors, m1 and 7{* are regular, then wo is regular.
(i7) If (X**,73**) factors, mo and 75 are regular, then m is regular.

Proof. As the proof is similar to that of Proposition 4.1, we only give a
brief explanation for part (7). For each 2** € A**, there exist y** € A**
and b** € A* such that z** = 77" (b**,y**). Let a™ € A™ and let
{an} C A, {bg} € A and {y,} C X be bounded nets, w*—converging
to a™*, b** and y**, respectively. Using the regularity of #7* and my, for
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each =* € X*,

<W5***T(1'**,a**),$*> _ <7T§****(1'*,CL* ) I***(y**,b**»
— <7T'{****(7T§****(LE .a *),y**),b**>
r*r***r( 5****(.%,* a**) y**) b**>
) b 7

= lim lim<w{*(ﬁg*(ﬂf*7aa)ayw)» b™)
gl

= hmhmhm (15 (2%, aa), Yy), bg)
¥

(
= ll’rynhmh (m5" (2%, aa), T1(bg, Yy ))
(

(

*

= hmhmh a:,7r2(7r1(bg,y7),aa)>

Y

*

= hmhmhmm ,1(bg, m2(Yy, aa)))
v

— <7T’{**>k7‘(b** W;**(y**,a**)),$*>
< ***(b** ***(y**,a**)),m*)

_ <7T§**({L‘**,a**),$*>.

Therefore, 7o is regular, as required. O

As an immediate consequence of propositions 4.1 and 4.2, we have
the next corollaries.

Corollary 4.3. Let (m,X,m) be a Banach A—module such that
(w7 and (X**, ***) factor. We have:

(1) If either m and ©]* or my and 75 are regular, then so is my.

(13) If either ™ and 71’5 or m and m{* are regular, then so is my.

Corollary 4.4. Let A be (Arens) reqular and let (w1, X, 72) be a Banach
A—module such that (77", X**) and (X**,75**) factor. If either w3
or " s reqular, then both m and my are regular.
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