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RANKS OF THE COMMON SOLUTION TO SOME
QUATERNION MATRIX EQUATIONS WITH
APPLICATIONS
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ABSTRACT. We derive the formulas of the maximal and minimal
ranks of four real matrices Xi, X2, X3 and X4 in common solu-
tion X = X; 4+ X2i + X3j + X4k to quaternion matrix equa-
tions A1 X = C1,XBs = (C2,A3XBs = (3. As applications,
we establish necessary and sufficient conditions for the existence
of the common real and complex solutions to the matrix equa-
tions. We give the expressions of such solutions to this system
when the solvability conditions are met. Moreover, we present
necessary and sufficient conditions for the existence of real and
complex solutions to the system of quaternion matrix equations
A1X = Cl,XBQ = Oz,AgXBg = 037A4XB4 = 04. The ﬁndings
of this paper extend some known results in the literature.

1. Introduction

Throughout this paper, we denote the real number field by R, the set
of all m x n matrices over the quaternion algebra

H= {a0+a1i+a‘2j+a3k’ ‘ Z.2 :jz - kQ :ij: _17 aop, a1, a2, a3 GR}
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by H™*" the identity matrix with the appropriate size by I. For a matrix
A, over H, we denote the column right space, the row left space of A by
R (A) and N (A), respectively, the dimension of R (4) by dimR (4), a
generalized inverse of a matrix A by A~ which satisfies AA~A = A, a
reflexive inverse of matrix A over H by AT which satisfies simultaneously
AATA = A and AATA = A. Moreover, R4 and L, stand for the two
projectors Ly = I — At A and Ry = I — AA" induced by A, where A™ is
any but fixed reflexive inverse of A. Clearly, R4 and L4 are idempotent
and one of its reflexive inverses is itself. By [14], for a quaternion matrix
A, dimR (A) = dim N (A) is called the rank of A and is denoted by
r(A).

Introduced by W. R. Hamilton in 1843, quaternion has made fur-
ther appearance ever since in associative algebra, analysis, topology,
and physics. Nowadays quaternion matrices play an important role in
computer science, quantum physics, signal and color image processing,
and so on (see, e.g. [1-3,13,18,22,39,40]).We know that matrix equa-
tion is one of the very active topics in the research of matrix theory and
its applications, and a large number of papers have presented several
methods for solving several matrix equations (e.g. [5]- [12], [17], [26]-
[31], [33], [36]- [38]). Researches on extreme ranks of solutions to linear
matrix equations have been actively ongoing for more than 30 years
(e.g. [15,16], [19]- [21], [23]- [25], [32,34,35]). It is worthy to say that
minimal and maximal ranks of a general solution to a matrix equation
are very useful in linear programming computations (e.g. [19]- [21]).

Recall that Mitra in [19] investigated the solutions of minimum pos-
sible rank to the system of matrix equations

(1.1) AlX:CLXBg = (s.

Tian [23] gave the maximal and minimal ranks of two real matrices Xo
and X in solution X = Xy + ¢X to the classical matrix equation

(1.2) AXB=C

over the complex number field C and gave its applications. P. Bhi-
masankaram [4] presented a necessary and sufficient condition for the
system of matrix equations

(1.3) AlX = Cl,XBQ = CQ,AgXBg = 03

to have a general solution, and gave the representation of the general
solution over C. Lin and Wang in [16] established a practical solvability
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condition and a new expression of system (1.3), and investigated the ex-
tremal ranks of the general solution to (1.3) in [15]. To our knowledge,
so far there has been little information on the necessary and sufficient
conditions for (1.3) and (1.4) over H to have real and complex solutions.
Motivated by the work mentioned above and keeping applications and
interests of quaternion matrices in view, in this paper we aim to investi-
gate the real and complex solutions to system (1.3) over H, the extreme
ranks of such solutions, and their applications.

The remainder of this paper is organized as follows. In Section 2, we
first derive formulas of extremal ranks of four real matrices X7, Xo, X3
and X4 in quaternion solution X = X; + Xoi + X35 + X4k to (1.3) over
H, then we give necessary and sufficient conditions for (1.3) over H to
have real and complex solutions as well as the expressions of the real
and complex solutions. As an application, in Section 3 we establish nec-
essary and sufficient conditions for the existence of the real and complex
solutions to the system

(1.4) A X = Ci,XBy = CQ,AgXBg = 03,A4XB4 = (Y

over H, which was once investigated in [26] and [35].

