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EQUATIONS A;XB; = C; AND A,XB; = C,
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ABSTRACT. Let R € C™*™ and S € C™*™ be nontrivial involu-
tion matrices; i.e., R = R™' #+ Tand § = S™" # £ I. An
m X n complex matrix A is said to be an (R, S)-symmetric ((R, S)-
skew symmetric) matrix if RAS = A (RAS = —A). The (R, S5)-
symmetric and (R, S)-skew symmetric matrices have a number of
special properties and widely used in engineering and scientific com-
putating. Here, we introduce the necessary and sufficient conditions
for the solvability of the pair of matrix equations A1 X B; = C; and
A X By = (s, over (R, S)-symmetric and (R, S)-skew symmetric
matrices, and give the general expressions of the solutions for the
solvable cases. Finally, we give necessary and sufficient conditions
for the existence of (R, S)-symmetric and (R, S)-skew symmetric
solutions and representations of these solutions to the pair of ma-
trix equations in some special cases.

1. Introduction

Throughout, the notation C™*™ represents the vector space of all
mx n matrices over the complex field C. By AT, we denote the transpose
matrix of A. The conjugate transpose of the matrix A € C"™*" is

MSC(2000): Primary: 15A06; Secondary: 15A24, 65F30, 65F10.
Keywords: Matrix equation, (R, S)-symmetric matrix, (R, S)-skew symmetric matrix.
Received: 3 February 2009, Accepted: 17 March 2010.
*Corresponding author
(© 2011 Iranian Mathematical Society.
269



270 Dehghan and Hajarian

denoted by A*. We define a conditional inverse of A € C™*", denoted
by A~, to be any matrix B € C™*" satisfying ABA = A. The symbol
A® B denotes the Kronecker matrix product, (a;;B). The symbol vec(A)
denotes the mn x 1 vector formed by the vertical concatenation of the
matrix A. For a given mn x 1 vector w, we use Invec™"(w) to denote
the m x n matrix W € C™*" such that vec(WW) = w. Now, we define
(R, S)-symmetric and (R, S)-skew symmetric matrices as follows.

Definition 1.1. [22] Assume that R € C™*" and S € C™*" are non-
trivial involution matrices, that is, R= R ' #+ Tand S = S~' £+ I.
An m x n matrix A is said to be an (R, S)-symmetric ((R, S)-skew sym-
metric) matrix if RAS = A (RAS = —A). Spg" and NI’QE" represent
the set of m x n (R, S)-symmetric and (R, S)-skew symmetric matrices,
respectively.

The (R, S)-symmetric and (R, S)-skew symmetric matrices have wide
applications in information theory, linear estimate theory and numerical
analysis [1, 16, 27, 28]. Solving matrix equations is a topic of very active
research in computational mathematics, and has been widely applied in
various areas such as principal component analysis, biology, electricity,
solid mechanics, automatics control theory, vibration theory, and so on.
A large number of papers have presented several methods for solving
matrix equations [9, 8, 20, 23, 25, 26]. Dai [3] and Chu [2] studied the
linear matrix equation

AXB=C,

with a symmetric condition on the solution X. Ramadan and El-
Sayed [21] proposed a simple method for generating a nonsingular solu-
tion of the matrix equation X H = HX, where the matrix H is in an
unreduced lower Hessenberg form. Mitra [17, 18] proposed conditions
for the existence of a solution and a representation of a general common
solution to the pair of individually consistent simultaneous linear matrix
equations

(11) AlXBl = 01 and AQXBQ = 02.

Also Navarra et al. [19] studied a representation of the solution X to
the pair of matrix equations (1.1). In [24], Wang considered (1.1) over
an arbitrary regular ring with identity and derived the necessary and
sufficient conditions for the existence and the expression for the general
solution of the pair of matrix equations. In [4, 5, 7], some iterative
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algorithms were proposed to solve the Sylvester matrix equation and
the generalized coupled Sylvester matrix equations over reflexive and
anti-reflexive matrices. In [0], an iterative algorithm was constructed
for solving the second-order Sylvester matrix equation

EVF? - AVF — CV = BW.

Zhou et al. [31] proposed an iterative method for finding weighted
least squares solutions to the coupled Sylvester matrix equations. Ding
and Chen [10, 1] presented the hierarchical gradient iterative (HGI)

algorithms for general matrix equations and hierarchical least-squares-
iterative (HLSI) algorithms for the generalized coupled Sylvester matrix
equation and general coupled matrix equations [12, 13]. The HGI al-
gorithms [10, 11] and HLSI algorithms [I14, 11, 13] for solving general
(coupled) matrix equations are two innovational and computationally
efficient numerical ones and were proposed based on the hierarchical
identification principle [12, 15], which regards the unknown matrix as
the system parameter matrix to be identified.

The reminder of our work is organized as follows. In Section 2, we first re-
view some structure properties of the (R, .S)-symmetric and (R, S)-skew
symmetric matrices, subsets gg” and 5%71 Then, we will present the
necessary and sufficient conditions for the existence of (R, S)-symmetric
and (R, S)-skew symmetric solutions of (1.1), respectively. Some special
cases of the pair of matrix equations (1.1) over (R, S)-symmetric and
(R, S)-skew symmetric matrices are considered in Section 3.

