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A SYSTEM OF GENERALIZED VARIATIONAL
INCLUSIONS INVOLVING G-n-MONOTONE MAPPINGS

M. ROOHI* AND M. ALIMOHAMMADY

Communicated by Ale Jan Hombiirg

ABSTRACT. We introduce a new concept of general G-n-monotone
operator generalizing the general (H,n)-monotone operator [2, 3],
general H— monotone operator [26] in Banach spaces, and also
generalizing G-n-monotone operator [29], (A, n)-monotone opera-
tor [24], A-monotone operator [23], (H,n)-monotone operator [11],
H-monotone operator [10, 12], maximal n-monotone operator [3]
and classical maximal monotone operators [28] in Hilbert spaces.
We provide some examples and study some properties of general
G-n-monotone operators. Moreover, the generalized proximal map-
ping associated with this type of monotone operator is defined and
its Lipschitz continuity is established. Finally, using Lipschitz con-
tinuity of generalized proximal mapping under some conditions a
new system of variational inclusions is solved.

1. Introduction

The variational inequality was introduced by Hartmann and Stam-
pacchia [13] in 1966, and was later expanded by Stampacchia in several
important papers; see, for example [22] and references therein. It is in-
teresting to remark that in 1966 Karamardian also obtained existence
results for variational inequalities in his Ph.D. dissertation [19], where
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he used the fixed-point theory which is totally different from that used
by Hartmann and Stampacchia [13].

In the early sixties we have had a great impact and influence in the
development of almost all branches of pure and applied sciences and have
witnessed an explosive growth in theoretical advances and algorithmic
developments. Variational inequality theory provides us with a simple,
natural, general and unified framework for studying a wide class of un-
related problems arising in mechanics, physics, optimization, control,
nonlinear programming, economics, transportation equilibrium, and en-
gineering sciences; for more details, see [16, 17] and references therein.
In recent years, variational inequalities have been extended and general-
ized in different directions using new, novel and innovative techniques,
both for their own sake and for the applications. A useful and signif-
icant generalization of variational inequalities is set-valued variational
inclusion. Variational inclusion problems are among the most interest-
ing and intensively studied classes of mathematical problems and have
wide applications in many fields of pure and applied sciences.

Maximal monotone operators were first introduced in [20] and [27],
and can be seen as a two-way generalization: a nonlinear generaliza-
tion of linear endomorphisms with positive semi-definite matrices, and
a multidimensional generalization of nondecreasing functions of a real
variable; that is, of derivatives of convex and differentiable functions.
Thus, not surprisingly, the main example of this kind of operator in
a Banach space is the Frechet derivative of a smooth convex function,
or, in the set-valued realm, the subdifferential of an arbitrary lower
semi-continuous convex function. Monotone operators are the key in-
gredients of monotone variational inequalities and monotone variational
inclusions, which extend to the realm of set-valued mappings the con-
strained convex minimization problem. More details can be found in
[4, 18, 28] and references therein.

Proximal mapping and resolvent operator techniques play crucial roles
in computing approximate solutions of generalized variational and quasi-
variational inequalities, and generalized variational and quasi-variational
inclusions. Rockafellar [21] used the resolvent operator associated with
maximal monotone operators for solving the variational inclusion 0 €
T'(x), where T is a maximal monotone operator on a Hilbert space.
Fang and Huang [10] introduced the concept of H-monotone operators
and resolvent operators associated with an H-monotone operator as a
generalization of maximal monotone operators and resolvent operators
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associated with maximal monotone operators. Moreover, as an exten-
sion of H-monotone operators, Fang and Huang introduced and studied
a new class of monotone operators, the so-called (H,n)-monotone op-
erators and then they studied a new system of variational inclusions
involving (H,n)-monotone operators in Hilbert spaces. Further more, in
[12], by the resolvent operator method associated with (H,n)-monotone
operators due to Fang and Huang, the existence and uniqueness of solu-
tions for a new system of variational inclusions are proved and also a new
algorithm for approximating the solution of this system of variational
inclusions is constructed and the convergence of the iterative sequence
generated by this algorithm is discussed. Verma announced the notion
of the A-monotone operators to the solvability of nonlinear variational
inclusions and systems of nonlinear variational inclusions [23]. Very re-
cently, Zhang in [29] and Verma in [24] independently introduced the
new classes of (A,n)-monotone and G-n-monotone mappings.