2. The real and complex solutions to system (1.3) over H

In this section, we first give a solvability condition and an expression
of the general solution to (1.3) over H, then consider the maximal and
minimal ranks of four real matrices X1, X2, X3 and X4 in solution
X = X1 + Xoi + X35 + X4k to (1.3) over H, last, investigate the real
and complex solutions to (1.3) over H.

For an arbitrary matrix M; = My + Mt + Mizj + Mk € H™"
where My, My, My3, My are real matrices, we define a map ¢(-) from
H™X7 to R4m><4n by

Mtl Mt2 Mts Mt4
—Mp My My —Ms
2.1 M) =
2.1) M= My My My Mg
—Myy Mz —Mpp My

By (2.1), it is easy to verify that ¢(-) satisfies the following properties:

() M=N < ¢(M) = $(N).
(b) $(kM +IN) = ko(M) + I6(N), S(MN) = $(M)$(N), k,1 € R,
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(¢) ¢(M) = T ' ¢(M)T,, = R'¢(M)R, = S,,,'¢(M)S,, where ¢ =

m,n,

0 -, 0 0 0 0 —-I, 0
| 0 0 0 0o 0 0 -—I
Ti=19 o o I ﬁ“‘]go 0 0o |
0 0 —I 0 0L 0 0

0 0 0 —-1I
|10 o0 L, o
S = 0 -, 0 0
I, 0 0 0

(d) r[p(M)] = 4r(M).

We will use the following lemma to give the basic theorem of this
paper.

Lemma 2.1. (See Theorem 2.4 in [16]) Suppose that A} € H™ ", A3 €
Hkxn’ 32 c HTX87 Bg c ]HI'I'X;D7 Cl c mer7 02 c HnX37 Cg c Hkxp
are known, X € H™" is unknown, and K = AsLs,, H = Rp,Bs,
Ql = Cg —AgATClBg —KCQB;—BS, K+Q1H+ = QQ, then the followz'ng
statements are equivalent:
(1) The system (1.3) is consistent.
(2)
Q1= KQ:2H,

AlAfCl = Cl, CQB;BQ = 02, Alcg = ClBQ, AgA:J{CgB;Bg = Cg.
(3)
Ang = ClBg, T[Al,cl] = T(Al), r |: gz :| = T(Bg),

P[40 G ) =rldn, r| & ] =ria)

Ay CiBg | Ay By Bs |
T[AS Cs =r As , T 430y Cs —T[BQ B3].
In that case, the general solution of (1.3) can be expressed as

X = AfC’l + LAlCQBSr + LA1Q2R32 + LA, LxkZRp, + Lao,2WRyRp,

where Z, W are arbitrary matrices over H with compatible sizes.

Equipping with the above preliminaries, we can now give the founda-
tional theorem of this paper.
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Theorem 2.2. System (1.3) is consistent over H if and only if the
system of matrix equations

(2.2)  ¢(A1)Y = ¢(C1),Yo(B2) = ¢(C2), p(A3)Y ¢(B3) = ¢(Cs)

is consistent over R. In that case, the general solution of (1.3) over H
can be expressed as

X = X1+ Xot + X3gj + X4k

where
1 1 1 1
X, = Zquﬁ(Xo)Ch + ZP2<Z>(X0)Q2 + ZP3¢(X0)Q3 + ZP4¢(X0)Q4
1
(2.3)  + [P, P2, P, Pa] Ly ay) (Lyr) Z + W Ry (1)) Ry (By) 8§ )
Q4

X,y = %P1¢(X0)Q2 - iP2¢(X0)Q1 + %P3¢(X0)Q4 - EP4¢(X0)Q3

(2.4)  + [P, =P, P3, —Py] Ly(a) (L) Z + W Ry(m)) Ry (By)

(2.5) + [Pl, —Ps, Py, —PQ] LqS(Al)(Lzz)(K)Z + WR¢(H))R¢(BQ)

X, = %P1¢(X0)Q4 - iPzL(Z)(XO)Ql + iPzab(Xo)Qs - iP3¢(X0)Q2

Q4
Q1
Q3
Q2

(2.6) + [P1, =Py, P2, —Ps] Ly(a,)(Ly(xyZ + W Ry ) Ry,

where

Py =1[1,,0,0,0], P,=1[0,1,,0,0], Ps=0,0,1,,0], P,=1[0,0,0,1,],
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1, 0 0 0
10 | I 10 10
Ql - 0 ’ QZ - 0 ’ Q3 - Iq ) Q4 - 0 )
0 0 0 I,
&(Xo) is a particular solution to (2.2), Z and W are arbitrary real ma-

trices with compatible sizes.

