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ON TOPOLOGICAL TRANSITIVE MAPS ON
OPERATOR ALGEBRAS

H. REZAEI

Communicated by Omid Ali Shehni Karamzadeh

ABSTRACT. We consider the transitive linear maps on the oper-
ator algebra B(X) for a separable Banach space X. We show if
a bounded linear map is norm transitive on B(X), then it must
be hypercyclic with strong operator topology. Also we provide a
SOT-transitive linear map without being hypercyclic in the strong
operator topology.

1. Introduction

Let X be a Hausdorff locally convex space and T : X — X a continu-
ous linear map. We say that T is transitive if for each pair of nonempty
open subsets U; V of X there is n € N such that T"(U) NV # (. If the
underlying space is a separable Baire space, transitivity is equivalent to
hypercyclicity. A continuous linear map T" acting on a separable Frechet
space X is called hypercyclic if there exists a vector f € X such that its
orbit; orb(T, f) = {T™f : n > 0} is dense in X. Topological transitivity
was introduced by G.D. Birkhoff [3] already in 1920 for the non-linear
continuous function and it plays an important role in many definitions
of chaos, in particular in [7]. For the space of all entire functions, Birk-
hoff [3] also proved that the translation operator Tf(z) = f(z + 1) is
hypercyclic, and MacLane [9] showed that the differentiation operator
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T(f) = f’ is hypercyclic. When X is a separable Frechet space, Geth-
ner and Shapiro [8] showed a useful sufficient condition for a continuous
linear mapping 7' : X — X to be hypercyclic:

Hypercyclicity Criterion. Let T be a bounded operator on X and
there exist a sequence (ng), two dense subsets Y, Z of X and functions
S : Z — X such that

(i) Ty — 0 for all y € Y,

(ii) Sgz — 0 and T" Sz — =z for all z € Z.

Then T is hypercyclic.

Good source of background information on transitive and hypercyclic
operators includes [1]. While the existence of an element with a dense
orbit implies that X must be separable, the transitivity of T : X — X
does not require that the space X is separable. On the other hand,
since Baire category theorem is essential in most of the fundamental
results concerning hypercyclicity, the space X on which the operators are
defined is usually assumed to be a Frechet space. However, several recent
important results considered the existence of hypercyclic operators on
locally convex spaces which are not metrizable and not Baire, see [4, 5],
and [6].

If we look at the space of all bounded linear operators on X, i.e., B(X),
the first problem we face is that it is usually non-separable and non-
complete with the operator-norm topology. This forces us to consider
weaker topologies on B(X). That was the reason why Chan [5], Chan
and Taylor [6] and Bonet et. al [4] studied the hypercyclicity of left
multiplication operators on the algebra B(X) endowed with the strong
operator topology (SOT), i.e., the locally convex topology determined
by the seminorms =z — ||T'(x)||,T € B(X).

In the present paper we consider the transitivity of bounded linear
map on B(X) with the norm and strong operator topology. In Corol-
lary 2.3 below, we show each norm transitive linear map is hypercyclic
with the SOT. In particular, the left multiplication operator L7 is norm
transitive if and only if it is hypercyclic with the SOT. Finally, we pro-
vide an example of transitive linear map with the SOT without being
hypercyclic with this topology.
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2. Main result

In all that follows X will be a separable Banach space, and B(X)
denotes the algebra of all bounded operator on X. We use By = By (X)
to denote the open N-ball of B(X), that is the set of all operators
T € B(X) with |T|| < N and By = By(X) is used for the close N-ball.
We agree that only those topological terms with the prefix ”SOT” refer
to the strong operator topology; otherwise, they refer to the operator
norm topology.

Definition 2.1. Let L : B(X) — B(X) be a bounded linear mapping
and D C B(X). We say L is transitive (SOT-transitive) on D whenever
for each pair (U, V) of nonempty open (SOT-open) sets in B(X) that
UND#0 and VN D # 0, there exists some integer r > 0 such that

L"(UNnD)NnVND#0.
When D = B(X), L is simply called transitive (SO T-transitive).

Theorem 2.2. Suppose that the bounded linear mapping L : B(X) —
B(X) is transitive on By, then L is SOT-hypercyclic.