The development of an efficient iterative algorithm to compute ap-
proximate solutions of variational inequalities and variational inclusions
is interesting and important. One of the most efficient numerical tech-
niques for solving variational inequalities and variational inclusions in
Hilbert spaces is the projection method and its variant forms. Since
the standard projection method strictly depends on the inner product
property of Hilbert spaces, it can no longer be applied for variational
inequalities and variational inclusions in Banach spaces. This fact mo-
tivates us to develop alterative methods to study iterative algorithms
for approximating solutions of variational inclusions in Banach spaces.
In this setting, Ding and Xia [7] introduced a new notion of J-proximal
mapping for a nonconvex lower semicontinuous subdifferentiable proper
function, and used it to study a class of completely generalized quasi-
variational inequality in Banach spaces. Xia and Huang [20] introduced
a new notion of general H-monotone operator, which generalizes the
notions of J-proximal mapping [7] and H-monotone mapping [10] and
defined proximal mapping associated with the general H-monotone op-
erator, which is different from the resolvent operator associated with the
H-accretive operator [9]. By using the proximal mapping, they intro-
duced a new class of variational inclusion with the general H-monotone
operator and constructed an iterative algorithm for solving this class of
variational inclusion.
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Motivated and inspired by the above recent research works, here the
existence of a unique solution for a system of variational inclusions with
G-n-monotone mappings is considered.

2. Preliminaries

Let H, H1 and H2 be real Hilbert spaces. Let X be a real Banach
space with dual space X* and let n : X x X — X be a single valued
mapping. The mapping 7 is called v-Lipschitz continuous, if there exists
some 7 > 0 such that ||n(x,y)|| < v||z — y||, for all z,y € X. For a set-
valued map T : X —o Y, the graph of T'is Gph(T) = {(z,y) : y € T'(x)}
and the inverse T~ of T'is {(y, x) : (z,y) € Gph(T)}. For a real number
¢, let ' = {(x,cy) : (x,y) € Gph(T)}. If S and T are any set-valued
mappings, then define S+ 7T = {(z,y + 2) : (z,y) € Gph(S5), (z,2) €
Gph(T)}.

Definition 2.1. [2, 10, 24] A single valued map A : X — X* is said
to be

(a) p-monotone, if (A(x) — A(y),n(xz,y)) >0, for all x,y € X.

(b) r-strongly n-monotone, if there exists some constant r > 0 such
that (A(z) — A(y),n(z,y)) > rllz —y|?, for all 2,y € X.

(¢) m-relaxzed n-monotone, if there exists some constant r > 0 such
that (A(z) — A(y),n(z,y)) > —m|lz —y|?, for all z,y € X.

(d) d-Lipschitz, if |A(x) — A(y)|| < 6|z —yl|, for all z,y € X.

Definition 2.2. [2, 10, 21] A set-valued map T : X — X* is said to be

(a) r-strongly monotone, if there exists some constant r > 0 such
that (x* — y*,x —y) > rllz — y||?, for all z,y € X and all z* €
T(z),y" € T(y).

(b) r-strongly n-monotone, if there exists some constant r > 0 such
that (x* — y*,n(z,y)) > rllz — y||?, for all z,y € X and all
¥ eT(x),y" € T(y).

(¢) m-relaxed monotone, if there exists some constant m > 0 such
that (z* — y*, o —y) > —ml|lx — y||?, for all z,y € X and all
¥ eT(x),y" € T(y).

(d) m-relaxed n-monotone, if there exists some constant m > 0 such
that {(x* — y*,n(z,y)) > —mllz — y||?, for all z,y € X and all
e T(x),y* € T(y).
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Definition 2.3. [10, 11] Let H : H — H is a single-valued mapping. A
set-valued map T : H —o H is said to be

(a) H-monotone operator, if it is monotone and (H +\T)(H) = H,
for all A > 0.

(b) (H,n)-monotone operator, if it is n-monotone and (H+AT)(H) =
H, for all A > 0.

Definition 2.4. [30] Let n: X x X — X* be a single-valued mapping.
The set-valued mapping T : X —o X 1is said to be

(a) m-accretive, if (u—v,n(z,y)) >0, for all x,y € X and all u €
T(z).v € T(y),

(b) g-n-accretive, if T' is n-accretive and (g+AT)(X) = X, for every
A>0.

Definition 2.5. [5, 29] Suppose A, B : H — H are two single valued
mappings. B is said to be s-strongly monotone with respect to A, if

(B(u) — B(v), A(u) — A(v)) > s||z — y||2, for all z,y € H.

Definition 2.6. [5, 29] Suppose X is a nonempty set.