Proof. Suppose that (1.3) has a solution X over H. Applying properties
(a) and (b) of ¢(+) to (1.3) yields

$(A1)P(X) = ¢(Ch), p(X)P(B2) = ¢(Ca), ¢(A3)¢(X)d(Bs) = ¢(C3),

implying that ¢(X) is a solution to (2.2).
Conversely, suppose that (2.2) has a solution

Yiu Y2 Yiz Y
Yor Yoo Yoz You
Y31 Y3 Yz You |7
Yy Yio Yis Yy

Y =

$(A)Y = 6(C1), Y(Bs) = 6(Ca), ¢(A3)Y ¢(Bs) = 6(Cs),
then by property (¢) of the map ¢(-),
T, p(ANTY = T (O T, YT, ' $(Bo) T,
= T, 6(Co) T, T 6(As) T, Y T, ¢(B3) T,
=T,,'¢(C5)T,,,

R,'$(A1)R,Y = R, '¢(C1)Ry, YR $(B2) Ry,
= Ry, ¢(C2) R, Ry, ¢(As)RpY Ry ' ¢(Bs) Ry
= R;qus(CS)Rnp

Sild(A1)S,Y = St é(C1)Sn, Y S 6(B2) Sy
= S,,"$(C2) S, Sy, $(A3) S, Y S, ¢(Bs) S
= 577_11@5(03) n

Hence,

HANTY T, = ¢(Ch), T,YT, ' $(By) = ¢(Ca),
O(A3)T,Y T, ' 6(Bs) = ¢(C3), 6(A1) R, Y Ry = ¢(Ch),
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RpY R, '6(B2) = 6(Ca), ¢(As)RyY Ry '6(Bs) = 6(Cs),
$(A1)SpY S, = §(C1), S,V S, ¢(Ba) = $(C),

$(A3)S,Y S, ' d(Bs) = ¢(Cs),

implying that TP?TCI_ 1 RplA/Rq_l and SPYSQ_ ! are also solutions of (2.2).
Thus, %(Y/ —|—TID}A/Tq_1 —G—RpYRq_l + SpYSq_l) is a solution of (2.2), where

Y+ T,YT, '+ R,YR,;' + S,YS, !

Yii Yio Yiz Yuu Yoo —Yo1 —You Yo3
_ | Yar Yo Yoz Y " Y2 Y o Yu Y3
Y31 Y3 Y3z You Y Yu o Yu Y3
Yoo Yo Yiz Yu Y3 —Y31 Y3 Y33
Y3 Y3 Y3 Y3 Yiu Yz Yo —Yu
+ Yis' Yu Y Y + Y34 Y33 =Yz Y3
Yz —Yiu Y o Yo You —Yaz Yoo Yo
—Yoz —You Yor Yoo Y. Yiz Y2 Yiu
- [Yla Y27 YY37 YE’)]?
with
Yiin+ Yo+ Yss+ Yy Yio — Yo + Y34 — Vi3
Y, = Yo — Yio — Y34 + Va3 Y, = Yii+ Yoo+ Y3+ Yuu
Y31 —Yi3 —Yao +You |’ Yy — Yy —Yos+Ysz |
Yy — Yy — Yoz + Y39 Yis — Y31+ Yio — You
Yis — Y31+ Yo — You Yia — Yy + Yoz — Y3
Yy = Yig — Y + Yoz — Y39 Y, = Y31 — Yi3 — Yo + You
Yii + Yoo +Y33+Yy |7 Yio — Yor + Y34 — Vi3
—Yi9 + Yo1 — Y34 + Y3 Y1+ Yoo + Y33 + Yy
Let
A 1 1 .
X = Z(Yn + Yoo + Y33+ Yuu) + Z(YH — Y51 + Yau4 — Yu3)i
1 o1
+ Z(YI?) — Y31 4+ Yo — You)j + Z(YM — Y + Yoz — Yao)k.