2. Main Results

In this section, we first discuss the structure and properties of the

(R, S)-symmetric and (R, S)-skew symmetric matrices and subsets Sp' 5"

and gglg" Assume that R € C™*™ and S € C"*" are nontrivial involu-
tion matrices. From “an involution is diagonalizable”, there are positive
numbers 7, k and matrices P € C™*", Q € C™*(m=") U e C"** and
V e C™("=k) such that [22]

P*lev Q*Q:I, RP:Pa RQ:_Q7

and

Uu=1I1,vVvV=I SU=U SV=-W
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Also, if we consider

(2.1)
G_UUI+8) o V=8 5 PU+R) 5 QU-R)

2 2 ’ 2 ’ 2 ’

then we have
(2.2)
PP=I1.PQ=0,QP=0,QQ=1,UU=1I,UV =0,VU=0,VV = 1.

This implies:

-1 U -1 P
2.3 v v = | d |P = |Al.
S R
In the following lemmas, we will give characterizations of (R, S)-symmetric
and (R, S)-skew symmetric matrices.
Lemma 2.1. [22] A is (R, S)-symmetric if and only if

(24) A=[P Q] [%1 14(1)4] [g]

where, A1 € C"** and A, € C—")*(n=k),

Lemma 2.2. [22] A is (R, S)-skew symmetric if and only if

~

(25) A=[P Q] [/(1]3 /(1)2] [‘gf]

where, Ay € C*"F) and A5 e Cm—T)%k,

Without loss of generality, in the rest of this paper we assume that the
matrices A;, B;, C; € C"*™; i = 1, 2; have the following decompositions:

U ‘ _Ain Aig

LA/] AilP Q] = |:Ai,3 Ai,4:| ’
Ul 5 _|Bix Bio

(2:6) [f/] Bi[P Q] = |:Bi,3 Bi,4:| ’

U , _1Cix1 Cig
Ci= LA/] GilP Q= [Cz',:s Ci,4:| ’
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where, Ai71 e C™7, B;1 € Cka, Ci,l € CTXk, Aia € C(n—r)x(n—r)’
B4 € C(n=k)x(n=k) anq Cia € C("f’“)x(”fk), for i = 1,2. Also, we let
Ap = (Ain" AT, B = (Bi1, Bi2),
(2.7)
Al = (Aig" Ai")" and  Bf = (Bigs, Bi),

for ¢+ = 1,2. The following theorems provide the general conditions
for the existence of the (R,S)-symmetric and (R, S)-skew symmetric
solutions to the pair of matrix equations (1.1).

Theorem 2.3. Let A;, B;,C; € C™*™, for i = 1,2, be given matrices.
Then, the following conditions are equivalent.

(1) The pair of matriz equations (1.1) has a common solution X € S}’%XS”.

(2) The following pair of matrix equations has the solutions X; and
Xy

(2.8) A\ X B + AV Xy B = Cf and ALX By + A3 X4 By = CY.

(3) The following system of matrix equations has the solutions X; and
Xy

(2.9)
A1) X 1B+ A1 X4B13 = Cr1, A21X1 B2 + A22Xy4Bo3 = Cy 1,

A11 X 1B1o + A120X4B14 = Cr2, A21X1Boo + A22X4Bo 4 = (a9,

A13X1B11 + A1y X4B13 = C13, A23X1 B2 + A24X4Bo3 = (a3,

A13X1B1o + A1 4 X4B1 4 = Cra, A23X1Boo+ A24X4Boy = (o4,

in which case, the common solution X € S}’J" is represented by

X, 0][U
X=[P Q][O X4][17]’
where, X7 € C"*F and X, € C(n—r)x(n—k)

Proof. First we show that (2) < (3). By substituting (2.7) into (2.8), we
can obtain the system of matrix equations (2.9). This implies (2) < (3).
(1) < (3). Suppose that the system of matrix equations (1.1) has a
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common solution X € SE’¢". By Lemma 2.1, there exist X; € C™* and

X, € C=m)x(n=k) 4 that

v afy 2]

Now, from A1 X B = Cy and A3 X B, = (5 and using the decompositions
(2.6), we get

[A11X1B11+ A12X4B1s A11X1Bio + A19X4B1 4] Ci1 Cip2

)

| A13XaB11 + A1aXuB13 A13X1B1o+ A14XyB1 4 Ci3 Cia

» A

and

[A21X1Bo1 + A22X4Bos A21X1Bago + A22X4Ba 4] Ca1 Ca2

| A23X1Bo1 + A24X4Bo3  A23X1Bao + A24X4Bs 4] Ca3 Cha

Conversely, if the system of matrix equations (2.9) has solutions X; and
X4, then it not difficult to get

AlXBl = Cl and AQXBQ = CQ,

where,

X, 0][U xn
X =[P Q] [01 XJ [‘7] € Spg
]

Similar to the proof of Theorem 2.3, we can prove the following the-
orem.

