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A SHARP MAXIMAL FUNCTION ESTIMATE FOR
VECTOR-VALUED MULTILINEAR SINGULAR
INTEGRAL OPERATOR
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ABSTRACT. We establish a sharp maximal function estimate for
some vector-valued multilinear singular integral operators. As an
application, we obtain the (L?, L?)-norm inequality for vector-valued
multilinear operators.

1. Introduction and Results

We study the following singular integral operators.

Fixe>0and 0<d <n. Let T: S — S’ be a linear operator and let
there exists a locally integrable function K (z,y) on R" x R™\ {(z,y) €
R" x R" : x = y} such that

Tf(x) = : K(z,y)f(y)dy,
for every bounded and compactly supported function f, where K satis-
fies the Calderéon-Zygmund type estimates:

K (2,y)| < Cla —y| 7"
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and
K (y,2) = K(2,2)] + |K (2,9) = K(2,2)] < Cly = 2|z = 2/ 77,

if 2|y — 2| < |x — 2z|. Let m; be the positive integers (j = 1,- - -,1),
mq + -+ my = m and A; be the functions on R" (j =1,---,1). For
1 < r < oo, the operator associated with T is defined by

00 1/r
Ta(f) (@)l = <Z !TA(fz')(w)V) :
1=1

where,

l'f R, A‘; )
TA(fZ)(‘T) = R H]_l |$ ﬁ;?mj . y)K(x7y)f7«(y)dy7

Ry 1(Asi,0) = A3(@) = S0 Do Ay(y)(w — y)°

|| <my;

is the the (m+1)-th Taylor remainder of A and o = (g, -+, v, ) denotes
any n-tuple index, * = a{! .- - xin, D* = gU T T /9t ... 9z, We
also use the notation:

o0 1/’!’ o0
T(f) (@)l = (Z |T(fi)($)‘r> and [f], = <Z|fi(9«")lr>
i=1 =1

Suppose that |T|, is bounded from LP(R™) to LY(R™), for 1 < p < n/d§
and 1/¢g=1/p—4/n.

Note that when m = 0, T4 is just the vector-valued multilinear com-
mutator of 7" and A (see [13]), while when m > 0, T4 is non-trivial
generalizations of the commutator.

It is well known that multilinear operators are of great interest in har-
monic analysis and have been widely studied by many authors (see [2-6]).
Hu and Yang (see [9]) proved a variant sharp estimate for the multilinear
singular integral operators. In [12], Pérez and Trujillo-Gonzalez proved
a sharp estimate for the multilinear commutator (see also [10, 11, 13]).
Our main purpose of this paper is to prove a sharp maximal function
inequality for the vector-valued multilinear singular integral operators
when D*A; € BMO(R™), for all a with |a| = m;. As an application,
we obtain the (LP, L?)-norm inequality for the vector-valued multilinear
operators in Section 2.

1/r
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First, we introduce some notation. Throughout this paper, @ will
denote a cube in R™ with sides parallel to the axes. For any locally
integrable function f, the sharp function of f is defined by

$#) = s o | 1900) ~ faldy
Q> ’Q|
where, and in what follows, fo = |Q|~ fQ x)dx. Tt is well-known that

(see [ y ])
] ~ sup inf — f —cl|d

Qox c€C

where, ~ means the equivalency up to multiplication by finite posi-
tive constants. We say that f belongs to BMO(R"), if f# belongs to
L(R™) and ||f||garo = ||f#||z=. Let M be the Hardy-Littlewood
maximal operator defined by

M(f)te) = swp QI /Q F)ldy.

We write M,(f) = (M(f?))"/?, for 0 < p < co. For 1 < p < oo and
0<d<mn,let

1/p
My (f) () = sup(|Q1 L /|f |pdy) |

We shall prove the following results.

Theorem 1.1. Let 1 < r < oo, D*A; € BMO(R"), for all o with
la| =mj, j=1,---,1. Then, there exists a constant C > 0 such that for
any f={fi} € C§°(R"), 1 <s<n/d and T € R", we have

(ITa(f) <CH > D% AjllBao | Mas(1f1:)(F).

=1 \la;|=m;

Corollary 1.2. Let 1 < r < oo, D*A; € BMO(R"), for all a with
la| =mj, j=1,---1. Then, |Tal, is bounded from LP(R™) to LY(R"),
forany 1 <p<mn/d and 1/p—1/q = d/n, that is,

l
ITaPllle <CTT [ D2 1D Ajllsaso | [11£1rl]Le,

J=1 \lejl=m;
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2. Proof of Theorem
To prove the theorem, we need the following lemmas.