Then by (2.1),

. 1 - N N Y
¢(X):Z(Y+TPYT(11~|—RpYRq1+SpYSq1).
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Hence, by the property (a), we know that X is a solution of (1.3). The
discussion referred shows that the two matrix equations (1.3) and (2.2)
have the same solvability condition and their solutions satisfy

X =X1 4+ Xot + X3j + X4k

1 1 .
= Z(YH + Yoo + Y33+ Yiu) + Z(Ym — Y51 + Y34 — Yi3)i

(2.7) + %(YIS — Y31 + Yao — Yoq)j + %(YM — Y1 + Yoz — Y30 )k
Observe that Y14, Yo, Y3 and Yy, t = 1,2,3,4 in (2.2) can be written as
Yii = PYQ1, Yi2 = PIYQa, Y13 = P1YQ3, Y4 = PIYQu,

Yo1 = Y Q1, Yoo = PYQa, Yag = P2YQ3, Yoy = PYQu,

Y31 = PsYQ1, Yao = P3YQa, Y3 = P3YQs, Yay = P3YQu,

Yy = PyYQ1, Yio = PiYQa, Yis = P,YQ3, Y = PY Q.
From Lemma 2.1, the general solution to (2.2) can be written as

Y = ¢(Xo) + 4Lo(ay) L) Z Ro(Ba) + 4Loan W Roiny Ro(a)
where Z, W € RP*Y, are arbitrary. Hence,

Yie = Pro(X0) Qi + 4P Ly(ay) Lo(ic) % Ry, Qs
+ 4P L4 )W Ry (1) Ro(B,) @t

Yor = Pap(X0)Qt + 4P2 Ly a,) L) Z Ry ,) Q1
+ 4Py Ly a )W Ry Ry (,) Qs

Y3 = P3¢(X0)Qt + 4P3Lg(a,) L) Z Ry(,)Qt
+ AP L)W B (1) Bo(,) @t

Y = Pad(X0)Qs + 4PaLa,) Lo (i) Z R, Qs
+ APy Ly a)W Ry Ry(3,) Qt

where t = 1,2,3,4. Substituting them into (2.7) yields the four real
matrices X, X9, X3 and X4 in (2.3)-(2.6). O

In order to investigate the real and complex solution of system (1.3),
we need to consider first the maximal and minimal ranks of four real
matrices X1, Xo, X3 and X4 in solution X = X1 + X9i + X3j + X4k to
(1.3) over H. We have the following.
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Lemma 2.3. (Lemma 2.4 in [32]) Let A € H™", B ¢ H™* C ¢ H*",
D e >k gnd E € H*'. Then they satisfy the following rank equalities

(a) F(CLA) = r [ 4 } — 1 (A).

The following lemma is due to Tian [24], which can be generalized to
H.

Lemma 2.4. Let

f(X1,X2) =A— B X 0 — B X0

be a matriz expression over H. Then the extremal ranks of f(X1,X2)
are the following

X1,X2
A

= min T[A By Bg],r cy |,
Ca
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e
=r| Cq —I—T‘[A By BQ]
Cg_
- A B
+ max < r 4 B -7 4 B B, —r| (4 01
Oy 0 C, 0 0 oo |
A By [A B B é‘ %2
"l oo "lar 0 o0 oo
2

If R(B1) C R(B2) and N (C2) C N(C1), then
(2.8) max r[f(Xq, Xo)]

1,

:min{T[ABﬂv r{cﬂv T[éi o ]}

(2.9)
i 71X, Xo)
:r[A,Bz]+T[él1]—|—r[é}2 B;)l}—r[é}l BE)I]—T[S}Q 1(3)2]

Now we consider the maximal and minimal ranks of four real matrices
X1, X2, X3 and X4 in solution X = X1 + Xoi + X35 + X4k to (1.3) over
H.

Theorem 2.5. Suppose that system (1.3) over H is consistent and Ay =
Ap+ Api+ Az j+ Auk € H™ Pt = 1,3, By = By + Bioi+ Bigj+ Buk €
H>*™ ¢t = 1,2, Ct = Cyp + Cyoi + Cy3j + Crgk € H™*™ £ =1,2,3. Put

A1 X = Cy, XBy = Cy, A3X B3 = Cs, }

— pXq
Sl—{XIER X = X + Xoi+ Xaj + Xk

RPX4 . .
Xz € X = X1 + Xoi + X3 + Xuk

{ A1 X = C1,XBy = (3, A3X Bs = C3, }
{XSGRqu AlX:CI7XB2:C27A3XB3:C37 }

Sy
Ss . :
X =X+ Xot + X3j + Xyk
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54 = {X4 € RP*4