(a) The map f: H x X — H is said to be r-strongly n-monotone
with respect to A in first arqgument, if f(.,x) is r-strongly mono-
tone with respect to A, for all x € X.

(b) The map g : X x H — H is said to be r-strongly n-monotone
with respect to A in second argument, if g(x,.) is r-strongly
monotone with respect to A, for all x € X.

Definition 2.7. [5, 29] Suppose X1 and X3 are two real Banach spaces.

(a) The map [ : X1 x X9 — X is -Lipschitz continuous in first
argument, if f(.,y) is 6-Lipschitz continuous, for all y € X.

(b) The map g : X1 x Xo — Xy is 0-Lipschitz continuous in second
arqgument, if g(x,.) is 0-Lipschitz continuous, for all x € X.

3. Main results

Here, we introduce a new concept of the general A-monotone and gen-
eral G-n-monotone operators, give the definition of the proximal map-
ping, and prove the Lipschitz continuity of the proximal mapping in
Banach spaces. In terms of these results, we deal with existence of
a unique solution for a system of variational inclusions with the G-n-
monotone mappings.
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Definition 3.1. [3] Let H : X — X* be a single-valued mapping. The
set-valued map T : X —o X* is said to be a general (H,n)-monotone
operator, if T is n-monotone and (H + \T')(X) = X* holds, for every
A> 0.

Example 3.2. [3] Let X = R and n : R x R — R be defined by
n(z,y) = y> — x>, Consider the set-valued mapping T : R — R, defined
by
{—-z—-1} >0
T(x) = {-1,1} =z=0
{—z+1} z<0.

Then, T is n-monotone and (I + A\T)(R) # R, for A > 1. Therefore,
T is not maximal n-monotone. On the other hand, for single valued
mapping H : R — R, defined by

{332 x>0

H(z) = -2 <0,

T is a general (H,n)-monotone operator.

Example 3.3. [3] Let X = R and n : R x R — R be defined by
n(z,y) = 2> —y3. Then, T : R —o R, defined by T(x) = {z}, is mazimal
n-monotone. Also, for single valued mapping H : R — R, defined by
H(x) = 22, we have T is not a general (H,n)-monotone operator.

Definition 3.4. A set-valued map T : X —o X* satisfying
(A+ AT)(X) = X* is said to be
(a) general A-monotone mapping, if it is m-relazed monotone,
(b) general G-n-monotone mapping, if it is m-relazed n-monotone.

Example 3.5. [20] Let X =R, T(z) = 2z, A(x) = 23, n(x,y) =y — =,
for all x,y € X. Then, T is G-n-monotone and also clearly it is not
g-n-accretive.

Example 3.6. [29] Let X =R,

RO () S PR SU)
T”‘{{;f T

Az) = 23, n(z,y) = zy(x —y), for all z,y € X. Then, T is G-n-
monotone, but it is not A-monotone and H-monotone.
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Theorem 3.7. Suppose A : X — X* is an r-strongly n-monotone
mapping and T : X — X™* is a general G-n-monotone mapping. Then,
(A+AT)~1: X* — X is single-valued, for 0 < X\ < o

Proof. Let z* € X*, and = and y be two distinct elements in
(A+AT)~1(z*). Then, z* € (A+ AT)(z) and z* € (A+ \T)(y). Hence,
there exist t* € T'(x) and s* € T(y), for which z* = A(z) + A\t* and
x* = A(y)+ As*. Since A is r-strongly n-monotone and since —§ < —m,
SO

¥ —A(x) ¥ — Ay)

<t*—8*,77((l},y)> = < A - A\ 777(37721»
= —1{A@) - AW, ()
< —le—ylP

< —mfz—yl*
This contradicts the fact that T' is m-relaxed n-monotone. O

Definition 3.8. Suppose A : X — X* is an r-strongly n-monotone
mapping and T : X — X* is a general G-n-monotone mapping. For
any A > 0, the generalized prozimal mapping R;’;’ : X* — X is defined

by RpY(x*) = (A+ AT)"}(a*).

Remark 3.9. For appropriate and suitable choices of X, A, T and 7

one can obtain many known resolvent operators and proximal mappings

considered in the recent literature; for example, see [1, 2, 3, 10, 11, 12,
, 23, 24, 25, 26, 28, 29] and references therein.

Theorem 3.10. Let A: X — X* be an r-strongly n-monotone single-
valued mapping, n: X x X — X be v-Lipschitz continuous and
T: X — X* be a general G-n-monotone mapping. Then, the generalized

. . An .y
proximal mapping RT, \ S =

-Lipschitz continuous.