Lemma 2.1. ([1]) Let A be a function on R" and D*A € LI(R") for
all a with |a| = m and some ¢ > n. Then

1/q
m 1 [0
|Rin(A; 2, y)| < Clz —y™ > (,Q@ 5 /Q( )rD A(z)\%) :
) xvy

lal=m
where Q is the cube centered at x and having side length 5v/nlx —yl.

Lemma 2.2. (1, 7]) Suppose that 1 < r < o0, 1 < s <p<n/d and
1/g=1/p—46. Then

M5 s(11-)][a < ClIfI]|zo-

Proof of Theorem 1.1. It suffices to prove that for f = {f;} €
C§°(R™) and some constant Cp, the following inequality holds:

1 l | )
@/QHTA(f)(x)\T—Co!deCH< > HDa;Aj\yBMO)M&S(\f‘T)(x).

J=1Jajl=m;

Without loss of generality, we assume [ = 2. Fix a cube Q = Q(z,d)
and € Q. Let Q = 5y/nQ and Aj(z) = Aj(z) — > é(DO‘Aj)Qxa,

|or|=m;

where fo = Q™" [, f(x)dx, then Ry i1(Ajiz,y) = Ruyp1(Aj,y)
and D*A; = D*A; — (D%Aj)g for |af = m; (see [1]). We split f =
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g+h={g}+{h;i} for g; = fixg and hi = fix pn\ - Write

2’— R, A’; ’
R

9 -
. Roy.a1(Aix,
_ H]—l j+1 (m] y)K(x,y)hi(y)dy
Rn |z =y
1152y B, (Aj; 2, )

R" |z —y|™

K(z,y)fi(y)dy

+ K(z,9)9:(y)dy

239

- X o [ AR I Do ) K o))y

—_ m
o @ [z —y

Z 1 Rm1 (Al; €z, y)(SL' — y)a2 Da2A~2(y)

K(z,y)gi(y)dy

|aa|= m2 R & —ylm
1 z —y)*1te2 DM A, (y) D2 Ay (y)
t Z ol |/ ( ) |z — y|m K(z,y)gi(y)dy,
lay| = ma1, e
loa| = m2

then, by Minkowski’s inequality, we have

|z —y|™

Q‘/ 174 () —|T5(R)(x0)|r| d
1/r
: QI/ ( I Talfi)(@) — TA(hz’)(%o)l’“) dz
1 o0 12, R (A 2,7)
QI : : K(z, i d
: Q|/Q<; (x,9)gi(y)dy

tiak ( S

=1 ||z |=mq
- 1/r
x D As(y) K (@, p)gi(w)dy| ) d

r\ 1/r
> dx
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+|g/Q§

x D Ay (y) K (x,y)gi(y)dy

|aa|=m2

R, (A2, 9)(z — y)2
>

|z —y|™

7’)1/7“ i

C > (z — y)@rte2 DU A, (y) D2 Ay (y)
EE A DD /
IQ/@ P

RTL
la1] = mq,

lag| = ma

x K (2,9)g:(y)dy[")"" d

|z —y|™

1 i 1/r
+ |Q/Q(Z‘Tﬁ(hi)(x)—TA(hi)(xO)‘T> d

= h+L+1I3+ 14+ 1Is.

Now, let us estimate Iy, Is, I3, I4 and I5, respectively. First, for x € Q

and y € Q, by Lemma 1, we get

Ru(Aj;z,y) < Clo —y|™ Z [|D% Aj||Bmo,

loj[=m

thus, by the (L®, L?)-boundedness of |T'|, with 1 < s <n/J and 1/q =

1/s — §/n, we obtain

2
nLo< cII| X2 Ip¥4lismo
j=1

|ovj|=m;

IN

c > 1ID% AjllBaro

v [=m;

—

<
I
—

IN
- Q
[N

> 1ID% Ayl Bao

J=1 \lej[=m;

2
< CII| X IIDY4lisumo

J=1 \lejl=m;