X = X1+ Xot + X3j + Xyk

A1 X = C,XBy = Cy, A3X Bg = C3, }
Loy = [Ca1, Caz, Co3, C4),

1y Ci2
_ _Cl2 - CH
Ly = Oy | Ly = YRR
—014 013
Ci3 Cia
| Cu | —Ci3
L13 - Cll 7L14 - 012 )
—Cl2 Cn
Ay Az Ay Aszy Aszz Az
A A —Ags Az Azy —Asz
My, = , Mz = ,
1 —Aiy A A 3t —Azs Az Az
A1z —App An Aszz  —Asz Az
—B3s B31 B3y —DBss
N3y = | —B33 —Bss Bs31 Bz |,
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Ba1 By Bz By

Noy= | —Boa B2 Byy —Bag

—Bgs —Bay Ba1  Ba

Then the mazimal and minimal ranks of X;, 1 = 1,2,3,4 in solution
X = X1+ Xoi + X3j + Xuk to (1.3) are given by

(210) )I(rlag(r(Xl) = min {tli,tgi,tgi} s
(2.11) )I(Izlégzr(Xl) =115 + to; +13; — tg; — t5;
where

L
ty; = r[ N; ] — 4r(By) +q,

to; =1 [ —L1; My ] — 47“(_/41) + p,

ts; =r

0 N3; No; A
Ms; (Cs)  #(A3)p(Ca) | —4r [ A3 ]
My ¢(C)é(Bs) ¢(Ch)e(Bo) '
— 4r[Bs3, By + p+q,

—47”{143 } —4r(B2) +p +4q,

0 No;
tas =1 | Mz1 ¢(A3)p(Co) A,

My ¢(A1)p(C2)

0 Ngi NQZ’

ts; =T |: M, ¢(CI)¢(Bg) (b(Cﬁ(b(BQ) :| —4r[B3,BQ]—4r(A1)+p+q.

Proof. We only prove the case that ¢ = 1. Similarly, we can get the
results for i = 2,3,4. Let

1 1 1 1

1 D10(X0)Q1 + 7 Pad(Xo)Q2 + 7 P3d(X0) Qs + 1 Pad(Xo)Qu = A,

[PrLg(ay) Loy PoLg(ay) Loxcys PsLo(ay) Lo(r)s Pil(ayLor)] = Bi,
[PrLg(ay)s PeLg(ay)s PsLg(ayys PiLgay)] = B,

Ry(By)@n Ry Ro(By) Q1
Rop)Q2 | _ o | BotnBomQ2 | _
Ry(p,) @3 | Bon BBy @s3 ’
Ry(By)Qu Ry Ro(By)Q4

Then (2.3) can be written as

(2.12) X1 =A+ B1ZC1 + BoW(Cs.
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Applying (2.8) and (2.9) in Lemma 2.4 to the two variant matrices Z
and W in (2.12) yields

(213)  max r(X;) = min {T[A,BQ], . [ 641 } . [ (‘;12 o ]}

X1€51

(2.14) Jnin 7(Xy) = (A, Ba] +r [ é ] H[ 5 ]

A B] [A B
"ley o | 7"l ey 0 |

Note that ¢(Xj) is a particular solution to (2.2). Let

[PI)P27P37P4]:P) Q2 :Qa

o(4;) 0 0 0
0 sy 0 0
“=10 0 #A4) 0 |
0 0 0 $4)
#(B;) 0 0 0 000 O
s | 0 ey 0 0 . _|000 o
A ) 0 ¢B) 0 ["“Tlooo0o 0o |
0 0 0 &(Bi) 00 0 &)
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where ¢ = 1,2, 3. It follows from Lemma 2.3, block Gaussian elimination,
and property (d) of ¢(-) that

1
=r| _roona o | o0
0 Py 0 0 0
—¢(C1)Q1 ¢(A41) O 0 0
=r| 0 0 GA) 0 0| —4rfg(An)
0 0 0 ¢(A) 0
0 0 0 0 ¢(A)

=r[ —Lu My | —4r(4) +p;

bo
0 —Pio(Cy) 0 0 0
Q1 o(B2) 0 0 0
=] 0 0 ¢(B2) 0 0 — 4r(¢(B2)]
0 0 0 ¢(B2) O
0 0 0 0 &(B2)
= [ _NL2211 ] — 4r[p(B2)] + 3r[¢p(B2)] + q

=r [ ~Lz ] —4r(Ba) + ¢
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AP 0 0
T[A Bl}:r Q 0 by by

CQ 0 0 as 0 0
0 agz 0 O
— 4r[¢(A1)] — 4r[p(K)] — 4r[p(Ba)] — 4r[p(H)]
[0 P 0 0
— Ql 0 b3 bZ
- 0 a3 #(Cs) P(A3)9(C2)
| 0 a1 #(C1)p(B3) ¢(Ch)e(B2)
i [ | o ot
[0 N3y Noy
=r| Ms #(Cs) ?(A3)9(C2)
| M ¢(C1)9(Bs)  ¢(Cr)¢(Ba)

] 4| 6(Bs) 6(By) |

3)
1)
+3r[ i’;]JrSr[(b(Bs) ¢(B2) | +p+q
0 N3 Noy
=r { M3, #(C3) P(A3)p(C2)
My ¢(Cr)o(B3) ¢(Cr)o(B2)

A
4r|:A?:|4T[Bg By }+p+q.