Proof. For any two points z*, y* € X*, with ||R¥z\7(x*) — R?f\’(y*)ﬂ # 0,
since

Rp(z*) = (A+ AT)"!(a*) and R (y") = (A+ AT)"'(y"),

we have

(3.1) : € T(Ry}(z"))
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and
v* — AR ()
A

T is a general G-n-monotone mapping, and thus (3.1) and (3.2) imply
that

o — ARPI(") v — AR ()
< 2\ - Y

(3.2)

e T(RE(yY)).

A, * A, *
, (RN ("), Ry (y7))
A, * A, *
> —m| Ry (x*) — Ry (y)II”.
Therefore,
* * Amy % Amyo o« Amy % Amyo o«
(" —y*  n(Rpy\(@"), Rp\(y")) = (A(R7\(27)) — AR (")),
A, * A, * A, * A, *
n(Ry(x*), RpN(y"))) — || Rp(@*) — Ry (y)IIP.
Since 1 : X x X — X is y-Lipschitz continuous and A is r-strongly
n-monotone,

Yl =y | IRE ) — Ry
> 2" =y [lIn(RET (@), Ry (™)l
> (o =y n(RpN("), R ()
> (AR () = AR () (R (™), Ry (y)))
—xm|| R () — R ()12
> (r—m)|[Rp7 (") — REN ()|

That R )\ is K +>\6 -Lipschitz continuous follows from the fact that
HRT:A( )_ T,A( )”7&0 O

Problem 3.11. Consider single valued mappings n; : X1 x Xo — Xj,
A Xy — X and S; 0 Xy x Xo — X, fori =1,2. Also, suppose
that the set-valued mappings T; : X; — X are general G-n;-monotone
operator. Our problem is finding (x1,x2) € X1 X Xa, for which

0e 51(1‘1,1'2) +T1(3}1)
0e 52(33‘1,33‘2) +T2(.Z'2).

Remark 3.12. By appropriate and suitable choices of X1, X5, A1, Ao,
S1, S2, m,m2, 11 and T, one can obtain many known and new classes of
variational inequalities and variational inclusions as special cases of the
Problem 3.11. For example, see [1, 6, 12, 15, 25] and references therein.
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Theorem 3.13. Suppose A; : X; — X, is an r;-strongly n;-monotone
operator and T; : X; — X; is a general G-n;-monotone operator, for
1 = 1,2. Define F' : X1 x X9 — X1, G : X1><X2 — X5 and
Q : X1 x X9 — X1 x Xy, respectively, by F(xy1,12) = R, 1’771 [A1(x1) —
AS1(z1,32)], G(z1,v) = R?;,T[Aﬂxz) — Sz (w1, z2)] (md Q(ﬂﬁl,m) =
(F(x1,22),G(x1,22)), for all (x1,z2) € X1 X Xo. Then, the following
statements are equivalent.

(a) (z1,22) € X1 x X3 is a solution of Problem 3.11.

(b) 21 = RV Ay (21) — ASi (21, 22)] and 2y = Ry [Ay(as) —

MSz(xh@)]-
(¢) (z1,22) is a fized point of Q.

Proof. These are immediate consequences of Definition 3.8.

Theorem 3.14. Suppose X1 and X are two real Banach spaces. Also,
suppose, fori=1,2,
(a) m; : X x X; — X, is 7;-Lipschitz continuous,
(b) A; : X; — X; is ri-strongly n;-monotone and 0;-Lipschitz con-
tinuous,
(¢) T; : X; — X; is general G-n;-monotone operator,
(d) S; : Xy x Xo — X is 6;-Lipschitz continuous in first argument
and &;-Lipschitz continuous in second argument. If

L Am(eﬁtxal) 2 <1, 0<A<D
Ag
T v (02+u52)<1 0<p<iz,

ri—Am ro— um

then Problem 3.11 has a unique solution.