1
ol /Q IT(g) (@) de

(& / 7 (0) (o) v

o | !f(w)!idx>1/s

Ms (| f17)(2)-
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For I, set s = pgfor 1 < p <n/d,q>1,1/¢+1/¢ =1 and 1/t =
1/p — §/n, we get, by Holder’s inequality

o 1 a1 A
L<C Y D Alswo Y /Q T(D A1 g) () da

|z |=m2 |t |=m1

) i 1/t
<C > |ID*A4sllpymo Y <@,/WIT(D“1A19)(96)I36Z$>

oz |=ma |on|[=ma

_ 1/p
<o D% Asllpno Y. ‘Qp/t( [ 40 an@lg)ras)

|az|=me2 |1 |[=m
1 ) 1/pq’
<c S D" Asllsno <‘Q,/|D°“A1< i)
|az|=m2 lar|=m1

1 l/pq
< (g | zras

2
<CII| > ID*Ajllsuo | Mss(1f1e)(E).

J=1 \lal=m;
For I3, similar to the proof of Iy, we get

2

70]__[ Z [|D*Ajl|Bvo | Mss(|f]r) ().

J=1 \|a|=m;
Similarly, for Iy, set s = pgs for 1 < p < n/J,
q1,q2,93>1,1/q1 +1/q2+1/q3 =1 and 1/t = 1/p — 6 /n, we obtain

1 a1 A az A
IL<C > M/Q|T(D LA1 D2 Ayg) ()| da

lar|=mi,|az|=m2

1 a1 A az A t 1
<c ¥ (IQ!/n (D A, D QAQQ)(a:)dea:>

|t [=m1,|az|=m2

- - 1/p
sc X @[ (oDt oGl )

|ar|=ma1,|az|=m2

1 . 1/pq
<C / D™ A (x pqldx)
3 2<|Q| [ 1D )

lat|=m1,|az|=m
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1 i 1/pn 1 1/pgs
— @2 A Pq2 o vaa
X (’Q‘/QID o(z)| dx> <‘Q|1_86/n/@\f(x)\r dx)

< CH ( Z DaAjBMO) Mé,s(|f|r>(j)'

loo|=m;
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For I5, we write

T5(hi)(x) = T (hi) (o)

:/H<K<$vy> Ko,y )HRmJ i, y)hiy)dy

|z —y|™ |z —y|™

~ ~ Ry, (Ag;x,
+/ (le(Al;a:,y) - le(Aul’o,y)) Q(—Zmy)K(fEmy)hi(y)dy
Rn |0 — ¥
le (Ala ‘T07y)

K.Z‘, hi d
’xo_y‘m (Oy) (y> Yy

- S F

oz |=ma

m A - o
2 2; T, y)(x y) K(LL‘,y)
|z —y[™

m A 3 ) - o
- R 2( 2; L0 y) (f@o y) K(]I(), y)
w0 — |

- S F

|aa|=m2

D™ Ay (y)hi(y)dy

a2

Iw—ylm ’

Ry (Av;20,y) (20 — )22
— K (xg,
’xO — y’m ( 0 y)

1 (x —y)*ree
+ Z arlas! /n [ |z — y|™ K(z,y)

lat|=m1, |az|=ms2

D2 Ay (y)hi(y)dy

al+ag

(w0 —y)
|zo — y[™
S (S (S (S (O

K (o, y)} D Ay (y) D Ay (y)hi(y)dy

By Lemma 1 and the following inequality (see [11]):
161 — bq,| < Clog(1Q2|/1Q1])[bl[Bao for Q1 C Qs
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we know, for z € Q and y € 2811Q \ 2¢Q,
|Ron(A; 2,)| < Cla—y[™ > (1D Allsaro + [(D¥A)g(y ) — (D A)g])

la|=m
< Cklz —y™ > IDAl|zmo.
|al=m

Note that |z — y| ~ |zo — y| for 2 € Q and y € R™\ Q, we obtain, by
the conditions on K,

( |z — 20| |z — 2ol
’15 | <C A (|5L'O _ y|m+n+1f5 |l’0 _ y|m+n+€f6

2
X RmJ(Ag,x Y)llhi(y)ldy

2
< H > IID*Ajllsao
=1 \|a|=m;
Xi oot T Y iy
- k+1Q\2kQ ‘JUO _ y‘n—i-l—(s ‘ZUO _ y|n+€—6 i
2 o0 1
a g 29—k —eky__ -
SC’H Z |D*A;||Bro Zk (27 +2 )|2kQ‘175/n
=1 \|a|=m; k=1

/ i)y,
20

thus, by Minkowski’s inequality, we have

By

. e 1
SCH > IDAjllBro | >k (27F +2 5’“)W

i=1 \|a|=m; k=1

/ 1 @)ledy
260

2
<CII| > IID*4jllsuo | Msa(If1:)(2).