Similarly, we can obtain the following
0 Noy
A B
A B e
My ¢(A1)é(C2)

A
—47"[Ai’ } —4r(Bs2) +p+q,

0 N3 Noq

(2.16) r [ Cy, 0 ] -7 { My ¢(C1)¢(Bs)  ¢(Ch)o(Bz)

— 4r[Bs, Ba] — 4r(A1) +p+q.

145

Substituting (2.15)-(2.16) into (2.13) and (2.14) yields (2.10) and (2.11)

fori=1.
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Now we consider the real and complex solutions to (1.3) over H.
Theorem 2.6. Let system (1.3) over H be consistent. Then we have

the following:
(a) System (1.3) has a real solution if and only if

I 0 N3; No;
r|[ =Ly My | +r { N2-1 ] +r | Ma P(C3)  ¢(A3)9(C2)
2 Mir ¢(C1)o(Bs) ¢(Cr)9(B2)
(2.17)
0 Naj 0 Na; No;
=r| M3 ¢(A3)p(Co) | + 7 [ My ¢(Cl);(g3) ¢(Cl)g2b(Bg)

My ¢(A1)9(C2)

i = 2,3,4. In that case, the real solution of (1.3) can be expressed as
X =X in (2.3).
(b) System (1.3) has a complex solution if and only if

I 0 N3; Ny;
Pt b )| 3 r ] M oG odnolCy
2 My 6(C1)@(Bs) 6(C1)o(Ba)
(2.18)
0 Nai 0 Ny No
=r | M ¢(A (bC) +r 31 2
lMi’i N ¢E02)} M acBy i)

hold when 1 = 3,4 ori= 2,4 ori = 2,3. In that case, the complex solu-
tions of (1.3) can be expressed as X = X1 + Xoi or X = X1 + X3j or
X = X1 + X4k, where X1, Xo, X3 and X4 are expressed as (2.3), (2.4),
(2.5) and (2.6), respectively.

Proof. From (2.11) in Theorem 2.5, we can get the necessary and suffi-
cient conditions and expressions for X; = 0,7 =1,2,3,4. ]
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3. Solvability conditions for real and complex solutions to
(1.4) over H

In this section, using the results of Theorem 2.2, Theorem 2.5 and
Theorem 2.6, we give necessary and sufficient conditions for (1.4) over
H to have real and complex solutions.

The following lemma is due to Tian [25], which can be generalized to
H.

Lemma 3.1. Let A € H™*" B, € H™¥P1, By € H™*Ps| B, € H™*P1,
Cy € H2X" (O3 € HB*™ and Cy € H®*™ be given. Then the matrix
equation

B1 X1 + X505 + B3 X303+ By X4Cyr = A

1s consistent if and only if

A Bl 0 Bl
, Cy O _, Cy O
C; 0 - C; 0 |’
Cy O Cy, O
A By Bs By . 0 By Bs By
G 0 0 0| "lc, 0o 0 o[
A By Bs 0 By Bj
r{ Co 0 O =r| Cy 0 O ,
Cy, 0 O Cyi 0 O
A By By 0 B1 Ba
T 02 0 0 =T 02 0 0
C3 0 O Cs; 0 0

Theorem 3.2. Let A1, Ay, A3 € H™*P, By, By, B3 € H?*" and C1,Cy,C3 €
H™*"™ be known, and suppose that the system (1.3) and the matriz equa-
tion A4Y By = Cy4 are solvable, where X,Y € HP*? unknown. Then

(a) The system (1.4) over H has a real solution if and only if (2.17)
holds and

(3.1) r { 1\241 ¢](Vc41) ] = r(Mun) +7(Ny), i =2,3,4,
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0 Nag 0 N 0
(3.2) r 0 Nai1 ¢(BQ) = T(M41)—|—T‘ |: N41 gb(B ) :| s
My $(Cs)  $(Ag)(Co) e
0 0 Ny
(3.3) r ! My M 6(C) | =r [ ]‘%ﬂ é‘&ﬂ) ] +r(Na),
0 ¢(A1) ¢(Cr)o(Ba) !
0 0 Ny 0 0
0 0 Nai1 ¢(B3) ¢(B2)
r| My My ¢(Cy) 0 0