Proof. Assume that U and V are two open sets in B(X). Choose an

integer m > 1 in such a way that both m™'U N By and m~'V N B; are

nonempty. By transitivity of L on B;, we find that
L'(m™'UnB)N(m VB #£0

for some integer r > 1, consequently LU NV # (). It follows that L is
transitive.

Let E(X) be a countable SOT-dense subset of B(X). The bounded
subsets of B(X) are SOT-metrizable and so are of first countable in the
SOT. For T' € E(X) and positive integer i > 1, let

{Viy(T) N Bi(X)}j>1
be a countable basis of SOT-neighborhoods of T in B;; where V; ;(T) is
a SOT-open set in B(X) containing T'. Consider the index set
Li(T)={reN: L7V, (T)N By £ 0} (T € E(X),i,j€N)
which is nonempty by the transitivity of L. Then for r € I; ;(T'), each
of the sets
G(T,i,j,r) = |J LML Vi (T) N By)
neN
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are open in B(X) and dense in B;. To prove the density, let T € E(X),
i,j € N, r € I; j(T) and let U N B; be a nonempty open set in B;. Then

UnNBi#0, L7V;;(T)N By #0 (because r € I; ;(T))
and L7"V; ;(T') is SOT-open set in B(X). By transitivity of L on By,

L™L7"V;(T)NB1)NUNBy #0
for some n > 1. This implies that G(T, 4, j,r) is norm dense in B;. Using
the Baire Category Theorem for B, we see the set

Hyt(L) = () () ) G(T.irj.r)

TeE 'i,jEN T’EIZ"]' (T)

is also dense in B1. Now, we claim that every element of Hgyt (L) is SOT-
hypercyclic for L. For this let S € Hgyt(L) and let V be an arbitrary
SOT-open set in B(X). Then there is a SOT-neighborhood V(T') of
some T € E(X) contained in V. By transitivity of L, L"B1 N V(T) # 0
for some integer > 1. Choose a positive integer i > ||L||" in such a way
that the set L"B1 NV (T')NB; and so L~"(V(T)NB;) N B; are nonempty.
The first countability of B; in SOT implies that for some j € N,

L7 (V;;(T)NB;) N By # 0.
This yields that L="V; ;(T) N By is also nonempty and hence r € I; ;(T).
Since S € G(T,1i,j,r), there is some n € N, such that
LS € V; ;(T) and L™S € By.

But ||[L™"S| < ||L||" < i and L™"S € V; ;(T') N B; which is a subset of
V(T)N B;. Thus LS € V. Therefore S is a SOT-hypercyclic vector
for L and L is SOT-hypercyclic. U

Corollary 2.3. If the bounded linear mapping L on B(X) is transitive
then it is SOT-hypercyclic.

It is shown by Bonet et. al in [4] that left multiplication operators
Ly : B(X) — B(X) by Lp(S) = TS with the SOT are hypercyclic
provided that T satisfies the Hypercyclicity Criterion. The following
theorem characterizes SOT-transitive left multiplication operators on

B(X).

Theorem 2.4. For T € B(X), the bounded linear mapping Lt is SOT-
transitive on B(X) if and only if T & T is transitive on X @ X.
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Proof. Assume that T @ T is transitive on X @& X. Consider two non-
empty SOT-open subsets

U, = {S € B(X) : ||(S— 51)(]017])” <egj, for1 <5< m} (’L = 1,2).

Let E={fij:i=1,2and j =1,2,...,m}. Pick alinearly independent
subset {f1, f2,..., fx} of E such that £ C span{f; : 1 < j < k}. For
any @ = 1,2 let f; ; = Ni1f1 + -+ A\, fi for some scalars A;1,..., Ak
that are not all equal to zero. If

€i
nmax;{|Ai |}

b (i=1,2)

d; = min{e;,

and
Vi={S € B(X):|I(S—8)(fi)l <o for 1 <j <k}

for ¢ = 1,2, then V; C U;. By an application of Hahn-Banach Theorem
there are bounded linear functionals ¢1, ¢, ..., ¢, such that ¢;(f;) =0

for i # j, @;(f;) = 1 and ||fjll = d='(f;, span {f; : @ # j}). Since
T @ T is transitive, it is hypercyclic and by [2, Theorem 2.3], T satisfies
the Hypercyclicity Criterion on X. Hence, @§Z1T also satisfies the

criterion which implies the hypercyclicity and transitivity of @le T on
@;?:1 X. Thus there exist a finite subset {z; : j =1,2,...,n} of X and
positive integer n satisfying

llzj —S1(fi)|l < d1 and [|[T"z; — S2(fj)| < da.