Proof. Let F,G and @Q be defined as in Theorem 3.13. For any elements
(x1,22) and (2], %) in X7 X Xo, it follows from Theorem 3.10 that

| F(x1,29) — F(x,25)| =
IR [Ar(21) = ASi (@, @2)] = Ry [Av(2h) — ASu(x), 2h)]|

< ﬁ(llz‘h(m) Ar(@)] + M S1 (w1, 2) = Si(ah, )|

< mjﬁ(@lﬂxl — 24| + Al[S1(z1, 22) — Si(a, 22|
A S1 (2], w2) — Si (2, 23)]])

< (01 er — 24| + Ab1 [l — | + Aeallzz — b))

rL— Am
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— (014 M) — 2+ — ),
that is,
IF(a1,2) ~ F(zhab)
1A&1

4! / Y /
. < _ '
33) < - (01 + Ad1) ||z — 24 || + " |22 |

Similarly, one can deduce that
1G (1, 29) = Gl 25)[| <

Yopé2 / 72 /
34 —— |z — — (0 0 — Zo|.
(34) Ty )+ (4 )2 — 35
Set

(3.5) k:= max{%(@l + A\op) + LS

ry— Am ro — pm’
11A& V2
1 — + — pm(GQ + ud2)}.

Equip X7 x Xo with |[(z1,2z2)||x = ||z1] + ||z2||, for all (z1,22) €
X1 x Xo. It is well known that (X7 x Xo, ||(.,.)||x) is a Banach space. On
the other hand, [[Q(z1,22) — Q(&}, #4)llx = |IF(x1,22) — P(a, a)|| +
|G (21, 22) — G(2],24)||. Tt follows from assumption, (3.3), (3.4) and
(3.5) that @ is a contraction map. Now, the Banach contraction theorem
implies that @ has a unique fixed point. That Problem 3.11 has a unique
solution, follows from Theorem 3.13.

In the rest of our work, the n; : ‘H; x H; — H; are single valued
mappings, for i = 1,2. As a corollary of Theorem 3.14, we can resolve
the following problem which was considered in [1]. O

Problem 3.15. Consider single valued mappings n; : H; X Hi — H;,
A H; — H; and S; - Hi X Ho — Hy, fori =1,2. Also, consider the
set-valued mappings T; : H; — H;. Suppose T; is an (A;,n;)-monotone
operator, fori =1,2. Our problem is finding (u,v) € Hq1 X Ha, for which

{ 0 e Si(u,v)+Ti(u)
0 € Sa(u,v) + Ta(v).

Corollary 3.16. [1] Suppose Hi and Ha are two real Hilbert spaces.
Also, suppose fori=1,2,
(a) m; : Hi X Hy —> H; is a ~y;-Lipschitz continuous mapping,
(b) A; : Hi — H; is ri-strongly n;-monotone and 0;-Lipschitz con-
tinuous operator,
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(¢) T; : H; — H; is an (A;, m;)-monotone operator,

(d) S; : H1 X Ho —> H,; is §;-Lipschitz continuous in the ith ar-
gument and s;-strongly monotone with respect to A; in the ith
argument,

(e) Sy is & -Lipschitz continuous in second argument and So is &a-
Lipschitz continuous in first argument. If

{ N /07— 22s1 + A207 + 22 1 g< A<

T1
ri—Am ro—um m
T2

Ané oy 22 V02 — 2psy + p265 < 1, 0<p<i2,

ri—Am ro—pum

then Problem 3.15 has a unique solution.

Corollary 3.17. [12] Let n : HxH — H be a Lipschitz continuous oper-
ator with constant o (see Remark 3.18). Let Hy : H1 — H1 be a strongly
n-monotone, Lipschitz continuous operator with constants y; and 11, and
Hy : Ho — Ha be a strongly n-monotone, Lipschitz continuous operator
with constants o and 9. Let M : Hi — Hy be (Hi,n)-monotone and
N : Hy — Hgy be (Ha,n)-monotone. Let F : Hy x Ho — Hi be an
operator, such that, for any given (a,b) € Hi x Ha, F(.,b) is strongly
monotone with respect to Hi and Lipschitz continuous with constants
r; and sy, respectively, and F(a,.) is Lipschitz continuous with the con-
stant 0. Let G : H1 X Ho — Ha be an operator, such that, for any given
(x,y) € H1 X Ha, G(x,.) is strongly monotone with respect to Ha and
Lipschitz continuous with constant ro and s2, respectively, and G(.,y) is
Lipschitz continuous with the constant £. Let there exist constants p > 0
and X > 0 such that

’720'\/’7’12 —2pr1 + PQ-S’% + Y10AE < Y172

710\/722 — 219 + A283 + 20 p0 < Y17y2.
Then, the following system admits a unique solution:
0 € F(a,b)+ M(a)
0 € G(a,b) + N(b).
Remark 3.18. In the context of Theorem 4.1 in [12], there is a minor

mistake. In fact, they should use n; : H; x H; — H;, instead of
n:HxH—H.
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