0 o¢(43) O ?(Cs) B(A3)d(C2)
0 ¢(41)) 0  ¢(Cr1)ep(Bs) &(C1)p(Ba)

) [ My M411) Nu 0 0
3.4 =r 0 oA +r [ )
0 ¢(A:15) Nyi1 ¢(Bs) ¢(Ba)
[0 0 Ny 0
- 0 0 Ny ¢(B2)
My Mun ¢(Cy) 0
L0 o(A1) 0 ¢(A1)e(Co)

(3.5) :T[MM My ]Jrr[ Ny 0 }

0 ¢(Ar) Ny1 ¢(Be)

(b) The system (1.4) over H has a complex solution if and only if (2.18)
hold when i = 3,4, (3.2)-(3.5) holds and

(36)  r [ "y oo ] — (M) +r(Ngi), i = 3,4,
0 Nyo 0 N 0
r 0 N ¢(Bs) =r(Mu)+r 12 ,
{ My, ¢(é*242) ¢>(A4)¢2(02) (M) { Niz2  ¢(B2) }
0 0 Naz My My
' { MO41 <J]5\(%1111) ¢(0¢1()(;4()B4) - [ 0 (A1) } (i),
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0 0 Nyo 0 0
0 0 Ny2o ¢(Bs3) #(B2)
r| My My ¢(Cy) 0 0
0 o¢(43) O ?(Cs) ?(A3)9(C2)
0 @A) 0 #(Cr)e(Bs) ¢(C1)p(B2)
My My
_ Ny 0 0
N { o ot | B2 o o |
0 0 Nyo 0
0 0 Nyoo ¢(B2)
My Mun ¢(Cy) 0
0 @A) 0 &(A1)9(C2)
:r|:M41 M1 ]—i—r[N“ 0 ]
0 @A) N2 ¢(B2) |’
or
(2.18) holds when i = 2,4, (3.2)-(3.5) hold and,
(3.7) r [ ]\/([)41 ¢](\gi) } =r(My) + r(Ny), i = 2,4,
0 Nys 0
r { 0 Nugz ¢(Ba) =r(Mu)+r [ ]]\\;]43 ¢(% ) ] ;
My ¢(Cs) ¢(As)$(Co) 199 ?
0 0 Ny
r [ My My #(Cy) =7 [ ]\{)41 é\&n) } + 7(Nu3),
0 ¢(A1) ¢(Cr)d(Ba)
0 0 Nys 0 0
0 0 Ny33 ¢(Bs3) #(B2)
r| My My ¢(Cy) 0 0
#(A3) 0 ?(Cs) ?(A3)9(C2)
d(A1) 0 o(Cr)o(B3) ¢(Cr)o(B2)
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0 0 Nys 0
, 0 0 Ny3z3 ¢(Ba)
My My ¢(Cy) 0

or
(2.18) holds when i = 2,3, (3.2)-(3.5) hold and

(38) r |: ]\;41 ¢](VC41;) :| = T(M41) + T(N4i)7 = 2’ 37
0 Ny 0 N 0
r 0 N »(B =r(My)+r 4 ,
{ Ma o6 ADECy " [ Nuaa 6(B2) }
y 0 Naa -~ My My
T { ool eCosimy | Rt R
0 0 Nyy 0 0
0 0 Nyaa ¢(Bs3) ¢(B2)
r| My My ¢(Cy) 0 0
¢(A3) 0 ¢(Cs) P(A3)p(C2)
#(A1) 0 @(Cr)o(Bs) o(Cr)o(B2)

0 0 Naaa 0
0 0 Nyyq ¢(Ba)
My My ¢(Cy) 0
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where
A Az Ay
| An Ay —Ags _
My = Ay Au Ap | My =
Az —App Ay
—Bsj2 By By
N41 = —B43 —B44 B41
—Byy  Biz  —Bgo
By1 Biz Bas
0 0 0
Ny = 0 0 0
0 0 0
By By Bug
Nyo= | —Byz —By Ba
—Biys Bz  —DBgo
0 0 0
| —Ba2 Bs1 Bu
Nyoo = 0 0 0
0 0 0
By Bso  Bag
Nys= | —Bss Bs1 By
—Bys Biz —Bgo
0 0 0
0 0 0
N =
433 —Bsz —DBss By
0 0 0
By Bso  Bag
N44 = _B42 B41 B44
—Bs3 —DBss By
0 0 0
0 0 0
Nyay = 0 0 0
—B44 Baz —DBao