Let S(v) = 251 ¢j(v)z), then S(f;) = 2z and LES(f;) = T"(z). It
follows that S € V4 and LS € V5 and hence L:(Uy) N Us # . For the
converse, let Ly be SOT-transitive on B(X). Fix two vectors a,b € X
and define the linear mapping A : B(X) - X & X
A(S) =Sa® Sb (S € B(X))
Hence, A is bounded and ALy = (T'@® T)A. Now for two non-empty
open subsets U = U1 @ Us and V =V, ® V5 of X & X, we have
AN UNTaT)™V) = A O)N(TeT)"N) (V)

— AU N (AL (V)

= AN U)NLY(ATV).
Since Ly is SOT-transitive on B(X), by the last relation, we deduce that
T @ T is transitive on X & X. g
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Proposition 2.5. For any T € B(X) the continuous linear mapping
Ly is transitive if and only if it is SOT-hypercyclic.

Proof. By Theorem 2.2, we need to prove only one implication of propo-
sition. Let Ly be SOT-hypercyclic on B(X). Fix a vector f € X* and
define A : X & X — B(X) by

Azoy)=@+ty)ef (yeX)

where (z 4+ y) ® f is defined by ((z +y) ® f)(2) = f(2)(x +y). Then A
is a bounded linear map, A(T' @ T) = L7 A and for two open sets U and
V in B(X),

AT UNLMY) = ANU) N (LRA) V)
AN U) N (AT & T)) L (V)
= AU N (TaeT) ™A Y).

Since L is SOT-hypercyclic, hence is SOT-transitive and by the last
theorem 7" @ T is transitive on X @& X. Now from the above relations,
we find that Lt is norm transitive. O

The following example provides a SOT-transitive linear mapping on
B(X) which is not SOT-hypercyclic.

For any Hilbert space H and vectors x,y in H, define the rank one
operator x ® y(h) =< h,y > x. It is easy to check for T' € B(H),
Trzey)=Treyand (zy)T" =2 Ty.

Example 2.6. Let {e, : n € Z} be an orthonormal basis of H = (*(Z)
and let S € (*(Z) be the bilateral forward shift, which is defined by Se,, =
ent+1 for all integers n. The Hilbert space adjoint S* is the bilateral
backward shift, which satisfies S*(e,) = en—1 for all integers n. Define
a linear mapping L : B(H) — B(H) by L(T) = STS* for allT in B(H).
Since ||L(T)|| < [[SIITS*| < |T||, the linear mapping L is bounded
and ||L|| < 1. In addition, we define a linear mapping A : B(H) — B(H)
by A(T) = S*T'S, giving the identity LA = I. Furthermore, let {zy :
k € Z} be a dense subset of H and D(H) be the sets of all operators T
in B(H) such that T = Y"}__ xp ® ex. The set D(H) is a countable
SOT-dense subset of B(H). Observe that, if T is an operator in D(H),

m m
L"T = Z S"x ® S"e, = Z S”wk®ek+n

k=—m k=—m
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m m
AT = Z Sz @ S* ey, = Z S ' xr @ ep_n

k=—m k=—m
and L"A™(T) =T. This proves that,
L"T — 0 and A"T — 0 in SOT.

Now letU and V be two SOT-open set in B(H). Choose Ty €e UND(H),
T, e VND(H) and let T,, = Th + A"(T»). Then T,, — Ty and L"(T,,) —
Ty in SOT. It gives that T,, € U and L™T, € V for n large enough, that
18,

L"UNV #0D

for some integer n > 1. Therefore L is SOT-transitive. On the other
hand, ||L|| <1 and so for each T € B(H), orb(L,T) is a norm bounded
subset of B(H) which can not be SOT-dense in B(H). Therefore L is
not SOT-hypercyclic.
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