Theorem 2.4. Let A;, B;, C; € C"*", fori = 1,2, be given matrices.
Then the following conditions are equivalent. N
(1) The pair of matriz equations (1.1) has a common solution X € SE’g".

(2) The following system of matrix equations has the solutions Xo and
X3

(2.10)  A'X3B, + A\ XoB! = C} and AYX3B,+ ALX,Bl = C}.

(3) The following system of matriz equations has the solutions Xy and
X3:
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(2.11)
A12X3B11 + A11XeB13 = Ch1, A22X3B821 + A21X9By3 = (o1,

A12X3B12 + A11X2B14 = Cr2, A22X3B29+ A21X9By4 = Co,

A14X3B11 + A13XeB13 = C13, A24X3B21 + A23X9By3 = Cy3,

A14X3B1o + A13XoB14 = Cr 4, A24X3B29+ A23X9By4 = Coy,

\

in which case, the common solution X € ggé” 1s represented by

_ 0 Xo|[U
e als A
where, Xo € C"*("F) qnd X4 € C)%E,

3. Some Special Cases

In the next theorems, we will consider the special cases when By =
BQ71 = BLQ = Bzg = 0 or A171 = A271 = A173 = A273 = 0. We
find necessary and sufficient conditions for the existence of the solution
X e Sy (X € 8E§") and give the expression for the general solution.

Theorem 3.1. Let A;, B;, C; € C™*", fori = 1,2, be given matrices.
If Bl,l = 3271 = BLQ = BQ’Q =0 or A171 = A271 = Al,g = A2’3 = O, then
the pair of matriz equations (1.1) has a common solution X € Sp’¢’
if and only if A{A]"C{BY”"B] = C} and Invec"" (GG vec(F)) = F,
where,
G=By"®Ay+E*®D, D=-A3A7"Al,
E=B{B/"B), F=C,—AjA]"C{B/" Bj,
In which case, the general common solution is given by

~

X, 0 (U
e aly 7
where,

Z = Al=C B!~ + Invec™ "=k (G=vec(F) + (I — G~G)vec(W))
— A" 1 A7 Tavec™ (=R (G=vec(F) + (I — G~G)vec(W))| By B!~
X, e C%F and W e C ¥R gre arbitrary matrices.
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P’/“OOf. Let Bl,l = B271 = BLQ = B272 =0 or A171 = A2,1 = Al’g =
A3 =0, and let X € Si’y" be a solution of (1.1). We can assume that

X is represented by
X, 0][U
x=1[p Q][O X4][17}

Now, it follows from (2.8) that
(3.1) AlXyBY = C, AlX4Bj =C5,

where,
(3.2)
Aél = (ALQT Ai,4T)T and Bl{/ = (Bi73 Bi74), for 1 = 1, 2.
From the obtained results in [19], the pair of matrix equations A] X, B =
C] and ASXyBJ = (45 has a common solution if and only if

Al AT~ C{BY™ BY = C{ and Invec™" (GG vec(F)) = F, where,

Al = (A" Au")T, B!'=(Bis Bia) i=1,2,
G=By*®@Ay+E*®D, D=-A5AT"Al,
E=B/B{"B), F=0Cy— A3A]"C{B{™Bj,

In that case, the general solution is given by:

X, = A=C B!~ + Tavec™ =R (G~ vec(F) + (I — G~ G)vec(W))
—A/{*A'{[Invec(”_”)’(”_k)(G_Vec(F) + (I — G~ G)vec(W))|B{B] ™,

where, W € C(*=)*(=k) ig an arbitrary matrix. O

By a similar proof to the proof of Theorem 3.1, we can prove the
following theorem.

Theorem 3.2. Let A;, B;, C; € C"*", fori = 1,2, be given matrices.
If Bl,l = B271 = Bl’g = 32’2 =0 or ALQ = A272 = A1,4 = A2,4 = 0, then
the pair of matriz equations (1.1) has a common solution X € ggig"
if and only if AYAT C\B{™ B! = C} and Invec™" (GG vec(F)) = F,
where,
G=By®AS+E*®D, D=-AATA],
E—=BIB'"Bl, F=C)j—A,A-C!BI" B,

in which case, the general common solution is given by

e al? 4[0)
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where,
Z = AT CIBI™ 4+ Invec™ ™) (G vec(F) + (I — G~ G)vec(W))
— Al A [Invec™ ") (G vec(F) + (I — G~G)vec(W))| B! B!~

X3 € C Xk gnd W e ¢ R) are arbitrary matrices.

4. Conclusions

We have considered the (R, S)-symmetric and (R, S)-skew symmetric
solutions of the pair of matrix equations A1 X By = C7 and As X By = (.
By making use of the decompositions (2.6), we presented general analytic
formulae, and gave necessary and sufficient conditions for guaranteeing
the existence of these solutions. Also, we derived necessary and sufficient
conditions for the existence and the expressions for the general (R, .S)-
symmetric and (R, S)-skew symmetric solutions to the pair of matrix
equations in some special cases.
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