By
By |,
By

OO OO

OO OO
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o O oo
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Proof. From Theorem 2.6, the system (1.3) over H has a real solution if
and only if (2.17) hold. By (2.3), the real solutions of (1.3) over H can
be expressed as

X = iPlgb(Xo)Ql + iP2¢(X0)Q2 + ip3¢(XO)Q3 + %PM)(XO)Q‘*
Q1

Qo

Qs |’
Q4

+ [P, P2, P3, Py] Lyay) (Lor)Z + W Rg(m)) R (Bo)

where Z and W are arbitrary matrices with compatible sizes.

Let A1,C1 = 0, By, Cy = 0, A3 = A4,B3 = B4y and C3 = C4 in
Theorem 2.6 and (2.3). It is easy to verify that the quaternion matrix
equation A4Y By = Cj has a real solution if and only if (3.1) holds and
the real solutions can be expressed as

Yi = SPi6(As)$(CO(Ba)~ Q1+~ Pio(As)~6(Cr)e(B1)~Qu

4 4
+ 1 Ps0(A0)O(CRH(BY) Qs + | Pad(As) 6(Ci)o(Ba) Qs
Q:
+ [P1, P>, P3, Py] L¢(A4)U + VR¢(B4) gi )
Q4

where U and V are arbitrary matrices with compatible sizes. Let

Q1
[P17P27P37P4]:P7 82 :Q7
Q4

G = ip@(xo)c;l + %PW(XO)Qz + ipsqﬁ(Xo)Qs + %PM(XO)QZL
1

— TP H(CO(BI) Q1 — {PLO(AD)H(Ca)o(Ba) Q)

— T PsO( A1) O(C)H(Ba) Qs — { Pad(A9) H(Ca)6(B) Qs
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Equating X7 and Y7, we obtain the following equation

Q1
G = [P1, P2, P3, Py] Lya)U + VRy(,) gz
Q4
Q1
(3.9 — [P, P, P3, Py Ly(ay)(Lor)Z + W Ry ) Ry () gi ’
Q4

We know by Lemma 3.1 that (3.9) is solvable if and only if the following
four rank equalities hold

G PLga,) 0 PLga,)
(310) T R¢(B4)Q 0 =T R¢(B4)Q 0 ;
Rypy@ 0 Row@ 0
T[ G PLya, Pch(Al)}
Ry @ 0 0
0 PL PL
3.11 _ 6(As) (A1) ] 7
@1 JE R
G PLyay) PLga)Lok)
T R¢(B4)Q O O
Ry Ry, @ 0 0
0 PLgayy PLga)Lox)
(312) =T R¢(B4)Q 0 0 s
Ry Ro()@ 0 0
G PLgayy Plga,)
T R¢(B4)Q 0 0
R¢(32)Q 0 0
0 Ploay Ploay
(313) =T R¢(B4)Q 0 0
Ry(5,)Q 0 0

Under the conditions that the system (1.3) and the matrix equation
AY By = C4 over H are solvable, it is not difficult to show by Lemma
2.3 and block Gaussian elimination that (3.10)-(3.13) are equivalent to
the four rank equalities (3.2)-(3.5), respectively. Note that the processes
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are too much tedious, and we omit them here. Obviously, system (1.3)
and the matrix equation A4Y By = C4 over H have a common real
solution if and only if (3.2))-(3.5) hold. Thus, system (1.4) over H has
a real solution if and only if (2.17) and (3.1)-(3.5) hold.

Similarly, from Theorem 2.6, we know that the system (1.3) over H
has a complex solution if and only if (2.18) holds when i = 3,4 ori = 2,4
or i = 2,3, its complex solutions can be expressed as X = X; + Xoi or
X = X1+ X3j or X = X; + X4k. The quaternion matrix equation
A4Y By = C4 has a complex solution if and only if (3.6) or (3.7) or
(3.8) hold, its complex solution can be expressed as Y = Y] + Yai or
Y =Yi+Y350rY = Y1+Y,k. By equating X; and Y7, X9 and Y2, X3 and
Y3, X4 and Yy, respectively, we can derive the necessary and sufficient
conditions for the system (1.4) over H to have a complex solution. [

Remark 3.3. The results of [23] can be regarded as the special cases of
this paper.
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