i=1 \Jal=m;
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For I é2) , by the formula (see [4]):

|B]<m

and Lemma 1, we have

|Rin(A;2,y) = Rin(Asmo,9)] < C Y > | — o™ Pl — y|I7

|Bl<m |a|=m

[|D“Al|pnmo,
thus

>

|
2 zo|
<C H ( > |IDv4; BMO) Z/MQ\M %—Wihglf(y)lrdy
J=1 ‘O‘| =m;
2
c]l ( > D4, BMO> M1 (1£1:)(@).
Jj=1 |a‘ =m;
Similarly,

(>
i=1
For 1, é4), we get

00 1/r
@ )
bt

1 7‘ 2
3) ) H ( 3 DO‘AJ’BMO) M (| f1r)(Z)-

loo|=m;

(z —y) " K(z,y) (20— y)* K(zo,y) ‘
|z —y[™ |z —y|™

X | Ry (As; 2, ) | DY A1 (y)[|1(y) | dy

+ C Z / mg A2a$ y) ng(AQ;x07y)|
T R™\Q

o — ) K (wo,)

PR 1D Ay (y)||h(y)|rdy
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<C > |ID*Agllpuo Y Y k@R TF 427

\a|:m2 \a1|:m1 k=1

]. ~ , 1/8l 1 1/5
X —_— DM A s s s g
<\2ka [ i) y) <\2er1—55/” /M!f(y)r y>

2
H ( > D“AjBMo> My (| f10)(@).

laf=m;
Similarly,
) /T 2
<Z ‘15(5) r) H ( S D"‘AjBMo) Ms,s(|f1r) (Z)-
i=1 J=1 \la|=m;

For IE()G), taking q1,q2 > 1 such that 1/s+1/q; + 1/g2 = 1, then
1/r
7’)

x| D A (y )HD“Zflz( I @)lrdy

1 1/s
k k s
< S Sk (i [ 0w)

|a1|=ma,|az|=m2 k=1

1 . Yar s 4 - 1/q2
X - D™ Aq(y qldy) ( = D% As(y quy)
<|2,€Q, [ i) G g 1D 22000

< CH ( > DaAjBMo) M;s(|flr) ().

loo|=m;

(z —y) M e K(z,y) (20— y)* T2 K (z0,y) ‘
|z —y[™ |wo — y|™

Thus

15| < CH ( > DaAjBMO) Mss(1f1r)(2).

loo|=m;

This completes the proof of Theorem.
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Proof of Corollary 1.2. We choose 1 < s < p in Theorem and by
using Lemma 2, we get

ITA(Pllze < CHTA(f) ]2
l
C

IN

[I{ X2 1P aslisno | 11Mss(1f1) I

i=1 \Jaj=m,

IN

CII| > IID*4llsmo | IIflle.

l
j=

1 \la|=m;
This finishes the proof.

3. Applications

In this section we apply Theorem 1.1 and Corollary 1.2 to the Calderén-
Zygmund singular integral operator and fractional integral operator.

Application 1. Calderén-Zygmund singular integral operator.
Let T be the Calderén-Zygmund operator (see [, 14]). The operator
related to T is defined by

00 1/r
[Ta(F) ()] = <Z ’TA(fz‘)(x)‘r> :
i=1

where,

L Ry.11(Aj;x,
i) = | L= — ;Tm 9 e )i

Then, the theorem and corollary in the paper hold for the operator.

Application 2. Fractional integral operator with rough kernel.
For 0 < § < n, let Ts be the fractional integral operator with rough
kernel defined by (see [0, 9])

Qlx —
T f(z) = /R (Wy)éf(y)dy.

n|$—
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The operator related to Ty is defined by

) 1/r
TN @) = | D ITA @)
i=1
where,
[Tj1 Rony+1(Aj 2, y)
T4 (fi)(x) = e Oz —y) fi(y)dy,
a(fi) (@) T oy (z =) fi(y)
Q is homogeneous of degree zero on R", [¢, . Q(2")do(2') = 0 and

Q € Lip-(S™ 1), for some 0 < ¢ < 1, that is, there exists a constant
M > 0 such that for any z,y € S 1, |Q(z) — Q(y)| < M|z —y|°. Then,
the theorem and corollary hold for the operator. When 2 = 1, T is the
Riesz potentials.
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